STRICTLY ERGODIC MODELS UNDER FACE AND
PARALLELEPIPED GROUP ACTIONS

WEN HUANG, SONG SHAO, AND XIANGDONG YE

ABSTRACT. The Jewett-Krieger Theorem states that each ergodic system has
a strictly ergodic topological model. In this article, we show that for an ergodic
system one may require more properties on its strictly ergodic model. For example,
the orbit closure of points in diagonal under face transforms may be also strictly
ergodic. As an application, we show the pointwise convergence of ergodic averages
along cubes, which was firstly proved by Assani [I].

1. INTRODUCTION

In the introduction we will state the main results of the paper and give main ideas
of proofs.

1.1. Main results. Throughout this paper, by a topological dynamical system (t.d.s.
for short) we mean a pair (X, T'), where X is a compact metric space and 7" is a home-
omorphism from X to itself. A measurable system (m.p.t. for short) is a quadruple
(X, X, u,T), where (X, X, 1) is a Lebesgue probability space and T': X — X is an
invertible measure preserving transformation.

Let (X, X, u, T) be an ergodic m.p.t. We say that (X, T) is a topological model (or
just a model) for (X, X, i, T) if (X,T) is a t.d.s. and there exists an invariant prob-
ability measure /i on the Borel o-algebra B(X) such that the systems (X, X, u, T)
and (X, B(X), i, T) are measure theoretically isomorphic.

The well-known Jewett-Krieger’s theorem [I4] [15] states that every ergodic system
has a strictly ergodic model. We note that one can add some additional properties to
the topological model. For example, in [16] Lehrer showed that the strictly ergodic
model can be required to be a topological (strongly) mixing system in addition.

Let (X,T) be a t.d.s. Write (z,...,z) (2¢ times) as zl4. Let FI4 G4 and Q¥(X)
be the face group of dimension d, the parallelepiped group of dimension d and the
dynamical parallelepiped of dimension d respectively (see Section [2| for definitions).
The orbit closure of /¥ under the face group action will be denote by Fld(zl4). It
was shown by Shao and Ye [I8] that if (X,T) is minimal then (Fl(z[4), Fld) is
minimal for all z € X and (Q4(X), G!4) is minimal.
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In this paper we will strengthen Jewett-Krieger’s theorem in another direction.
Namely, we have the following theorem.

Theorem A: Let (X, X, u,T) be an ergodic m.p.t. and d € N. Then
(1) it has a strictly ergodic model (X, T) such that (FUl(zl9), FI4) s strictly
ergodic for all v € X. o A
(2) it has a strictly ergodic model (X, T) such that (Q(X), G is strictly er-
godic.

Note that we have formulas to compute the unique measure in Theorems A.
Particularly, when (X, X, u, T') is weakly mixing, the unique measure is nothing but
the product measure.

As an application, we have

Theorem B: Let (X, X, u,T) be an ergodic m.p.t. and d € N. Then
(1) for functions f. € L>(u), € € {0,1}%, ¢ # (0,...,0), the averages

(1.1) % > | A A

ne{0,1,....N—1}4 (0,...,0)#¢ec{0,1}¢
converge [i a.e..
(2) for functions f. € L=(u), € € {0,1}%, the averages

(1.2 DY | PG

ne{0,1,...,N—1}4 eC[d]
ne{0,1,....,N—1}

converge (i a.e..

Remark 1.1. The study of the limiting behavior of the averages along cubes was
initiated by Bergelson in [2], where convergence in L*() was shown in dimension
2. Bergelson’s result was later extended by Host and Kra for cubic averages of
an arbitrary dimension d in [9]. More recently in [I], Assani established pointwise
convergence for cubic averages of an arbitrary dimension d. Chu and Franzikinakis
[4] extended the result to a very general case, i.e. they showed that for measure
preserving transformations 7, : X — X, functions f. € L>®(u), (0,...,0) # € €

{0,1}9, the averages
1 n-e
N Z H f(TF )

nel0,N—1]¢ (0,...,0)#e€{0,1}¢
converge [ a.e..

Using the similar methods as in this paper, we prove in [13] that for an ergodic
SyStem (X7 X?M7T)7 de N7 f17 ) fd < LOO(,M)7 the averages

% Z FUT ) fo (TP ) L fy(TPH =DMy

(n,m)€[0,N—1]2
converge /i a.e.
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In the same paper[I3], for distal systems we answer positively the question if the
multiple ergodic averages converge a.e. That is, we show that if (X, X, u,T) is an
ergodic distal system, and fi,..., fq € L>(u), then multiple ergodic averages

1 N-1
~ > ATr) . fo(T" )
n=0

converge [ a.e..

1.2. Main ideas of the proofs. Now we describe the main ideas and ingredients
in the proof of Theorem A. The first fact we face is that for an ergodic m.p.t.
(X, X, 1, T), not every strictly ergodic model is its Flé-strictly ergodic model. For
example, let (X, X, u,T) be a Kronecker system. By Jewett-Krieger’ Theorem,
we may assume that (X,7") is a topologically weakly mixing minimal system and
strictly ergodic. By [I8, Theorem 3.11] (Fld(zl4), F19) is minimal for all x € X
and Fi(z19) = {2} x X7 It is easy to see that &, x p®2'~1 and p¥ are two
different invariant measures on it (see Section 2 for the definitions). This indicates
that to obtain Theorem A, Jewett-Krieger’ Theorem is not enough for our purpose.
Fortunately, we find that Weiss’s Theorem [19] is a right tool.

Precisely, let m; : X — Z; be the factor map from X to its d-step nilfactor Z;.
By definition, Z; may be regarded as a topological system in the natural way. By
Weiss’s Theorem there is a uniquely ergodic model (X' X T) for (X, X, u, T) and
a factor map 7, : X — Z; which is a model for 74 : X — Z,.

XLX

ﬂdl lfd

Lg —— 4y

We then show (though it is difficult) that (X, 7)) is what we need. To do this we
heavily use the theory of joinings (for a reference, see [7]) and some facts related to
d-step nilsystems.

Once Theorem A is proven, Theorem B will follow by an argument using some
well known theorems related to pointwise convergence for Z¢ actions by and for
uniquely ergodic systems.

1.3. Organization of the paper. In Section [2 we give basic notions and facts
about dynamical parallelepipeds and characteristic factors. In Section [3| we define
F and G-strictly ergodic models and prove that each ergodic system has F and G-
strictly ergodic model. Moreover, we build the connection between F and G-strictly
ergodic models with pointwise convergence of averages along cubes and faces, and
deduce the existence of the limit of the averages. In the last section, we prove
Theorem A.

2. DYNAMICAL PARALLELEPIPEDS AND CHARACTERISTIC FACTORS

In this section we introduce basic knowledge about dynamical parallelepipeds and
characteristic factors. For more details, see [9} 10} 1] etc.
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2.1. Ergodic theory and topological dynamics. In this subsection we intro-
duce some basic notions in ergodic theory and topological dynamics. For more
information, see Appendix of [13].

2.1.1. Measurable systems. For a m.p.t. (X, X,u,T) we write Z = Z(T) for the
o-algebra {A € X : T'A = A} of invariant sets. A m.p.t. is ergodic if all the
T-invariant sets have measure either 0 or 1. (X, X, u,T) is weakly mizing if the
product system (X x X, X x X, u x pu, T x T is erdogic.

A homomorphism from m.p.t. (X, X, u,T) to (Y,),r,S) is a measurable map
m: Xg — Yy, where X is a T-invariant subset of X and Y is an S-invariant subset
of Y, both of full measure, such that m,u = ponr™! =v and Son(z) = 7o T(x) for
x € Xo. When we have such a homomorphism we say that (Y,Y,v,S) is a factor
of (X, X, u,T). If the factor map 7 : Xy — Yj can be chosen to be bijective, then
we say that (X, X, u,T) and (Y, ), v, S) are (measure theoretically) isomorphic. A
factor can be characterized (modulo isomorphism) by 7—1()’), which is a T-invariant
sub- g-algebra of X', and conversely any T-invariant sub-c-algebra of X defines a
factor. By a classical result abuse of terminology we denote by the same letter the
o-algebra ) and its inverse image by 7.

2.1.2. Topological dynamical systems. A t.d.s. (X,T) is transitive if there exists
some point z € X whose orbit O(z,T) = {T"x : n € Z} is dense in X and we call
such a point a transitive point. The system is minimal if the orbit of any point is
dense in X. (X, T) is topologically weakly mizing if the product system (X x X, T'xT)
Is transitive.

A factor of a t.d.s. (X,T) is another t.d.s. (Y,S) such that there exists a con-
tinuous and onto map ¢ : X — Y satisfying So¢ = ¢ oT. In this case, (X,T) is
called an extension of (Y,S). The map ¢ is called a factor map.

2.1.3.  We also make use of a more general definition of a measurable or topological
system. That is, instead of just a single transformation 7', we consider commuting
transformations 71, . .., Ty of X or a countable abelian group of transformations. We
summarize some basic definitions and properties of systems in the classical setting
of one transformation. Extensions to the general case are straightforward.

2.14. M(X) and My(X). For a t.d.s. (X,T), denote by M (X) the set of all prob-
ability measure on X. Let Mp(X) = {u € M(X) : Topp = po T~ = pu} be the set
of all T-invariant measure of X. It is well known that M7 (X) # 0.

Definition 2.1. A t.d.s. (X,T) is called uniquely ergodic if there is a unique T-
invariant probability measure on X. It is called strictly ergodic if it is uniquely
ergodic and minimal.

2.1.5. Uniquely ergodic systems. In this subsection we give some conditions for u-
nique ergodicity under Z? actions (d € N).

Theorem 2.2. Let (X,T') be a topological system, where T = Z4. The following
conditions are equivalent.

(1) (X,T) is uniquely ergodic.
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(2) For every continuous function f € C(X) the sequence of functions

1
(2.1) Ay f(z) = Nd Z fyz)
~€[0,N—1]d
converges uniformly to a constant function.
(3) For every continuous function f € C(X) the sequence of functions Ay f(x)
converges pointwise to a constant function.
(4) There ezists a p € Mp(X) such that for all continuous function f € C(X)
and all © € X the sequence of functions

(2.2) Anf(z) — /f dp, N — o0.

2.2. Topological models.

Definition 2.3. Let (X, X, u,T) be an ergodic dynamical system. We say that
the system (X,)?,[L, T) is a topological model (or just a model) for (X, X, u,T) if
(X,T) is a topological system, i € MT(X) and the the systems (X, X, u,T) and
(X X, T ) are measure theoretically isomorphic.

It is well known that each system has topological model [5]. Weiss [20] showed the
following surprising result: There exists a minimal metric dynamical system (X, T")
with the property that for every ergodic probability measure preserving system
(Y, Y, v, S) there exists a T-invariant Borel probability measure p on X such that
the systems (Y, ), r,S) and (X, B(X), u, T) are measure theoretically isomorphic.

Similarly we say that 7 : X 5VYisa topological model for m : (X, X, u, T) —
(Y, Y,v,S) when 7 is a topological factor map and there exist measure theoretical
isomorphisms ¢ and ¢ such that the diagram

XLX

y Y5y
is commutative, i.e. ) = Y.
Here is the famous Jewett-Krieger Theorem:
Theorem 2.4 (Jewett-Krieger). [14], [I5] Every ergodic systems has a uniquely er-
godic model.

B. Weiss generalized this theorem to the relative case.
Theorem 2.5 (B. Weiss). [19] If 7 : (X, X,u,T) — (Y, V,v,S) is a factor map
with (X, X, u, T) ergodic and (Y, Y, 0, S) is a uniquely ergodic model for (Y, Y, v, S),
then there is a uniquely ergodic model (X, X, 1, T) for (X, X, u,T) and a factor map
7 : X =Y which is a model form: X =Y.

2.3. Cubes and faces.
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2.3.1. Let X be a set, let d > 1 be an integer, and write [d] = {1,2,...,d}. We
view {0,1}? in one of two ways, either as a sequence € = ¢;...¢; of 0's and 1’s, or
as a subset of [d]. A subset € corresponds to the sequence (e1,...,€4) € {0,1}¢ such
that i € € if and only if ¢; = 1 for i € [d]. For example, 0 = (0,0,...,0) € {0,1}% is
the same to () C [d].
Let V; ={0,1}¢ = [d] and V; = V;\ {0} = Vu\ {0}. If n = (n4,...,n4) € Z and

e € {0,1}4, we define

d

n-e= anﬁ
i=1

If we consider € as € C [d], thenn-e=3)"._ n,.

2.3.2. We denote X2’ by XM, A point x € X% can be written in one of two
equivalent ways, depending on the context:
X = (z.:€€{0,1}") = (2. : e C [d]).
Hence zy = x¢ is the first coordinate of x. As examples, points in X are like
($007$10,$017$11) = (ww,x{l},x{z},x{m})-

For z € X, we write zl¥ = (x,z,...,2) € X[ The diagonal of X is Ald =
{2l : z € X}. Usually, when d = 1, denote diagonal by Ay or A instead of Al

A point x € X can be decomposed as x = (x/,x") with x',x” € Xl=1 where
X' = (1 :e€{0,1}97 1) and X" = (2 : € € {0,1}971). We can also isolate the first

241

coordinate, writing XM= x and then writing a point x € X9 as x = (x4, x,),

where x, = (z. : € # ) € X!,

2.3.3. The faces of dimension r of a point in x € X9 are defined as follows. Let
J C [d] with |J| =d — 7 and £ € {0,1}%". The elements (z, : € € {0,1}¢,¢; = )
of X"l are called faces of dimension v of x, where ¢; = (¢; : i € J). Thus any face
of dimension r defines a natural projection from X to XUl and we call this the
projection along this face.

2.4. Dynamical parallelepipeds.

Definition 2.6. Let (X, T') be a topological dynamical system and let d > 1 be an
integer. We define QI (X) to be the closure in X% of elements of the form

(T™x =TTy e = (..., ¢q) € {0,1}%),

where n = (n4,...,nq4) € Z¢ and z € X. When there is no ambiguity, we write Q!4
instead of QI (X). An element of Q9 (X) is called a (dynamical) parallelepiped of
dimension d.

As examples, Q? is the closure in X = X* of the set
{(x, T2, Tz, T""™z) : x € X,m,n € Z}
and QP! is the closure in XB = X8 of the set
{(x, Tz, T"x, T" "y, TPx, T™ Py, T" Py, T Py) 2 € X, m,n,p € Z}.
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Definition 2.7. Let ¢ : X — Y and d € N. Define ¢/ : X9 — yld by (¢ldx), =
¢z, for every x € X! and every ¢ C [d]. Let (X,T) be a system and d > 1 be an
integer. The diagonal transformation of X% is the map T,

Definition 2.8. Face transformations are defined inductively as follows: Let T =

T, Tlm =idxT. If {Tj[d_” ?;% is defined already, then set
[d _ Ald-1] [d-1] .
T — 70 s T e (1,2, d— 1},

2.3 ’ ’
23) T — i1 5 =1,

The face group of dimension d is the group FI¥(X) of transformations of X!
spanned by the face transformations. The cube group or parallelepiped group of
dimension d is the group G!¥(X) spanned by the diagonal transformation and the
face transformations. We often write Fl% and G!¥ instead of FI(X) and G¥(X),
respectively. For G4 and Fl9, we use similar notations to that used for X!¥: namely,
an element of either of these groups is written as S = (S, : € € {0,1}%). In particular,
Flll = {5 e gl Sy =id}.

For convenience, we denote the orbit closure of x € X4 under Fl4 by Fld(x),
instead of O(x, Fld). It is easy to verify that Q! is the closure in X% of

{Sall . 5 e Flll 2 € X}.
If = is a transitive point of X, then Q¥ is the closed orbit of ¥ under the group
gl
2.5. Measure pll,

2.5.1. Notation. When f., € € V}, = {0,1}%, are 2* real or complex valued functions
on the set X, we define a function ®€€Vk f. on X by

R .60 = ] fulwo).

ecVy eeVy

2.5.2.  We define by induction a T¥-invariant measure ! on X for every integer
k> 0.

Set X0 = X T = T and pl® = ji. Assume that p* is defined. Let Z!¥! denote
the T-invariant o-algebra of (X, ul¥l T Identifying X1 with X x XT¥
as explained above, we define the system (X1 yle+1 Tlk+1) o be the relatively
independent joining of two copies of (X ylF Ty over T, That is,

TH = {Ac XW.THA = A},

and

K]

Equivalently, for all bounded function f., e € Vi1 of X,

(2.4) /X . Q) fo dultV = /X . E( segvz fro zm)E( ) fm‘z[k]> .

€€Vt neVy
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Since (X, u, T) is ergodic, Z1% is the trivial o-algebra and pl! = px p. If (X, p, T)
is weakly mixing, then by induction Z™! is trivial and p® is the 2* Cartesian power
,u®2k of p for k > 1.

We now give an equivalent formulation of the definition of these measures. For
an integer k > 1, let (4, Py) be the system corresponding to the o-algebra Z!¥! and
let

(2.5 i = [l an)
Qp
denote the ergodic decomposition of p¥! under 7. Then by definition
(2.6) pl 1 = / ) < pl d Py (w).
Q

We generalize this formula. For k,[ > 1, the concatenation of an element a of V
with an element 3 of Vj is the element a3 of Vj,;. This defines a bijection of Vj, x V}
onto Vj; and gives the identification (X*)I = X+l By [9] Lemma 3.1.]

(2.7) w”:AmWme»
k

2.6. Characteristic factors (Zj, u).

2.6.1.  Notice that in [9], G* and F* are denoted by 7;@1 and 7" respectively. Let
J¥ denote the o-algebra of sets on X ¥ that are invariant under the group F*. On
(X FY | the o-algebra J™ coincides with the o-algebra of sets depending only
on the coordinate 0 ([9, Proposition 3.4]).

Proposition 2.9. [0] For all k € N, (X ul¥)) is ergodic for the group of side
transformations G\, And (Qu, Py) is ergodic under the action of the group F.

We consider the 2¥ — 1-dimensional marginals of ul*l. Recall that V;* = V4 \ {0}.

(k] k] k]

Consider a point x € X'® as a pair (xo,x,), with o9 € X and x, € Xi". Let py

denote the measure on Xik}, which is the image of /¥ under the natural projection
(K]

x = x, from X onto X!,

All the transformations belonging to GI*¥! factor through the projection X — X K
and induce transformations of X preserving ,uLk]. This defines a measure-preserving

action of the group G and of its subgroup F on X/ The measure ! is ergodic

for the action of G,

On the other hand, all the transformations belonging to GI* factor through the
projection x — x¢ from X" to X, and induce measure-preserving transformations
of X. The transformation T induces the transformation 7' on X, and each trans-
formation belonging to F*! induces the trivial transformation on X. This defines a
measure-preserving ergodic action of the group G* on X, with a trivial restriction
to the subgroup F*.
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2.6.2. A system of order k. Let j*[k] denote the o-algebra of subsets of XM which
are invariant under the action of F!. Since the o-algebra J Kl coincides with the
o-algebra of sets depending only on the coordinate 0 ([9, Proposition 3.4]). Hence
there exists a o-algebra Z;_; of X such that Z;_; is isomorphic to \7*[]6}. To be
precise, for each A € j*[k], there is unique B € Zj_; such that 15(xo) = 14(x,) for
pll-almost every x = (zq, x,) € X

Definition 2.10. The g-algebra Z; is invariant under 7" and so defines a factor of
(X, 1, T) written (Zp(X), g, T), or simply (Z, i, T'). The factor map X — Z is
written by 7.

(Zky 2k, i, T') is called a system of order k.

(Zk, 2, 1) has a very nice structure:

Theorem 2.11. [9] Let (X, X,u,T) be an ergodic system and k € N. Then the
system (Zy, Zy, pg, T') is a (measure theoretic) inverse limit of k-step nilsystems.

Remark 2.12. In this section we follows from the treatment of Host and Kra. Ziegler
has a different approach, see [22]. For more details about the difference between
these two methods, see Leibman’s notes in the appendix in [3].

2.6.3. Properties about Zj. The following properties may be useful in the proof of
Theorem A.

Theorem 2.13. [9, [10] Let k > 2 is an integer and (X, T, u) is an ergodic (k —1)-
step nilsystem.
(1) The measure p* is an invariant measure of Q. (Q¥, ulkl GIF) is strictly
ergodic.
(2) For every x € X, let Wy, = {x € Q¥ : 29 = x}. Then Wi = .ﬁ(a:[k])
and it is uniquely ergodic under FM.
(3) For every x € X, let pg, be the invariant measure of Wy .. Then for every
T € X, prre 18 the image of pr. under the translation by T™ = (T, T,....T).

3. Fl_(G.-)STRICTLY ERGODIC MODELS AND POINTWISE CONVERGENCE

In this section we explain how to give the models in Theorem A, and leave the
proof of the Theorem A in the next section. Also we will prove Theorem B in this
section.

3.1. Fld_strictly ergodic model and G!%-strictly ergodic model.

Definition 3.1. Let (X, X, 4, T) be an ergodic dynamical system and (X, T) be its
model. For d € N, (X,T) is called an Fl-strictly ergodic model for (X, X, u,T)
if (X , T) is a strictly ergodic model and (ﬂ(x[d]), Fld) is uniquely ergodic for all
T e X .

For d € N, (X,T) is called an G9-strictly ergodic model for (X, X, pu,T) if (X, T)
is a strictly ergodic model and (Q!¥, Gl?) is uniquely ergodic.
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Remark 3.2. Notice that not every uniquely ergodic system has F%-strictly ergodic
model. For example, let (X, X, u,T) be a Kronecker system. By Theorem , we
may assume that (X, 7T) is a topologically weakly mixing minimal system and it is
strictly ergodic. By [I8, Theorem 3.11.] (Fll(z) Fld) is minimal for all z € X
and F(zl) = {2} x X7 It is easy to see that &, x p®2'~1 and p¥ are two
different invariant measures on it.

3.2. Construction of models.
3.2.1. By above definitions we restate Theorem A as follows:

Theorem 3.3. Every ergodic dynamical system has an F4 and G\ strictly ergodic
model (X,T') for all d € N.

It is easy to see that Theorem holds for Kronecker system since for group
rotations the Harr measure is the unique invariant measure. In Section [4.2] we show
it holds for weakly mixing system. After that we show the theorem by induction on
d. Now we show idea of the proof. Let m; : X — Z; be the factor map from X to
its d-step nilfactor Z;. By definition, Z; may be regarded as a topological system
in the natural way. By Theorem , there is a uniquely ergodic model (X X, f,T)
for (X, X, u, T) and a factor map 7 : X — Z, which is a model for 7y : X — Z,.

XLX

”l lfd

Zd — Zd
The difficult part is to verify that (X,T) is what we need.

3.3. d-step almost automorphic systems. d-step almost automorphic system-
s are defined and studied in [12] which are the generalization of Veech’s almost
automorphic systems.

Definition 3.4. Let (X,7) be a minimal t.d.s. and d € N. (X,T) is called a
d-step almost automorphic system if it is an almost one-to-one extension of a d-step
nilsystem.

See [12] for more discussion about d-step almost automorphy. In this subsection
we will show that in Theorem A we can also require the models are d-step almost
automorphic systems. To do so, first we state Furstenberg-Weiss’s almost one-to-one
Theorem.

Theorem 3.5 (Furstenberg-Weiss). [6] Let (Y,T) be a non-periodic minimal t.d.s.,
and let 7" : X' =Y be an extension of (Y,T) with (X',T) topologically transitive
and X' a compact metric space.

x 2 x

3 |-

Y — Y
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Then there exists an almost 1-1 minimal extension © : (X, T) — (Y,T), a Borel
subset X)) C X' and a Borel measurable map 0 : X[ — X satisfying:
(1) 0oT =To 9,’
) mol =7';
) 0 isa Borel isomorphism of X{) onto its image Xy = 0(X() C X;
) u(X() =1 for any T-invariant measure 1 on X'.
) if (X', T) is uniquely ergodic, then (X, T) can be chosen to be uniquely (hence
strictly) ergodic.

Remark 3.6. In [6, Theorem 1], (1)-(4) are stated. From the proof of the theorem
given in [6], we have (5), which is pointed out in [8].

(2

(3
(4
(5

Let (X, X,u,T) be an ergodic system with non-trivial nil-factors (non-triviality
here means infinity) and d € N. Let 75 : X — Z4 be the factor map from X to
its d-step nilfactor Z,;. By definition, Z; may be regarded as a t.d.s. in the natural
way. By Weiss’s theorem [19], there is a uniquely ergodic model (X", X', i, T) for

(X, X, 1, T) and a factor map 7Td X' = Z,; which is a model for 7y : X — Z,.

X 2, x . x
ﬂ'dl lﬂ:‘/i J{ﬁd
g g > Zg

Now by Theorem , 7?& L X Z4 may be replaced by 7y : X - Zg4, where 1,4
is almost 1-1 and X’ and X are measure theoretically isomorphic. In particular,
(X,T) is a strictly ergodic model for (X, X, i, T).

As we described in the introduction, one once we have a model 7 : X — Z, then
it is 14 and G!¥ models. Hence combining above discussion with Theorem A, we
have

Theorem 3.7. Let d € N. Then every ergodic m.p.t. with a non-trivial d-step
nilfactor has an F'U and G strictly ergodic model (X, T) which is a d-step almost
automorphic system.

3.4. Pointwise convergence along cubes.
The following equation is easy to be verified.

Lemma 3.8. Let {a;},{b;} C C. Then
(31) Hai - ]i[bZ = (a1 - bl)bg ce bk + al(ag - bg)bg .. bk +ap... ak—l(ak - bk)

Proof of Theorem B. (1) Since (X, X,u,T) has an Fld-strictly ergodic model, we
may assume that (X, 7T) itself is a topological minimal system and p is its unique
measure such that (Fl4(z), Fl4) is uniquely ergodic for all z € X.

Without loss of generality, we assume that for all ) # € C [d], ||felloo < 1. Let
§ > 0, and choose continuous function g, such that ||gc||cc <1 and || f. — gcll; < §/2¢
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for all @ # € C [d]. By Lemma [3.8 we have

R S | N ZCACO R SR | AC
nel0,N—1]d O#eC[d] ne[0,N—1]d O#eC[d]
| X [ I sra)- T o)
ne[0,N—1]¢  Q#eC|[d] D#£eC[d)
= Dl T S A Al

D#eC|d] nel0,N-1]4
Now by Pointwise Ergodic Theorem for Z2 [17] we have that for all ) # € C [d]

1
P

nel0,N—1]d

(T0) = g (T @) > Ife = gl N = o0, prae

Hence

v X a5 3 ] s

nel0,N—1]4 O#£eC|[d] nel0,N—1]¢ f#eC[d]

CRIED SN D S el

P#eCld] ne[0,N—1]4
— Z I fe—=gelli <6, N =00, pae.
0+#eC|d]
Note that
1 € 1 €1n €qn
I WIET R Pt
nel0,N—1]4 P#eC[d] 0<ni<N-1, €V

1<ny<N-1

1 . N
"N 2 ®96((T1”) L (T dfx[d]).
0= =N-1, e€Vy
1§nl.1“§7N—1

Since @y« ge X 5 R is continuous and (F(z), FI9) is uniquely ergodic,

1
by Theorem N Z H ge(T™x) converges pointwisely. Together with

ne[0,N—1]4 0#eC|d]
3.2), !
m Z H fe Tn €

nel0,N—1]4 P#eC[d]
converge i a.e..
Similarly, one has (2). The proof is completed. O
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Remark 3.9. It is easy to see that if (1.1]) holds for all d, then we have (|1.2)) holds for
all d. That is, (1.1 is more fundamental. For example, if we want to get Gl-case:

1
2 S fo(Tma) f(T ),
0<ny,na<N-1

then what need do is in the F-case

! Z for(T™ @) fro(T2x) f11 (T 2 )

N?
0<ny,na<N—-1
by setting foo = f(), fm =1 and f11 = fl-

4. PROOF OF THEOREM A

In this section we give a proof for Theorem A. To make the idea of the proof clearer
before going into the proof for the general case we show the cases when d = 1 and
d = 2 first. We also give a proof for weakly mixing systems for independent interest.
Finally we show the general case by induction.

4.1. Case when d = 1. By Jewett-Krieger’s Theorem, every ergodic system has a
strictly ergodic model. Now we show this model is Fl!-strictly ergodic. Let (X, T)
be a strictly ergodic system and let p be its unique 7T-invariant measure. Note that
FW = (id x T). Hence for all z € X,

Fil(z)y = {2} x X.

Since (X, T) is uniquely ergodic, 8, X 1 is the only F!!-invariant measure of F1I(z!).
In this case Theorem A(1) is nothing but Birkhorff pointwise ergodic theorem.

Now consider QM. Since Gl = (T'x T',id x T'), it is easy to see that QM = X x X.
Let A be a Gll-invariant measure of (XM, X)) = (X x X, X x X). Since \is T x T-
invariant, it is a self-joining of (X, X, u, T) and has p as its marginal. Let

(4.1) A= / dp X Ap dp(z)
X
be the disintegration of A\ over y. Since A is id x T-invariant, we have
A=1idxTX= / dp X TA, du(z).
X

The uniqueness of disintegration implies that
Th: = As, pt ae.
Since (X, X, T) is uniquely ergodic, A, = u, p a.e. Thus by (4.1)) one has that

)\:/(5x><)\xdu(x):/(5x><,udu(:c):u><p.
X X

Hence (QM, GM) is uniquely ergodic, and plt! = p x p is its unique GM-invariant
measure.
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4.2. Weakly mixing systems. In this subsection we show Theorem A holds for
weakly mixing systems. This result relies on the following proposition.

Proposition 4.1. Let (X, T) be uniquely ergodic, (X, X, u,T) be weakly mizing and
d € N. Then

(1) (X, Gl is uniquely ergodic with the unique measure pl¥ = 1 x ... x p.
24 times
(2) (Xid},]:[d]) s uniquely ergodic with the unique measure ,uLd] =X ...X /L.

241 times

Proof. We prove the result inductively. First we show the case when d = 1. In
this case FIU = (id x T) and G = (id x 7,7 x T). Hence (X, 2, Fly =
(X,X,T), and it follows that ,uLl] =y is the unique T-invariant measure. Let A
be a Gl-invariant measure of (X, X)) = (X x X, X x X). By the argument in
subsection , we know that A = pll = p x p.
Now assume the statements hold for d — 1, and we show the case for d. Let A be
a Gl-invariant measure of (X4 X). Let
Py (X[d],g[d]> N (X[dfl]jg[dfl]); x = (X/,XH) N X/
po ()([d]7 g[d]) N (X[d_l], g[d—l]); x = (X/,X”) — x!
be the projections. Then (ps).(A) is a G4~ invariant measure of X
tive assumption, (py).(\) = uld=. Let

(4.2) )= / A X G dplt(x)
X[d—l]

[@=1] By induc-

be the disintegration of A over ul4~!. Since X is Tcgd] = idY x Tl jnvariant, we
have

A= idlt sl = / A X TG, dpld=1(x)

X[d—l]

= / Ax X Opla—11x d,u[d_l] (x)
X[dfl]

= /X[dl] )\(T[d—l])—lx X 5x d,u[d_l] (X)

The uniqueness of disintegration implies that
(4.3) Arli-1y-1%x = Ax, pd=ge x e X141,
Define
Fo(xlt pld=tl =ty pp(x =1y s xoes A
By (.3), F is a T Uinvariant M (X )-value function. Since (X, X, pu,T) is
weakly mixing, (X141 xl=1 Tl-1) is ergodic and hence A, = v, pl4=1 a.e. for
some v € M(X~1). Thus by (4.2) one has that

A= / Ao X O () = / v X Oy dplI(x) = v x pl,
Xld—1] xld-1]
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Then we have that v = (p1).(A) is a G4 U-invariant measure of X%~1. By inductive
assumption, pl4=1 is the only Gl '-invariant measure of X“~! and hence v =
(p1)(N) = ple=1. Thus X\ = pl=1 x =1 = 4l That is, (X x4 L4 Gl is
uniquely ergodic.

Now we show that (Xid}, de], /LLd], Fl) is uniquely ergodic. The proof is similar.

Let A be a Fld-invariant measure of (X!, x[%). Let

q o (XA FUy o (x U FlaEI e — (3 %) e X

@ (XM Fldy o (xl gl-thy. x — () x") — %"
be the projections. Then (gz).()) is a Gl4~U-invariant measure of X*~1. By induc-
tive assumption, (gz).(\) = pl=Y. Let

(4.4) N = / M X By dpi®=Y(x)
X[dfl]

be the disintegration of A over /41, Since A is Ti% = iV x T~ invariant, we
have

A= idlt sl = / A X TUU5, dpld=1(x)

X[dfl]

= / Ax X 5T[d71]x d,u[dfu (X)
X[d—l]

= / )\(T[dfl])—lx X 6x d,u[dil] (X)
Xld—1]
The uniqueness of disintegration implies that
(45) )\(T[dfl])—lx = )\X, ,U[d_l] a.e.
Define

Fo(xlt pld=t pla=thy oy xl=1) s xoes A
By 1} F is a Tl invariant M(Xid_l])—value function. Since (X, X, pu,T) is
weakly mixing, (X141 xl=1 Tl-1) is ergodic and hence A, = v, pld=1 a.e. for
some v € M(Xid_l]). Thus by (4.4) one has that

A= / A X B dpl™ 1 (x) = / v x O dp () = v .
Xld—1] xld—1]

Then we have that v = (g1).()\) is a Fl~U-invariant measure of XU By inductive
assumption, uLdil] is the only Fl—-invariant measure of X W1 and v = (q1)«(N) =
a7 Thus A = Y x ol = 4 Hence (X, 2 4 FldY is uniquely

ergodic. The proof is completed. 0

Theorem 4.2. If (X, X, u,T) is a weakly mizing m.p.t., then it has an F'9 and
Gl strictly ergodic model for all d € N.
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Proof. By Jewett-Krieger’ Theorem, (X, X, u,T) has a uniquely ergodic model.
Without loss of generality, we assume that (X,T) itself is a minimal t.d.s. and
p is its unique T-invariant measure. By [I8, Theorem 3.11.], (Q = X gl is
minimal, and for all 2 € X, (F(z¥), F19 is minimal and Fld(zl4) = {z} x x4 =
{z} x X¥'-1. By Proposition 4.1, (Q, Gl and (Fl (), Fld (for all z € X)
are uniquely ergodic . Hence it has an Fl4 and Gl¥ strictly ergodic model for all
deN. O

4.3. Case when d = 2. In this case we can give the explicit description of the
unique measure. People familiar with the materials can read the proof for the
general case directly.

4.3.1. Graph joinings. Let ¢ : (X, X, u,T) — (Y, Y,v,T) be a homomorphism of
ergodic systems. Let id x ¢ : X — X X Y,z +— (z,¢(x)). Define

(46) gr(10) = [ 6 X Suy dulz) = (d % ). (u)

b's
It is called a graph joining of ¢. Equivalently, gr(u, ¢) is defined by
(4.7) gr(p, @) (Ax B) =u(An¢'B), VA€ X, B ).

4.3.2. Kronecker factor Z;. The Kronecker factor of the ergodic system (X, u, T') is
an ergodic rotation and we denote it by (Z;(X),¢1), or more simply (Z1,t1). Let 4
denote the Haar measure of Z;, and mx; or 7, denote the factor map X — Z;.

For s € Zy, let j11 s denote the image of the measure p; under the map z — (z, s2)
from Z; to Z12, i.e. p1s = gr(p,s). This measure is invariant under TH =T xT
and is a self-joining of the rotation (Z;,t;). Let us denote the relatively independent
joining of p over jiy 5. This means that for bounded measurable functions f and g
on X,

(4.8) /Z B f(xo)g(21) dps(wo, 1) = / E(f121)(2)E(g|21)(s2) dpa(z).

A
where we view the conditional expectations relative to Z; as functions defined on
Zy.
It is a classical result that the invariant o-algebra Z! of (X x X, x pu, T x T)
consists in sets of the form
(4.9) {(z,y) € X x X :mi(x) — m1(y) € A}

where A € Z;. Hence ZW is isomorphic to Z;. Let ¢ : (X x X, X xX) — (Q,, 71, P))
be the factor map and let v : (Qy,ZM, P)) — (Zy, Z1, j11) be the isomorphic map.
Hence we have

(X x X, X x X) — (2,7, ) - (Z1, 21, 1)

(z,y) — ¢(z,y) +— s = Y(d(7,y))

From this, it is not difficult to deduce that the ergodic decomposition of p X p
under 7" x T' can be written as

(4.11) X o= /Z fis dpii(s).

(4.10)
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In particular, for ui-almost every s, the measure ug is ergodic for 7" x T'. For an
integer d > 0 we have

(4.12) = [ ) dyn(s)
1
Especially, we have
(413) W = [ e a duas).
Z1

4.3.3. GPl-actions. Let m : X — Z; be the factor map from X to its Kronecker
factor Z;. Since Z; is a group rotation, it may be regarded as a topological system in
the natural way. By Weiss’s Theorem, there is a uniquely ergodic model (X X, f,T)
for (X, X, u, T) and a factor map 7 : X — Z; which is a model for 7 : X — Z,.

X — X
Zl—>Z1

Hence for simplicity, we may assume that (X, X, 0, T)=(X,X,u,T)and m = 7.
Now we show that (Q2, 1, G is uniquely ergodic.
Let X be a G-invariant measure of Q[z}. Let

pr: (QPLGP) = (QM,GP); x = (¥, x") = X/

2+ (QP,G) — (QM,GP)); x = (x',x") = X
be the projections. Then (p3).()) is a GP-invariant measure of Q! = X Note
that G acts on QI as Gl actions. By subsection , (p2)s(N) = pl = p x p.
Hence let

(414) A= / /\(m’y) X 5(x7y) d,u X ,u(x, y)
X2
be the disintegration of A over pll. Since X is T2[2] = id" x TW-invariant, we have

A= dl < Tl = / Ao X TWG () dp < p(, y)
X

= /2 A(:v,y) X 5T[1](x,y) d/L X ,u(x,y)
X

- / At iay) X Oy dp X gz, y).
X
The uniqueness of disintegration implies that

(4.15) )\(T[l])—l(x,y) = Aoy), M
Define

0=y x pae.

F QW =XM1y — M(XM) 1 (2,y) = Aay)-
By (4.15), F is a TM-invariant M (X™M)-value function. Hence F' is T!!-measurable,
and hence A, ,) = Agzy) = As; ul) ae., where ¢ is defined in (4.10).
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Thus by (4.14)) one has that

A= / /\(az,y) X 5(:5,3/) d:u X :U’(x7y) - / )‘qﬁ(a:,y) X 5(x,y) dlu’ X :u(xa y)
X2 X2

= / / )\S X 6(x,y) dﬂ,s(flf,y)d,ul(s)
7y J X2

= /Z1 As X (/X2 O(z,y) d#s(ﬂfay)>d#1(s)

= / As X s dpii(s)
Al

Let w2+ (Q2(X 9[2) (QP2(Z1),G2) be the natural factor map. By Theo-
rem [2.13, (Q2(Z,), 1) is uniquely ergodic. Hence

m2 ) = ul = / ps X s dpg(s).
Z1

So
(71 X 1) (As) = (7 X 7)u(pts) = pas.
Note that we have that

(P1)+(A) = (p2)(A) = pl = pu x g,

X p =/ As dpa(s) = / s dpua(s).
Z1 Zl

Hence by the uniqueness of disintegration, we have that A\, = pus, p; a.e.. More
precisely, if Ay # us, p1 a.e., then uy({s € Zy : As # us}) > 0. So there is some
function f € C'(X x X) such that

i ({2 00) > (1)}) > 0.
Let A= {s: A\(f) > ps(f)}. By (4.10]), we can consider A as a subset of X x X:

A= {3 : /\s(f) > Ms(f)} = {(Jf,y) €EX X X: /\¢(x,y)<f) > Mqﬁ(x,y)(f)}'
Hence by p x p1 = [, As dpui(s) we have

and hence we have

pxXp(f-1la)= [ f-laduxp
X2

—/ Ly A ) )

/QllAF[;Qf‘dA 2,5) dpn(s)

—A&uwm@



STRICTLY ERGODIC MODELS UNDER FACE AND PARALLELEPIPED GROUP ACTIONS 19

Similarly, by pu X u = le s dpi(s) we have

pcu(f 1) = [ () ()
Thus
0= [ AP dm = [ nlh) dints) = [ (M5 = nl0)) dpats) > 0

a contradiction! Hence Ay = ug, p1 a.e., and
A :/ As X pis dpq () :/ s X s dpig(s) = 2.
Z1 Zl

That is, (QP, 12, G is uniquely ergodic. The proof is completed.

4.3.4. FPl_actions. We use the same model as in the proof of Proposition m
Let A be a Fl-invariant measure of F2(z?). Let

pu+ (FD, 72 = (F(), 7, x= () oo ¥
po o (FRI(zR), 7Y = (QM, FR; x = (¢, X") — X"
be the projections. Note that
(F(zM), 72y ~ (X, T) and (QM, F) ~ (X x X, gl).
Then (ps).(\) is a GW-invariant measure of QI = X, By subsection[d. 1} (ps).(\) =
pll = 1 x . Hence let

(4.16) A= /X2 /\(%y) X 5(367‘,]) d(,u X /L)(:L‘, y)

2]

be the disintegration of A over pl!l. Since X is T 2[ = id" x 70 invariant, we have

A= id[”xT“])\:/ Mgy X TWS 0y dp x pu(z, y)
X2

= /2 )\(x,y) X 5T[1](z,y) dlj“ X ,LL(I,y)
X

- / At iay) X Oy dp X gz, y).
b's
The uniqueness of disintegration implies that

(4.17) AT -1(zg) = M) M= pae.
Define
FoQY=XxM Ty — M(X): (2,9) = May)-
By , F is a THM-invariant M (X)-value function. Hence F is ZI"-measurable,
and hence Az ) = Ag(a,y) = Ass ) a.e., where ¢ is defined in .
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Thus by (4.16|) one has that

A= / /\(az,y) X 5(:5,3/) d:u X :U’(x7y) - /2 )‘qﬁ(a:,y) X 5(x,y) dlu’ X :u(xa y)
X

X2
= / )\S X 6(x7y) d[l,s(x,y)d,ul(s)
7y J X2

:/ As X (/ O(z,y) dus(x,y)>du1(s)
7 X2
= / As X s dpii(s)

Al

Let 77 : ﬁ(wp_]), Fy — (FRI((m(2))®), FZ) be the natural factor map.
By Theorem [2.13, F2((7r;(z))®?) is uniquely ergodic. Hence

m@ () = / 1 X i dyun(s) = 4.
1

And
T1(As) = p1, and (1 X 1)« () = fas-
Note that we have that

(p1)+(N) =, and (p2)«(N) = p = pu x p,

u:/ As dpig(s).
A

Let p = [, 7, Vs du1(s) be the disintegration of u over p;. Hence by the uniqueness
of disintegration, we have that Ay = vy, p; a.e.. Thus

A :/ As X s dpy(s) = / Vs X s dpiq(8).
Z1 Zl

and hence we have

That is, (F2I(z2), F12)) is uniquely ergodic. The proof is completed.

4.4. General case. In this section we prove Theorem A in the general case. We
prove it by induction on d. d = 1 is showed in subsection Now we assume d
and show the case when d + 1.

4.4.1. Notations. Recall that 719 is the T'%-invariant o-algebra of (X, ;4 Tl

and
[d+1] _ M[d] « ,u[d].

7ld]

1
Let
(4.18) (X1, ) 25 (924, T, Py); x — 6(x)
be the factor map. Let

(4.19) ™
Qq
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denote the ergodic decomposition of ;¥ under T, Then by definition
(1.20) )= [l ¢ 8 apaGo).
Qq

4.4.2. A property about Zj.

Proposition 4.3. [9, Proposition 4.7.] Let d > 1 be an integer.

(1) As a joining of 2% copies of (X, u), (X, pld) is relatively independent over
the joining (Zc[ldil, ,ugdll) of 2% copies of (Zy_1, jta—1)-

(2) Zg is the smallest factor Y of X so that the o-algebra T\U is measurable with
respect to Y14,

We say that a factor map 7 : (X, X, u,T) — (Y, Y, v, T) is an ergodic extension if
every T-invariant X'-measurable function is Y-measurable, i.e. Z(X,T) C Y. Thus
Proposition [4.3 implies that

d d d
m s (XU ) (Z0 T
is Tl-ergodic. That means that Z\4(X) = Z19(Z,), and hence (Qq(X), Z14(X), P;) =

(Q(Z4), T (Z,), Py). So we can denote the ergodic decomposition of ,u&d] under 7'

by

d d
(4.21) ' = / pi, dPa(w).
Qq
Then by definition
(4.22) gt = / i, X i, APa(w).
Qq

This property is crucial in the proof. Combining (4.18) and (4.21)), one has factor

maps

L
(4.23) (X1 pldy I (7l Y, Py
Note that ¢ = o Wlld]-

4.4.3. G-action. Now we assume that Theorem A(2) holds for d > 1. In this sub-
section we show the existence of Gl !-model.

Let 7y : X — Z; be the factor map from X to its d-step nilfactor Z,;. By
definition, Z; may be regarded as a topological system in the natural way. By
Weiss’s Theorem, there is a uniquely ergodic model ()2' X, g, T) for (X, X, u,T)
and a factor map 74 : X — Z; which is a model for 74 : X — Z,.

X — v X

”l lﬁd

Zd—>Zd
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Hence for simplicity, we may assume that (X, X, 0, T)=(X,X,u,T)and 7y = 7.
Now we show that (QUH1(X), uld+1l Gld+1) is uniquely ergodic.
Let A be a Gl invariant measure of QU+ = QI*+U(X). Let

P (Q[d+1]’g[d+l}) N (Q[d],g[d+1]); x = (X/,XH) — x/
Do (Q[d+1]7g[d+1]) N (Q[d]’g[dJrl}); X = (X/,X//) — x
be the projections. Then (py).()) is a Gl4*linvariant measure of Q4. Note that

G4t acts on Q¥ as G actions. By the induction hypothesis, (p2).(\) = ul4.
Hence let

(4.24) A= / A X Oy dpl? (x)
Qld

be the disintegration of A over ul¥. Since \ is T’ f:;l} = id¥ x Tl invariant, we have

A= idd x Tl = / A X T5, dpld(x)
Qld)

= / Ax X Opta ) dpt (x)
Qldl

= / )\(T[d])—l(x) X 5x d,u[d} (X)
Qld
The uniqueness of disintegration implies that
(425) )\(T[d])—l(x) = )\x, M[d] a.e. X € Q[d}
Define

F:(QY 7Yy — M(X) . x5 )\,
By 1) F is a T invariant M (X [d])—value function. Hence F' is I[d]-measurable,
and hence Ay = Ay(x), p? a.e., where ¢ is defined in (4.18)).

Thus by (4.24)) one has that

A= / A X 0y dpl¥ (x) = / Aoy X Ox dpl¥(x)
Qldl Qldl

= / / Ao X Oy dpl(x)dPy(w)
Qq J/ QL

- / A ¥ ( / 5 dugﬂ(x))dpd(w)
Qq QM

= / Ao X plf dPy(w)
Qq

Let 7r£ld+1] C(QEHI(X), gl+1y — (QlH(Z,), Gl4H) be the natural factor map.
By Theorem (Q*Y(zy), u&dﬂ]) is uniquely ergodic. Hence

RT3 = gl /Q W il dPy(w).
d
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So
(4.26) Tal () = gl () = Mt[zc,qu-

Note that we have that
(P1)«(N) = (P2)«(\) = pl¥)
and hence we have

(4.27) i = [ A dPit) = [l dpe)

But by (4.26) and (4.23)) we have

62(Na) = 0. ) = ulpnfy,) = b
Hence by the uniqueness of disintegration and 1} we have that \, = uiﬁi], Py
a.e. w € €)y. Thus we have
428 quni= [ Ao dPi(w) = [l sl dPat) = 4,

Qd Qd
That is, (QI4TY, i1l Gla+1) is uniquely ergodic. The proof of Theorem A(2) for G
is completed.

4.4.4. F-actions. Now we assume that Theorem A(1) holds for d > 1. In this
subsection we show the existence of Fl¥*!l-model. We use the same model as in the
previous subsection.

Let A be a Fl** U invariant measure of Fla+1(zld+1), Let

pr : (FUF () Fletly o (Fld(z4), Fl); x = (x, x") = ¥/
py ¢ (FI (), FUHD) — QU FH); x = (¢, x) = X
be the projections. Note that
(Fldl(gldy, Flatly ~ (Fld(zl4), Fldy and (Q, FlH+1) ~ Q4 gldhy.
Then (p2)()) is a G¥-invariant measure of Q. By subsection 4.4.3, (p2).(\) = ul4.

Hence let

(4.29) A= / A X Oy dpl? (x)
Q)
be the disintegration of A over ul¥. Since A is T Ugﬁl} = id¥ x Tl invariant, we have

A= id Tl = / A X T6, dpld(x)
Qld)

= / )\x X (ST[d] (x) du[d] (X)
Qldl

= [ Ao x e i)

The uniqueness of disintegration implies that

(430) /\(T[d])—l(x) = )\x, ,Lt[d} a.e.
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Define
F QY — M(Fi): x— A,
By , Fis a TW¥-invariant M (Fd(z@))-value function. Hence F is Z¥-measurable,
and hence A = Ay, pld ae. x € QM where ¢ is defined in (4.18)).
Thus by one has that

)\:/ A X Oy dpl¥ (x) = / Aoy X Ox dpl(x)
Qldl [dl

// Mo % O Al (x)dPy()
= [ (] ox andfo0)arue
:/Q Ao X pld dPy(w)

Since (Fd(z ), Fl9) is uniquely ergodic by assumption, and we let U9 be the
unique measure. Then

(P1)+(A) = Vg[c}, and (p2)«(\) = M[d}’
and hence we have

(4.31) Y — / Mo dPy(w).
Qq

Note that we have a factor map . : (F (x[d]) Iy - (.7:[ ]( [y, Fll pa.z),
where 2 = m4(z) and pg; as in Theorem [2.13] For each z € FU(&9), let 1, be the
unique T¥-invariant measure on O(z, T[d]). Then the map

FU (@) — M(Q(Zy)); 2+ n.

is a measurable map. This fact follows from that z — + >
and % Y nen Ornz converges to 1, weakly. Hence we have

d
(4.32) Mt[i} = / . dpa,z(2).
[ (31])

nen O7nz is continuous

In fact, it is easy to check that / N, dpaz(2) is G [9_invariant and hence it is
Fll (31

equal to ,u[ ] by the uniqueness. Note that 1) is the “ergodic decomposition” of

,ug] under T except that it happens that 7. = 1., for some z # 2’. Hence via map

1, we have a factor map

v (m(j[d]%pd,ﬁ) — (Qd7pd)'
And (4.32) can be rewritten as

(4.33) Wl = / ne dpas(z) = / no dPi(w) = / W2 dPy(w).
Fldl(zldl) Qq

Qq



STRICTLY ERGODIC MODELS UNDER FACE AND PARALLELEPIPED GROUP ACTIONS25

Since we have
[d]

(4.54) (F(), %) =5 (FAGE), pag) = (U, P)
we assume that
(4.35) yld :/ v, dPy(w)

Qq

is the disintegration of U over Q.
Let a1 . (Flaril(glal) Flatt)y —y (Flari(zldt1])| Fla+ll) e the natural factor

map. By Theorem [2.13, (FI1((2)[441), py.y 5) is uniquely ergodic. Let

T = parrs = [ 6x . dpaas)

Fldl(3la)
be the disintegration of p441 , over .ﬁ(;ﬁm). By 1) we have
() = para = [ dpa() = [l P
Flal (3l Q4

where pgz = de P dPy(w) is the disintegration of p,; over P,. Then
d d d
(4.36) (mih)e () = po, and (7). (i) = pll,.

Since (ﬂ([jd])*(yg[cd]) = paz, by |D we have (ﬂ([jd])*(yw) = p,. Hence by the unique-
ness of disintegration, we have that A\, = v,,, P; a.e.. Thus

(4.37) AFdsl = A = / Ao Xl dPy(w) = / Ve X 9 dPy(w).
Qq Qq
That is, A is unique and hence (Fld+1(zld+1) Fli+1) is uniquely ergodic. The proof
is completed. 0
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