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EC^^I?���~?&uI6I[62^&:NI:y —— �Pe�1l1/4Q�I:N —— �:��h��^..I3�^)�I8?x6�C1/4QIx�$4}&�Y�FE�x$�w8?xWQ?K6|C��;%QGC~:�Y�3℄�x�$IC��[p KV�vEI��� Poincaré �:o�w1//z
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LM�x^�: Birkhoff �#`Q	44I\_ —— |& Birkhoff �#`Q�R�Tp�$�$4E�: van der Waerden `Q�|b[�?�Æ ��.^W��&��1
Z+ I?1:e^^L�IY`�

§1.1 \i?0S X p��I Hausdorff :N� G p_u(�8f φ : G×X → X bY��G�
1. w0� x ∈ X / φ(e, x) = x, } e p G I8xB�
2. w0� x ∈ X v g1, g2 ∈ G, φ(g1, φ(g2, x)) = φ(g1g2, x) �\�H$�.�~ (X,G, φ) p~? w6#��s. ~$P�.xl$ (X,G) ?~?_ue^�P��V$ew6*? g ∈ G, φ(g, ·) : X → X, x 7→ φ(g, x) pNd�pG=�/e�.^ φ(g, x) P?p gx. = X pkW1e��.~�P (X,G) p 33�s.8f G = R ph�H(��.x~ (X,R) p~? �. 8f G = Z p��H(�H$~ (X,Z) p~? �Q#��s.S T : X → X p~?Nd��.4	`� φ : Z × X → X lG φ(n, x) = T n(x).6x (X,Z, φ) �p~?OBe^�P�	
�8f (X,Z, φ) p~?OBe^�P�H$

T : X → X, x 7→ φ(1, x) p~?Nd�w0� x ∈ X 4 n ∈ Z �./ φ(n, x) = T n(x). ��p8$��.~$l	 (X,T ) NrOBe^�P�8f[F5I`� �.	�&��H�*( Z+ ED5 G, H$~ (X,Z+, φ) p~? e�Q#��s. X$M�I:���.4	-�~?*OBe^�P4	)~?bY N[��[8� �xx�.:�I-uw3�S (X,G) pe^�P�w x ∈ X, ~ orb(x,G) = {gx : g ∈ G} p x �J�. S A p XI?1�8f gA = {gx : x ∈ A} ⊆ A,∀g ∈ G, a~ A p rmb. 8f A ⊆ X pAIWI1�a^(T$"�[ AFx�p~?e^�P�~
p (X,G)Ih�s, ?p (A,G, φ).w0� x ∈ X,�V orb(x,G)pAIWI1��� (orb(x,G), G)x (X,G)I~??�P�xx~?r$IQ^?e^�PI��S (X,G) v (Y,G) pj?e^�P�`�4.I �_�s p (X × Y,G), } g(x, y) = (gx, gy),∀g ∈ G. 0�|?�PI�*�P4	M�P`���/PI�^��~r�_ue^�PI~? B�AGx�PI�M�A�6x~?A*I�Ax�j?_ue^�Pyex�~rI	�[~$_u^ �j?_u:N8fNd�H$�.2p4.x~rI��[5� �j?(8fpNQI�H$2p4.x~rI�[_ue^�P ��./8�`��!6 1.1.1 
 (X1, G, φ1) ( (X2, G, φ2) J"ÆD℄^�Z=�}"A<�Æ�y7� π :

X1 → X2 �N�℄B�d;
1
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X1

g−−−−→ X1yπ
yπ

X2
g−−−−→ X2�M� π(gx) = g(πx),∀g ∈ G,∀x ∈ X1, K8U;w* (X1, G, φ1) J (X2, G, φ2) O�Æ ��, BH* (X2, G, φ2) � (X1, G, φ1) O�Æ 8h. >�* π J�Æ 8h;T B*J eGu. }" π J<X�U;w* (X1, G, φ1) ( (X2, G, φ2) J Gu�.[_ue^�P �j?�P8fpO^I��.�2p4.x�~rI	�6x�`�O^WIlx_ue^�PI~?&u-A�[8� �8�=P����.~$� Z+ T$�I�P�6��.1�I_ue^�Px�℄w (X,T ), } X p�nl:N� T : X → X pbY N�)6$ep*(T$�1	F5ID:`�/:�kImP�w x ∈ X, ~ orb(x, T ) = {x, Tx, T 2x, · · · } p x �J�. S A p X I?1�8f

T (A) ⊆ A, a~ A p Vrmb $ rmb; 8f T−1A ⊆ A , a~ A p =rmb; 8f
T (A) = A, a~ A p Brmb. 8f A ⊆ X pAIWI1�a (A,T |A) x�p~?e^�P�~
p (X,T ) I h�s, /e�.�l^4?p (A,T ). w0� x ∈ X, �V
orb(x, T ) pAIWI1��� (orb(x, T ), T ) x (X,T ) I~??�P�=�.0	j?*OBe^�P (X,T ) v (Y, S) e��? N π : X → Y �x�G
π ◦ T = S ◦ π IbY�N��5�.C��? NIML6Æ�S (X,T ) pe^�P��.4	^ X × X I?1 R }p X FI~?Y��8f
R p X × X IA?1��~ R p jI�; 8f (T × T )(R) ⊂ R, �~Y� R p rm�. S R ⊂ X × X p X FAIWIIMLY��w x ∈ X 0	 x 1[IMLM
[x]R = {y ∈ X : (x, y) ∈ R}. 1/Ix:MLMG�o~??I:N X/R = {[x]R : x ∈ X},8f X/R I_u�D_u�a X/R p�nl:N� N T A*P2Ao X/R FIbY N TR : [x]R → [Tx]R, )� (X/R, TR) pe^�P�S π : X → X/R pD N�a
π : (X,T )→ (X/R, TR) p�? N� Rπ = {(x, y) ∈ X ×X : π(x) = π(y)} = R.	
�S π : (X,T ) → (Y, S) p�? N�Lh π �.4	`� X FI~?AIWIIMLY��

Rπ = {(x, y) ∈ X ×X : π(x) = π(y)}.�V (X/Rπ, TRπ ) _uO^6 (Y, S). �$�[!_uO^Ij?e^�PWH��I�����./+m 1.1.2 
 (X,T ) J^�Z=�� (X,T ) O�rZ=��h�* X �
O��OQ[�Z�|b3�C�8f T : X → X pbYI�H$ T :
⋂∞
i=0 T

i(X)→ ⋂∞
i=0 T

i(X)p�I��5�.�-C�hCF~?�P:�1/Ie^^L8i1 C�[ ⋂∞
i=0 T

i(X) F�



` v f _ � Q . � S 3 zU�C E^_�[>D6 §1.2 9Ws1	�.�r[�P (X,T ) `� JS N T p�N�^*OB�P:OB�P`�[~�I~?�hx1yI iI��. S T : X → XpbY�IA N�S
X̃ = {(x1, x2, . . .) ∈

∞∏

i=1

X : Txi+1 = xi, i ≥ 1}.Tp�*:N ∏∞
i=1XÆ��*_u�I?1� X̃ x�:AI�8f�.`� T̃ : X̃ → X̃lG

T̃ (x1, x2, . . .) = (Tx1, x1, x2, . . .)H$ T̃ pNd��Vw*? n ∈ N, 1R n �lIS� N pn : X̃ → X pbY�N�'} p1 p (X̃, T̃ ) C (X,T ) I�? N�A*D� (X̃, T̃ ) x4T�P�41	o (X,T ) :�1/Ie^^L��[U|�G���.Iv���xw4T�P�:I�*�Lh}A*D�^~$�G6Æp4TI��E!G&�Iv��xx~$�r$I<�	 l 1.1

1. �9�}>>0o�VHH<��<3HT0o%VHH�}>
VH0o�VHH�:V}_o%VHH��� T o7M�}>�w�VH3w%VHH>0 (Y7 X) V}_o
VHH��� T o�M�< T oMd�0 A o
VH0<��<3�o�VH03o%VH0�
§1.2 ����#Lx�&uIe^^L��xx�p[�A*�3e�H:4	&#ZkI�3bx�.NYBI�)xr,n��.^�A$�#L��!6 1.2.1 
 (X,T ) J^�Z=� x ∈ X.

1. }" Tx = x, K8X x ∈ X *J r#�;

2. }"A<HÆ n ∈ N �N T nx = x ,��K8X x ∈ X *J _;�, l7x T nx = x|iOty% n *J x O _;.U; Fix(X,T ) ��Z= (X,T ) O�^Xv9� Per(X,T ) ��Z= (X,T ) OgaXv9�[�5I`� �8f:N&`R�W����5��.�r�^�:N?s�Z8!F5 Fix(X,T ),Per(X,T ) l?p Fix(T ) v Per(T ).S x p	 n p)zI)zW�H$ ({x, Tx, · · · , T n−1x}, T ) �p~?e^�P�xx~MNP8Ie^�P�R�*?Wix)z�#I�w x ∈ X, �.`� x � ω `�b ω(x, T ) p orb(x, T ) I#C-"W1�6
ω(x, T ) = {y ∈ X : ∃ni → +∞ s.t. T nix→ y} =

⋂

n≥0

⋃

k≥n
{T kx}.
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U�C E^_�[>D6 §1.2 9Ws8f U, V ⊂ X, �.`� X<\gb p�
N(U, V ) = {n ∈ Z+ : U ∩ T−nV 6= ∅}.!6 1.2.2 *^�Z= (X,T ) B T J ��� �Wh X Oz�"Æt��I U, V U;& N(U, V ) 6= ∅. }"A<X x ∈ X 7x orb(x, T ) = X, K8U;* (X,T ) J ����,l* x J�Æ ���. X Ov98VXSJ TransT .ae 1.2.3 (1) 8V-X8V��<O�Q�q�}℄�
 X = {0} ∪ { 1

n : n = 1, 2, · · · }Æs R OÆ8D℄��l T : X → X \�J T (0) =

0,T ( 1
n) = 1

n+1 . *� TranT (X) = {1}, H (X,T ) ��D℄8VO�
 g : I → I, ` I = [0, 1],g(x) = 1− |2x− 1| JFY���� Per(g) = I [EuaR 1992].+ X = Per(g) K f = g|Per(g). *� (X, f) J8VH��JX8VO�
(2) �O�} X 9&��X��X8VC38V�I X �z��ÆD℄�\� T ��O�Æ�yt���U;	��*S�~8V(X8VO�Q��L�O}" X J�uOTm
I��8VC3X8V�#*<\��Æ^�Z= (X,T ) �U;�tZ


X Jo#O�*�h�Æ^�Z=l�v&8VC3X8V�l}";Y�9&��X��"�QQ[�
(3) u�l�O��}" T J8VO�K8 T J7���l orb(x, T ) = X IlpI

ω(x, T ) = X. S Finf J Z+ Ov9VbrI{,OI+��O� (X,T ) J8VOIlpIhz�t��I U, V ,N(U, V ) ∈ Finf ,���[�.C��ULI~:ML>A�!� 1.2.4 
 (X,T ) J^�Z=���℄F8Q[�
1. (X,T ) J8VO�
2. h:Æt��I U ,

⋃∞
i=0 T

−nU 0<�
3. }" U J7x T−1U ⊂ U Ot��I�� U J0<O�
4. }" E J
��O�K8BH E = X, BH E JV70<O�W)�(1) ⇒ (2) x�*I�

(2)⇒ (3) S U p�G T−1U ⊂ U I�:,1�a ⋃∞
i=0 T

−iU = U . 6x)HY (2) �
U p�0I�

(3)⇒ (4) S U = X \ E, a T−1U ⊂ U . 6x$v U p:1$v U �0�MLP�$v E = X $v E ���0�
(4) ⇒ (1) S U, V p X I�:,1�~ E = X \⋃∞

i=0 T
−iU . 6x E p���0I�6 ⋃∞

i=0 T
−iU p�0I�)�/ V ∩⋃∞

i=0 T
−iU 6= ∅. xr.[ n ∈ Z+ lG V ∩ T−nU 6= ∅,6 (X,T ) p�UI� �S π : X → Y p (X,T ) C (Y, S) I�? N� π p `�� x� X pn~�G

π(A) = Y I�:AWI?1 A. �./�!� 1.2.5 
 π : X → Y J (X,T ) L (Y, S) O�r����
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1. }" (X,T ) J8VO�K8 TransT J X O0< Gδ rI�
2. }" T J8VO�K8 S 	�8VO�l TransT ⊂ π−1(TransS). }" π :JGiO��Q',��W)�(1) S {Ui}∞i=1 p X I~L&�H$/

TransT =

∞⋂

i=1

(

∞⋃

n=0

T−nUi).�p (X,T ) p�UI�1	w*? i ∈ N,
⋃∞
n=0 T

−nUi p X I�0,1�) Baire `Q�
TransT p X I�0 Gδ 1�

(2) �*℄�����.��*℄��S π p-7I� y ∈ TransS , 6xw0� x ∈
π−1(y) / π(orb(x, T )) = Y . D� π I-7L��.�/ orb(x, T ) = X, 6 x ∈ TransT . �:�UL�0`�[~�I~?-Wx�#W�!6 1.2.6 x ∈ X *J�Æ X<� �WA<w% ni → +∞ �N T nix → x, �M x ∈
ω(x, T ). � Rec(T ) Sv9<}XOI+�~?&uIuhx�8f x p�#W�H$ (orb(x, T ), T ) p�U�P�w�U�P
(X,T ), �./ TransT ⊂ Rec(T ). �5/<I Birkhoff `Q�:we^�P��#WEx.[I�!� 1.2.7 (Birkhoff) :Æ^�Z=`A<<}X�~.�Ix�6Gxr~?��|P8I>A�	hI�:WxQu Zorn �Q�xu$CKV�I��lv4	�<$ Zorn �QC�~?�:��.^[�~rC�~?Q^L�: (V Weiss [Weiss2000b]).:�P� Per(T ) ⊂ Rec(T ). 8f x x)zp n )zW�H$ ({x, Tx, . . . , Tn−1x}, T )p�U�P�pGCG|�U�PIZ?��.�}K 8L�s I-W .S k ≥ 2 pA*��? A = {0, 1 . . . , k − 1}. ~ A  B"p j,. !8 A 	OB_u��

Σk =

∞∏

i=1

A = {(x1, x2, . . .) : xi ∈ A, i ∈ N}��*_u�a Σk p��4nl:N�~?&6Inlp
d(x, y) =





0, 8f x = y,

1
i , 8f x 6= y � i = min{j : xj 6= yj}.`� T : Σk → Σk lGw*? x = (x1, x2, . . .) ∈ Σk

T (x1, x2, x3, . . .) = (x2, x3, . . .).�V T pbYI�N�~ (Σk, T ) $ T p D4 $l~
p6� . 8f Y p Σk I�:A�WI?1�H$~ (Y, T ) p h4. �V Per(T ) [ Σk  �0�
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n=1A

n ~p~? ~ $v~? �, } An = {(x1, x2, · · · , xn) : xi ∈ A, 1 ≤
i ≤ n} p n "#C�~" B [ x ∈ Σk IR i ?x�� �� x�.[ j ≥ i lG
B = (xi, xi+1, . . . , xj). 8f B,C pj?"�H$ BC Nr~??I" (b1, . . . , bn, c1, . . . , cm),} B = (b1, . . . , bn)� C = (c1, . . . , cm). pG�V��.�P? B . . . B (n?)v BB . . .p B(n) v B∞. w~?" B = (b1, . . . , bn), ?1 {x ∈ Σk : x1 = b1, . . . , xn = bn} ~p~?`, ?p [B]. ���./~?P8;&uIv��+m 1.2.8 x ∈ Σk J<}XIlpI:Æ x `O=< x `3`Vbj?��5�~? CIZ?�	 1.2.9 
 A1 = (1), A2 = (101), . . . , An+1 = An0

(n)An, � x = limn→∞A∞n J�ÆtgaXO<}X�w6�#W1��./8�&8L��!� 1.2.10 
 π : X → Y J (X,T ) L (Y, S) O�r����
1. T (Rec(T )) = Rec(T ).

2. Rec(T n) = Rec(T ).

3. π(Rec(T )) = Rec(S).W)�1. ���n� T (Rec(T )) ⊂ Rec(T ). �[S x ∈ Rec(T ), a.[Wr n → +∞lG T nix → x. )6 X ���Wb~$L��.S T ni−1x → y. 6x T (y) = x �
T niy = T ni−1x→ y, 6 y ∈ Rec(T ) � T (y) = x. xr�/ Rec(T ) ⊂ T (Rec(T )).

2. D�`�6�n� Rec(T n) ⊂ Rec(T ). �.�[S x ∈ Rec(T ), H$.[Wr
ni → +∞ lG T nix → x. Wb~$L�.4	JS ni = kin + j,0 ≤ j ≤ n − 1. 6x x ∈ orb(T jx, Tn), �� orb(x, Tn) ⊂ orb(T jx, Tn). $ T j T$6$.jY���3�C
x ∈ orb(T jx, Tn), �./

orb(x, Tn) ⊂ orb(T jx, Tn) ⊂ . . . ⊂ orb(T (n−1)jx, Tn) ⊂ orb(T njx, Tn).6x x ∈ orb(T jnx, Tn), '}/ x ∈ Rec(T n). xr�/ Rec(T ) ⊂ Rec(T n).

3. π(Rec(T )) ⊂ Rec(S) x:�I��[S y ∈ Rec(S) � B = ω(y, S). a A′ = π−1B p�:AWI?1�? A p�G π(A) = B I A′ IAWI?1I#C�) Zorn�Q�.[
A ∈ A p.jY��I-7B��p π(A) = B, 1	.[ x ∈ A lG π(x) = y. D� A I\���./ ω(x, T ) = A, '}/ x ∈ Rec(T ). xr�.�d�o�?�:� �~?e^�P~p zD��� 8fw0� n ∈ N, �P (X,T n) 4p�UI��V�U�PWCpd#�UI�~?P8IZ?p)zp 2 I)z�~$�g�./�!� 1.2.11 
 (X,T ) J8VO^�Z=K n ∈ N. K8A< k ∈ N �N k|n l&uk

X = X0 ∪X1 ∪ . . . ∪Xk−1,`I i 6= j � Xi 6= Xj,(Xi, T
n) J8VOl T (Xi) = Xi+1(mod k).



` v f _ � Q . � S 7 zU�C E^_�[>D6 §1.2 9WsW)�S x ∈ TransT , a)`Q 1.2.10,T jx p T n I�#W�} 0 ≤ j ≤ n − 1. ~
Yj = orb(T jx, Tn), a (Yj , T

n) p�UI� T (Yi) = Yi+1(mod n). S k p�G j 6= 0v Y0 = YjIN7A*��a�n� k|n�= 0 ≤ i < j ≤ k−1e Yi 6= Yj. 6x Xj = Yj, 0 ≤ j ≤ k−1,6p1�� �w6~?e^�P (X,T ), S x ∈ X 4 U ⊂ X, ~ x �: U I X<\gb p
N(x,U) = {n ∈ Z+ : T nx ∈ U}.)`Q 1.2.10 �.-C8f x p�#W�H$4xx T n(n ∈ N �I�#W�)$4V�#WI�#eN1RWx0�I�p6��#WI�#eN���}K~?-W�!6 1.2.12 A ⊂ N J IP b �WA<ML%w% p1, p2, . . . �N

A = {pi1 + . . .+ pik : i1 < . . . < ik, k ∈ N}.>�* A J# p1, p2, . . . Æ,O�SJ FS({pi}) . SI+ {A ⊂ N : A �#�Æ IP I } J
Fip . A ⊂ N *J IP∗ b �W A -z* IP Iddt� .Qu3�Ix�[ IP 1I`� �.R(/u� pi p��I�!� 1.2.13 
 (X,T ) J^�Z=�}" x0 ∈ Rec(T ), K8h:Æ δ > 0, N(x0, Bδ(x0)) �#$�Æ IPI�qS�}" R ⊂ NJ�Æ IPI�K8A<8VZ= (X,T ) ( x0 ∈ TransT�N R ∪ {0} ⊃ N(x0, B1(x0)).W)�S x0 ∈ Rec(T ) 4 δ > 0. � p1 �G

d(T p1x0, x0) < δ. (1.2.1)� δ2 > 0 lG δ2 ≤ δ ��G
d(x, x0) < δ2 ⇒ d(T p1x, x0) < δ. (1.2.2)w$ δ2 � p2 lG

d(T p2x0, x0) < δ2. (1.2.3))p? (1.2.1), (1.2.2) v (1.2.3) �.�/
d(Tmx0, x0) < δ (1.2.4)w m = p1, p2 4 p1 + p2 *�\��.DYx?aJh��JS p1, . . . , pn ;��`R�

(1.2.4) pw1/ m = pi1 + . . .+ pik ,1 ≤ i1 < . . . < ik ≤ n, k ∈ N *�\��.Y� δn+1 ≤ δlG~9 d(x, x0) < δn+1, H$
d(Tmx, x0) < δ (1.2.5)w1/FÆ m �\�6x8f� pn+1 lG

d(T pn+1x0, x0) < δn+1, (1.2.6)



` v f _ � Q . � S 8 zU�C E^_�[>D6 §1.2 9WsH$ (1.2.4) ^�wG8 m + pn+1 4 pn+1 I���\�xr�.d�oaJh��R��V) p1, p2, . . . [�I IP 1.j[ N(x0, Bδ(x0))  �	
�S R ⊂ Np) p1, p2, . . . [�I IP1�8f H1,H2, . . . p N�W&eI?1�~ p′n =
∑

i∈Hn
pi, H$) p′1, p

′
2, . . . [�I IP 1p R I?1��.4	\� Hn lG

p′n+1 > p′1 + p′2 + . . .+ p′n.xr�Wb~$L��.4	lJS pn+1 > p1 + p2 + . . .+ pn.�.[ {0, 1}Z+  `�W x0 lG
(x0)n =





1, 8f n = 0 $v n ∈ R,
0, 8f n > 0 R� n 6∈ R.�.�nlp�= x = y e�~ d(x, y) = 0; = x 6= y � i = min{j : xj 6= yj} e�~

d(x, y) = 1
i+1 . �V x0 p6� T I�#W�R�w n > 0 /�

d(T nx0, x0) < 1⇔ (T nx0)0 = 1⇔ (x0)n = 1⇔ n ∈ R.)$��.d�o�?�:� �!6 1.2.14 
 X JD℄�\� F J Z+ OrIy�w% {xn}2 F ℄�A x ∈ X (SJ
F − lim xn = x) �Wh x Oz�'/ U & {i : xi ∈ U} ∈ F ,��N���.Y�:~?`Q��~[ire^^L�: Z+ ?1IY`�!� 1.2.15 
 (X,T )J^�Z=�K8 (X,T )&I�<}X x0 IlpI IP∗−limT n(x) =

x0, ∀x ∈ X.p�:`Q 1.2.15 �.Qu~:;5�!6 1.2.16 
 F J Z+ OrIy�U;* F {& Ramsey �[, }" F ∈ F l F =

F1 ∪ F2, ��& F1 ∈ F B F2 ∈ F ,���5I`QpL{�^ I~?/<I`Q�[R���mÆ`Q 3.3.18,`Q 4.1.8� �.�C�~?e^�P�I�:�!� 1.2.17 (Hindman \�) Fip {& Ramsey r^�w Z+ I?1 F 	4 n ∈ Z+, �.`� F − F = {f1 − f2 ≥ 1 : f1, f2 ∈ F}, F + n =

{f + n : f ∈ F} 4 F − n = {f − n ≥ 1 : f ∈ F}.9� 1.2.18 
 (X,T )J^�Z=�x ∈ X K F ∈ Fip. }" K J7x {T n(x) : n ∈ F} ⊂ KOoI�K8 K ∩ Rec(T ) 6= ∅.W)�~ F1 = F 4 K1 = {T n(x) : n ∈ F1}. � m1 ∈ N lG (F1 − m1) ∩ F1 ∈ FipÆ�lvn� m1 I.[L��w0� n ∈ (F1 − m1) ∩ F1, �./ T n(x), T n+m1(x) ∈ K1. 6x
K1 ∩ T−m1K1 6= ∅. ~

K1 ∩ T−m1K1 =

r1⋃

i=1

K1,i,
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1
2 IA1Æ 1 ≤ i ≤ r1). S

C1,i = {n ∈ (F1 −m1) ∩ F1 : T n(x) ∈ K1,i}.a (F1 −m1) ∩ F1 =
⋃r1
i=1 C1,i. 6x)`Q 1.2.17, .[ i1 lG C1,i1 ∈ Fip.~ F2 = C1,i1 4 K2 = K1,i1 . a/ K2 ⊂ K1, diam(K2) <

1
2 � Tm1K2 ⊂ K1.&#F5I:���.GC~r1{ Fn ∈ Fip 4A1 Kn lGw0� n ≥ 2 /

Kn ⊂ Kn−1, diam(Kn) <
1
n � Tmn−1Kn ⊂ Kn−1. �V ⋂∞

n=1Kn pkW1�Sp y. H$w0�C`I j, = k > j e/
Tmj+...+mk(y) ∈ Kj .x��v< y p�#W� y ∈ K1 ⊂ K. �!� 1.2.15 �W): S.[W x0 lGw60� x ∈ X / IP∗− limT n(x) = x0 �\�8f

x ∈ Rec(T ), U, V �Pp x v x0 Iu=�a N(x,U) ∈ Fip (`Q 1.2.13) � N(x, V ) p IP∗1�6x N(x,U) ∩N(x, V ) 6= ∅. ) U, V I0�L�/ x = x0.	
�JS x0 pn~I�#W� x ∈ X. 8f.[ x0 Iu= U lG N(x,U) Wx
IP∗ 1�H$.[ IP 1 F lG {T n(x) : n ∈ F} ⊂ X \ U . S K = {T n(x) : n ∈ F}, D��Q 1.2.18 �./ K ∩ Rec(T ) 6= ∅, x: x0 pn~I�#W"z��?�	 l 1.2

1. �9�7e (X,T ) o�T�O�G#t# X o.!0�t# X oV3�0�
2. �9��T�OH�)C
3o�T�O�
3. R g : I :→ I, |� I = [0, 1],g(x) = 1 − |2x − 1| opf�M��9� Per(g) = I.(>q�dU

[n��L 1992])

4. m�Y> 1.2.9 o�TH�
5. �9=� 1.2.8.

6. B�_P 1.2.11 H(��9�
7. R (X,T ) o�T�O� x ∈ TransT � U o x Ht<��9 N(U,U) = N(x, U)−N(x, U).

8. �9�}> IP 09}> IP∗ 0Hdo�!>0�
§1.3 `��[8r �.^:�~M=�I�U�P�-7�P�!6 1.3.1 ^�Z= (X,T ) *J `�� �W1�J�#z*
��rI�}"rZ=

(Y, T ) JGiO�K8U;*rI Y J X O `�b. }"�ÆX�#<HÆGiI`�K8w*1J�Æ `��.
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U�C E^_�[>D6 §1.3 Hjs[�5ID:mr �.Qu0	~$(T$�I-71�4I`�xd#M�I�S (X,G) pe^�P��P (X,G) p-7Ix�4(/{I�:WI?1�Nr4	`�-71v-7W��5IU|`Q (Z8`Q 1.3.2,1.3.3 4 1.3.5 �w~$(T$�P4�\��lvn�
��V�8fj??1 M1 v M2 *p-7I�H$$v M1 = M2, $v M1 ∩M2 = ∅.!� 1.3.2 
 (X,T ) J^�Z=���℄F8Q[�
1. (X,T ) JGiO�
2. hz* x ∈ X, orb(x, T ) J0<O�
3. h:Æt��I U , A<&brI A ⊂ Z+ �N ⋃

n∈A T
−nU = X.W)�(1) ⇒ (2) �*�

(2) ⇒ (3) S E = X \⋃∞
i=1 T

−iU , a E pAWII�6x)JS E = ∅. D� X I�L��/ (3) �\�
(3) ⇒ (1) S E p�:AWI?1�a U = X \ E p,1� T−1U ⊂ U . 8f E 6= X,H$ U 6= ∅. )JS�.[/"1 A ⊂ Z+ lG ⋃

n∈A T
−nU = X. 6x U = X, "z�)�

E = X, 6 (X,T ) p-7I� ��V�*?-7Wp�#W�6x�5I`QhCFC�o Birkhoff �#`QI~?�:�!� 1.3.3 :Æ^�Z=`A<GiI�W)�S (X,T ) pe^�P� {Ui}∞i=1 p X I~L4�&�S X0 = X. w i = 1, 2, . . ., 8f ⋃∞
n=0 T

−nUi ⊃ Xi−1, a~ Xi = Xi−1; �a~ Xi = Xi−1 \
⋃∞
n=0 T

−nUi.�V Xi 6= ∅ pAWII�S X∞ =
⋂∞
i=1Xi. a X∞ xp�:AWII���w*?�G Ui ∩X∞ 6= ∅ I Ui / ⋃∞

n=0 T
−n(Ui ∩X∞) ⊃ X∞. D�`Q 1.3.2,X∞ p-71� ��.[�~7r��-C�8f xp�#W�U p}u=�H$ N(x,U).jo~?

IP 1�w6-7Wx~=�I�#W��.A*zi4I�#eN1/:=�IL���5�.^�-C�uhFxI&8$�w6	 n p)zI)zW x, 4I�#eN1.jo?1 nZ+. �.wx~-W�I\_�!6 1.3.4 I+ A = {a1 < a2 < . . .} ⊂ Z+ *J syndetic � �W1{&&lO\|�MA< N > 0 �Nhz�O i ∈ N & ai+1 − ai ≤ N . Sv9 syndetic IJ Fs.I+ A ⊂ Z+ *J thick � �W1�#$z�'OL%f��MA<w% ni → ∞�N A ⊃ ⋃∞
i=1{ni, ni + 1, . . . , ni + i}. Sv9 thick IJ Ft.
 (X,T ) J^�Z=�`X x ∈ X *J�Æ dP_;� �Wh x Oz�'/ U ,

N(x,U) ∈ Fs. Sv9O0gaXOI+J AP(T ).�./�!� 1.3.5 
 π : X → Y JZ= (X,T ) L (Y, S) O�r����
1. }" x ∈ AP(T ), K8 orb(x, T ) J X OGiI�
2. }" M ⊂ X JGiI�K8 M ⊂ AP(T ).
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3. }" (X,T ) JGiZ=�K8 (Y, S) 	JGiO�
4. }" (X,T ) JGiO�K8 π J��O�Mh X Oz�t��I U , π(U) &t�OM��W)�1. S x ∈ AP(T ) 4 A = orb(x, T ). 8f A Wx-71�a)`Q 1.3.3 .[-71
A1 ⊂ A � A1 6= A. �V x 6∈ A1. � x v A1 IWeu= U, V . a N(x,U) p syndetic I�)6 T bY4 A1 WI� N(x, V ) p thick I�xr N(x,U) ∩N(x, V ) 6= ∅, "z�

2. SM p-71�x ∈M R� U p xIu=�8f N(x,U)Wx syndeticI�H$.[
{ni} lGw0� i ∈ N / T nix, . . . , Tni+ix 6∈ U . Wb~$L�4S limT nix = y. aw*?
j ∈ N,�./ lim T ni+jx = T jy. 6xw0� j ∈ Z+/ T jy 6∈ U ,1	M = orb(y, T ) ⊂M\U ,"z�

3. JS (X,T ) p-7I�S Y1 ⊂ Y p�:AWI?1��p π−1(Y1) p�:AWII�1	4p#:N�6x Y1 = π(X) = Y . 6� (Y, S) p-7I�
4. S U, V p X I�:,1���G V ⊂ U . D�`Q 1.3.2, .[/"1 B ⊂ Z+ lG ⋃
n∈B T

−nV = X. 6x/ ⋃
n∈B π(T−nV ) = Y ,6 ⋃

n∈B S
−nπ(V ) = Y . D� Baire`Q�.[ n ∈ B lG S−nπV O℄�:�Tp~?P8Ig���lvA;n� π(U)(⊃ πV )IO℄x�:I� �)F`Q�E�-7W::�)zWxN~�u��5�.�r��$xj?-W��5p1{ AP(T ) I=1L��!� 1.3.6 
 π : X → Y JZ= (X,T ) L (Y, S) O�r����

1. T (AP(T )) = AP(T ).

2. AP(T n) = AP(T ), ∀n ∈ N.

3. πAP(T ) = AP(S).W)�1. ���V T (AP(T )) ⊂ AP(T ). �S x ∈ AP(T ), a)`Q 1.3.5 A = orb(x, T ) p-7I��p T : A → A p�N�1	.[ y ∈ A lG T (y) = x. [)`Q 1.3.5 GC
y ∈ AP(T ).

2. D�`Q 1.2.11 v`Q 1.3.5 64GCv��
3. ���V πAP(T ) ⊂ AP(S). �S y ∈ AP(S) � A = orb(y, T ). a A p-71�)6 B = π−1A p�:AWII�.[-71 C ⊂ B. �V π(C) = A, 6x.[ x ∈ C lG

π(y) = x. D�`Q 1.3.5,x ∈ AP(T ). �	 1.3.7 ℄>U;�3OÆ�r�
• 
 S1 J}[>�OFO4g�α JV�%�\� T : S1 → S1 J z = e2πiθ 7→ e2πi(θ+α),

∀z ∈ S1. �Z= (X,T ) JGiO���}℄�3OC� ^hz� z = e2πiθ ∈ S1, orb(z, T ) = {e2πi(θ+nα) : n ∈ Z+}.�J {nα− [nα] : n ∈ Z+} < [0, 1] `0<�.� orb(z, T ) < S1 `0<Æ` [·] W�% · OL%�u��
• 
 Σ2 = {0, 1}N, ` {0, 1} s��D℄l Σ2 s-FD℄�h x = (x1, x2, . . .) K
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y = (y1, y2, . . .) ∈ Σ2, +

x+ y = (c1, c2, . . .),`I x1 + y1 ≤ 1 � c1 = x1 + y1, lI x1 + y1 ≥ 2 � c1 = x1 + y1 − 2 l 1 qL℄ÆO[��h*�/O[?�Is�\��\� T : Σ2 → Σ2 J
T (x1, x2, . . .) = (x1, x2, . . .) + (1, 0, 0, . . .)..NOZ= (Σ2, T ) *J�Æ f2^�. ℄>U;(C1JGiO��V��X�l�L orb(0, T ) = {A0(∞) : A ∈ ⋃

i≥1{0, 1}i}, ` 0 = (0, 0, . . .), w�L(Chz� x ∈ Σ2, orb(x, T ) J0<O�
• �>"Æ�r`�.PO Kroneker Z=�
 G JoZ#d;wK g0 ∈ G. + T J
G < g0 ℄On����M T (g) = g0g, ∀g ∈ G. U;�|* (G,T ) J Kroneker �s.U;<T�B`>(C (G,T ) JQ�yO�℄>U;(C G O:ÆX`�O0gaO�
 g1 Js\O�ÆO0gaX�l
V JFO1O�Æ'/�}" T ng1 ∈ V g1, K8z* g ∈ G w&

T ng = gn0 g = gn0 g1g
−1
1 g ∈ V g1g−1

1 g = V g.*� g JO0gaO�"}" (G,T ) J8VO�K81JGiO�
• ℄>U;�3<y'Z=`�=O0gaXO�so�
 A = {0, 1, . . . , k−1},w0, . . . , wk−1J k =l:Æ=�#$ A `.&uI�\� φ :

⋃
i≥1A

i → ⋃
i≥1A

i 7x φ(i) = wi ( φ(a1, . . . , an) = φ(a1) . . . φ(an). tyS�IÆ�� φ ���DL Σk ��|�(C� φ O�^X�V�JO0gaX��|U;* φ J�Æ nV, l#1$ÆOGiZ=*J nV�s.�Æ�ujEO�rw�.PO Morse $�. 
 w0 = 01 �K w1 = 10, *�
0→ 01→ 0110→ 01101001 → 0110100110010110 → . . . ,l Morse w%J� (0110100110010110 . . .), 1��ÆO0gaX�

• 
 (Σk, T ) Jvn��K8 x ∈ Σk JO0gaXIlpI:Æ x `3`O=3`<
x OO[J syndetic O�!6 1.3.8 ^�Z= (X,T ) *J

• �Æ P �s �W1J8VO�l Per(T ) < X `0<�
• �Æ M �s �W1J8VO�l AP(T ) < X `0<�D�`��0y P �Px M �P�#6� (Σk, T ) p~? P �P�0y-7;�)zI�Pp M �P��� P �P��.?4~?&	IZ?�S x pZ? 1.2.9  I�#W� X = orb(x, T ), a�P (X,T ) p�UIR��/~?n~I-71 {(0, 0, . . .)}. uhF�8f y p X I:�)zW�a.[Wr ni → +∞ lG T nix → y. 6x y  /0�tI 0 "�x�v< (0, 0, . . .) ∈ orb(y, T ). 6x)-7L�/ y = (0, 0, . . .).



` v f _ � Q . � S 13 zU�C E^_�[>D6 §1.3 Hjs!6 1.3.9 I+ A ⊂ Z+ *J piecewise syndetic � �W1J�Æ syndetic I+-�Æ
thick I+Od�S.& piecewise syndetic I+J Fps.�ÆI+ A ⊂ Z+ *J thickly syndetic � �Whz� n ∈ N A<�Æ syndetic I
{sn1 < sn2 < . . .} �N A ⊃ ⋃∞

j=1{snj , snj + 1, . . . , snj + n}. Sv9 thickly syndetic IJ Fts.�V�0y Fps 1:0y Fts 1&e�:��5I`QC�o4.:e^�PI`��!� 1.3.10 
 (X,T ) J8VZ=l x ∈ TransT . �
1. (X,T ) J M Z=IlpIh x Oz�'/ U , N(x,U) ∈ Fps.

2. 
 K J (X,T ) OGiI�K8 (X,T ) � K JI�GiIIlpIh K Oz�'/ U , N(x,U) ∈ Fts.W)�(1) 8f (X,T ) p M �P�a�Vw x I0yu= U , N(x,U) ∈ Fps. xx�pw*?-7W y ∈ U , N(y, U) p syndetic I�R�.[Wr ni → +∞ lG T ni(x)→ y.�5�.JSw x I0�u= U ,N(x,U) ∈ Fps. � ǫ > 0 lG Bǫ(x) ⊂ U . 6x.[
p ∈ N 4 {mi

j : i ∈ N, 1 ≤ j ≤ i} ⊂ N(x,Bǫ/2(x)) lG mi
1 < . . . < mi

i � mi
j+1 − mi

j ≤ p,

∀1 ≤ j ≤ i − 1. ~ y p {Tmi
1(x)} I-"W�a�V y ∈ Bǫ(x) � N(y,Bǫ(x)) p syndeticI�S M p y [ T �EA. I-71��.ug M ∩ Bǫ(x) 6= ∅. hCF�8f

M ∩Bǫ(x) = ∅, H$.[,1 V ⊃M 4,1 U1 ⊃ Bǫ(x) lG U1 ∩ V = ∅. �p N(y, V ) p
thick I�1	 N(y, U1) WQp syndetic I�"z�D� M ∩ U 6= ∅ 	4 (X,T ) I�UL� (X,T ) p M �P�

(2) JS (X,T ) /n~-71 K. w0� K Iu= U , S Ui ⊂ U p K Iu=���G8f T j(x) ∈ Ui, �/ T j+k(x) ∈ U , ∀1 ≤ k ≤ i. �pw*? i,N(x,Ui) p syndetic I�1	 N(x,U) ∈ Fts.	
�8f T /-71 K1 lG K1 ∩K = ∅. H$w6 K1 I*?We6 U Iu=
V ,N(x, V ) p thick I�6x N(x,U) ⊂ N \N(x, V ) W4Qp syndetic I�"z� �Tp`Q 1.3.3 I�$��./�!� 1.3.11 
 N = B1 ∪ . . . ∪Bq, �A< j �N Bj ∈ Fps.W)�S A = {1, . . . , q}, `� w ∈ AN p

wn = i =��= n ∈ Bi.~ X = orb(w, T ),S T p6� N�a (X,T )pe^�P�D�`Q 1.3.3 [ X  .[-7W ξ. JS j [ ξ  ���H$ j ��Ix�G�~? syndetic 1�S}N"W36 l. )6 ξ ∈ X, .[ {mi} lG Tmiw Q0�l
 ξ. x�v<.[Wr ni → +∞ lG
(Tmiw)1 = ξ1, (Tmiw)2 = ξ2, . . . , (T

miw)ni
= ξni

.Fp�: j [ (wmi+1, . . . , wmi+ni
)  	N"W36 l ���6x Bj ∈ Fps. �



` v f _ � Q . � S 14 zU�C E^_�[>D6 §1.3 HjsM�6�UI�G��.4	`� zD`��, 6w0� n ∈ N, (X,T n) p-7I�F)FI�Q[6xd#�UI��H�(�Wx�Y6-71[℄5�I�xI)�:�eV [Ye1992].

Birkhoff �#`Q9'�.*?e^�Pi/�#W�x?uh���.C� X<b I-W .!6 1.3.12 rI A ⊂ Z+ *J X<b �Wh:Æ^�Z= (X,T ), A< {ni} ⊂ A �N
ni → +∞ �K x ∈ X �N T nix→ x.6x Birkhoff `Q�: Z+ p�#1�)�5I`Q 1.3.13, �.4	-C*? thick1p�#1�~.~Ix��#1:L{�^ I+C�A0Æ&Y���x: syndetic1Im1`�[~���#1I~?6�p�!� 1.3.13 I+ A J<}IIlpIh:Æ syndetic I S, A ∩ (S − S) 6= ∅.W)�(⇒) S A p�#1� S ∈ Fs. ~ Σ2 = {0, 1}Z+ � T p6� N�`� x ∈ Σ2 p�
xn = 1 =��= n ∈ S. ~ X = orb(x, T ). S Y p X I-71� U = {y ∈ Y : y0 = 1}.)6 S p syndetic I� U 6= ∅. �.ug N(U,U) ⊂ S − S. hCF�~ n ∈ N(U,U), a
U ∩ T−n(U) 6= ∅, 6�.[ y ∈ U lG T n(y) ∈ U . xr�/D m ∈ Z+ lG xm = 1 �
xm+n = 1, 6 n ∈ S − S.�p Y p-7I�D�`Q 1.3.2 .[ N lG Y =

⋃
i≤N T

−iU . xrw*? y ∈ Y ,.[ i ≤ N lG T i(y) ∈ U . �p A p�#1�1/.[ a ∈ A 4 y ∈ Y lG d(T ay, y)��7� T a(T iy), T iy ∈ U , } i ≤ N lG T iy ∈ U . x�v< A ∩ N(U,U) 6= ∅, D�
A ∩ (S − S) 6= ∅.

(⇐)S Y p-71�U p Y �G diam(U) < ǫI�:,1�} ǫ > 0. w y0 ∈ U , )6 N(U,U) = N(y0, U) −N(y0, U) 4 N(y0, U) p syndetic I��./ A ∩N(U,U) 6= ∅. 6x.[ a ∈ A 4 z0 ∈ U lG d(T az0, z0) < ǫ. ~
Bǫ = {y ∈ Y :.[a ∈ A lGd(T ay, y) < ǫ}.)6[*?�:,1 U  .[ y ∈ U ∩Bǫ, 1	 Bǫ p�0,1�~

D =
∞⋂

n=1

B 1
n
.a D p Y I�0?1� D  *?W*� A I?1B"�#��p*?�P*/-7?1�1	 A p�#1� ��#1:+C�A/<0Æ`��S Gp	 Z p^WIX�R�[ Z IH��1	WI�68f (i, j) p G IF�H$w*? n ∈ Z,(i+ n, j + n) 4*x4IF��VxrIX)~?"O1 D ⊂ N 1&`�} D �K1/Ft |i − j|, (i, j) pXIF�~?	
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D p"O1IX?p G(D). ~?XI+C x�!8 G I^W	A$hClG&uI^WIhCWNÆ6/ONF&bI^W/WNIhC��1y G I JR` �x�FÆp!+C1QINHhC�:�P�= D L7e� G(D) p/"�I4QLL3�~Wr D = {1 ≤ d1 < d2 < . . .} p E�� x��\ infj dj+1/dj > 1.Katznelson �:o8f Dp$.I�H$ G(D) //"I+C��G�~[P/�~?X //"+C�=��= D Wx�#1 [Katznelson2001].N��.	~?Y6��UW1IvQ`Qv�8r�!� 1.3.14 
 (X,T ) J8VltGiO^�Z=�� X \ TransT J X O0<rI�W)�S V p X I�:,1��p TransT �0�.[ x ∈ V ∩ TransT . )6 x p�-7W�1	.[,1 U lG U ⊂ V � N(x,U) Wp syndeticI�6x.[Wr ni → +∞ lG T ni(x) ∈ U � T ni+j(x) 6∈ U , ∀j = 1, 2, . . . , i. D��L�WÆS T ni(x) → y. 6x y ∈ U� Ty, T 2y, . . . 6∈ U . xr�/ y ∈ X \TransT . ) V I0�L� X \TransT p X I�0?1� �Tp`QIU��:��.��.[xrI�U�-7�P (X,T ), 4�G X =

TransT ∪ Per(T ), 6�*?��UWp)zW�hCF�.[�U�-7�P�4I��UW*p�)zI:�)zW�Y6x:Z?eV [Downarowicz-Ye2002].	 l 1.3

1. �9,6�OH�)C
3o,6�O�
2. �_P 1.3.5 (4) H�9� [>q��97e T : X → X ,6�G#7 A .�9N\�` T (A)w.�9N\� [Kolyada etc.2001]]

3. B�Y> 1.3.7 (2) H(��9�
4. �9v,6�O (X,T ), �-Z_P 1.2.11 �3�t� Xi ∩Xj = ∅. [>q�dU [Ye1992].]

5. �9�7e A ∩B 6= ∅, ∀B ∈ Fs (B ∈ Ft), ` A o thick H (syndetic H).

6. �9�7e A ∩B 6= ∅, ∀B ∈ Fps (B ∈ Fts), ` A ∈ Fts (A ∈ Fps ).

7. �9 Fps �. Ramsey K�
8. m�_P 1.3.2 3 1.3.3 v}#'S#3�[�
9. Finf−Finf = {F−F : F ∈ Finf}�0z}o{a. �9/xl0o�"0�[>q�v syndetic0 S3�!0 F = {n1 < n2 < . . .},/� S+n1, S+n2, . . .Q��9-Z i < j kF (S+ni)∩(S+nj) 6=
∅.]

10. R (X,T ) od℄�O� S ∈ Fps. �9�7e-Z x ∈ X kF {T i(x) : i ∈ S} ⊂ K, G# K �-Z,6V� [>q�dU [Blokh2002]]

11. R S1 = R/Z o7wE� α o�P��3 β ∈ [0, 1) 9 α .P#K�XH�_� w ∈ {0, 1}Z o
w(n) = 1[0,β](nα), ∀n ∈ Z. } X = orb(w, T ), |� T o5��M��9� (X,T ) o,6�O�w#�O}o Sturmian 
r.
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12. Toeplitz #� w ∈ {1, 2, · · · , l}Z _�o�v/Æ n ∈ Z, -Z p ≥ 1 kFv/Æ k ∈ Z �[

w(n+kp) = w(n). Toeplitz 
r_�o ToeplitzVqZ5��M�HbD�-��9�Toeplitz�Oo,6H�
§1.4 ZO�[x~r��.:�|~M /j��#
LI�U�P —— �{�P�!6 1.4.1 
 (X,T ) ( (Y, S) J"Æ^�Z=�*1;J Lrk� �W-FZ= (X ×

Y, T × S) J8VO�F5I�*�P T × S : X × Y → X × Y IT$`�p T × S(x, y) = (Tx, Sy),

∀(x, y) ∈ X × Y . Z+ I?1 A ~p >�B� x� Z+ \Ap/"I��.$ Fcf ENr#C/"71Q�I1{�!6 1.4.2 1. �Æ^�Z=*J LZO� �W1��d*tQ�M (X ×X,T × T ) J8VO�
2. �Æ^�Z=*J BZO� �Wh:Æt��I U ( V ,N(U, V ) J&b,O�)`�����{I�PCp?�{I��?�{�PCp�UIÆhCFxpd#�UI��F)FI�Q[6pd#�U��?�{I��5�.�-CU|?�{����{IZ?�p6��{L��.�:8�-W�!6 1.4.3 Z+ O�ÆrIy F *J�Æ �h �W17x�
1. ∅ 6∈ F ;

2. }" F1 ∈ F l F1 ⊆ F2, K8w& F2 ∈ F ;

3. hz� F1, F2 ∈ F , F1 ∩ F2 ∈ F .�5I`Q6~p� Furstenberg &e�Q	�xx��{LI~?&uH �w6 Z+ I?1J F , �.$ [F ] Nr1{ {A ⊂ Z+ :.[ F ∈ F lG A ⊃ F}.!� 1.4.4 �Æ^�Z= (X,T ) J�?+OIlpI [F ] J3r�` F = {N(U, V ) :

U, V JXOt�rI}.W)�8f [F ] p�?�H$w X I0��:,1 U1, U2, V1, V2 /
N(U1 × U2, V1 × V2) = N(U1, V1) ∩N(U2, V2) ∈ [F ].=PP� N(U1 × U2, V1 × V2) 6= ∅. 1	 (X,T ) p?�{I�	
�S (X,T ) p?�{I�� N(U1, V1), N(U2, V2) ∈ [F ]. )?�{I`��.[

m ∈ N(U1, U2) ∩N(V1, V2). S A = U1 ∩ T−mU2, B = V1 ∩ T−mV2. w0� k ∈ N(A,B), /
A ∩ T−kB = (U1 ∩ T−mU2) ∩ T−k(V1 ∩ T−mV2) = (U1 ∩ T−kV1) ∩ T−m(U2 ∩ T−kV2).x�v< U1 ∩ T−kV1 6= ∅ � U2 ∩ T−kV2 6= ∅. 6x N(A,B) ⊂ N(U1, V1) ∩N(U2, V2). ��5I`Q��?�{�P:1J Ft /<0Æ&Y�!� 1.4.5 
 (X,T ) J^�Z=���℄�F8Q[�
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1. (X,T ) J�?+O�
2. hz�t��I U, V , N(U,U) ∩N(U, V ) 6= ∅;
3. hz�t��I U, V , N(U,U) ∩N(V,U) 6= ∅;
4. hz�t��I U ( V , N(U, V ) J thick O�W)�(1)⇒(2). )`�6G�

(2)⇒(3). S U, V p X I�:,1�H$.[ n ∈ Z+ lG V1 = V ∩ T−nU 6= ∅. 6x
N(U,U) ∩N(V,U) ⊃ N(T−nU, T−nU) ∩N(V1, U) ⊃ N(V1, V1) ∩N(V1, U) 6= ∅.

(3)⇒(1). S U1, U2, U3, U4 p X I�:,1�H$.[ n1, n2 ∈ Z+ lG E = U1 ∩
T−n1U2 6= ∅ 4 F = T−n1U3 ∩ T−n2E 6= ∅. NrP�.[ n3 ∈ Z+ lG F ∩ T−n3F 6= ∅ 4
U4 ∩ T−n3F 6= ∅. ~ n = n2 + n3, a/

T−n1(T−nU2 ∩ U3) ⊃ T−(n1+n)U2 ∩ T−nU1 ∩ T−n1U3 ⊃ T−nE ∩ F ⊃ T−n3F ∩ F 6= ∅.6x T−nU2 ∩ U3 6= ∅. |b
T−nU1 ∩ U4 ⊃ T−(n1+n)U2 ∩ T−nU1 ∩ U4 = T−nE ∩ U4 ⊃ T−n3F ∩ U4 6= ∅.6 N(U3, U2) ∩N(U4, U1) 6= ∅.

(1)⇒(4). S U, V p X I�:,1�)`Q 1.4.4, w0� N ∈ N /
N(U, V ) ∩N(U, T−1V ) ∩ . . . ∩N(U, T−NV ) 6= ∅.1	 N(U, V ) p thick I�

(4)⇒(2). S U, V p X I�:,14 m ∈ N(U, V ), H$ W = U ∩ T−mV 6= ∅. )6
N(W,W ) p thick I�.[ n ∈ Z+ lG W ∩ T−nW 6= ∅ 4 W ∩ T−(n−m)W 6= ∅. 6x

U ∩ T−nU ⊃W ∩ T−nW 6= ∅, U ∩ T−nV = U ∩ T−(n−m)T−mV ⊃W ∩ T−(n−m)W 6= ∅.6� N(U,U) ∩N(U, V ) 6= ∅. �	 1.4.6 ℄>U;�3�k?+O�r�
• 
 (Σk, T ) Jvn���1Jj?+O�
• 
 xJ�r 1.2.9`O<}Xl
 X = orb(x, T ). ℄>(C (X,T )Jj?+O��1 xO�'/ [An],# xO�=�h:Æ m ≥ n, An0(m)An 3`< x`�*� N([An], [An]) =

N(x, [An]) − N(x, [An]) J&b,O��J (X,T ) J8VZ=�.�h*z*t��I U, V A< n ∈ N �N C = U ∩ T−nV 6= ∅. I� N(U, V ) = N(T−nU, T−nV ) ⊃
N(T−nC,C) ⊃ n + N(C,C). Z
 T k(x) ∈ C �ls j �N T k([Aj ]) ⊂ C. *�w&
N(U, V ) ⊃ n+N([Aj ], [Aj ]), >�NqZ=Jj?+O�
• 
 {an : n ∈ N}J�Æ thick I�\� A1 = (1), A2 = A10

(a1)A1, . . . , An+1 = An0
(an)An.+ x = limA∞n �K X = orb(x, T ). |��O (X,T ) J�?+O�U;	��|s an�NZ=,Jj?+O�
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 x J Σk `O<}Xl
 X = orb(x, T ), K8
1. (X,T ) J�?+OIlpI3`< x `Oz*"Æ=Vb?3`��l1;O\��Jz�'O%�
2. (X,T ) Jj?+OIlpI3`< x `Oz*"Æ=Vb?3`��l1;O\J&b,O�W)��T�A� �!6 1.4.8 1. �Æ^�Z=*J w6n�� �Whz�t��I U, V , N(U, V ) ∈ Fs.

2. �Æ^�Z=*J �Q� �W1��d*z�GiZ=�
3. �Æ^�Z=*J `*�Q� �W1��d*z�D℄��Z=�v 1.4.9 z*�?+Z=JGe��O�lz*Ge��Z=J��O�W)�)`Q 1.4.5, 8f (X,T ) p?�{I�H$w X I0��:,1 U, V ,N(U, V ) p

thick I�6x��?�{�Pp-pDBI�p�-pDBUjDB��Q�:-7�Pp_uKVI�S (X,T )p-7I�U, Vp X I�:,1�H$.[ n ∈ Z+ lG V1 = U ∩ T−nV 6= ∅. ~ x ∈ V1, )`Q 1.3.5

N(x, V1) p syndetic I�6x
N(U, V ) = N(T−nU, T−nV ) ⊃ N(T−nV1, V1) ⊃ n+N(V1, V1) = n+ (N(x, V1)−N(x, V1)).p syndetic I� �}6?�{L:��{L
N/~M�r&uI�{L�mild�{�4x)Glasner[Glanser2004]v�z�{1a [Huang-Ye2004b] {TKVQ� I`��P�:I�!6 1.4.10 �Æ^�Z=*J mild ZO� �W1��d-z*8VZ=�)`��j? mild �{�PI�*�P4p mild �{I�hCF mild �{xb<}6��?�{
NIL���.[R 8 m�C� CIZ?E�:x?uh�D�`Q 1.4.5, ~?e^�Pp?�{I=��=w0��:,1 U, V , N(U, V )p thick I�S
F p Z+ I?1J�`� F −F = {F − F : F ∈ F} , �?1 A ⊂ Z+ 
61{ (Fip −Fip)∗x�4:0y Fip −Fip  B&e�w mild �{�./�!� 1.4.11 
 (X,T ) J^�Z=�� (X,T ) J mild ?+OIlpIhz�t��I
U, V , N(U, V ) ∈ (Fip −Fip)

∗.W)�S (X,T ) p mild �{I�6w0��U�P (Y, S), (X × Y, T ×S) 4p�UI��$ (X,T ) p?�{I���w0� IP ?1 F 	4 X I0��:,1 U1, U2, N(U1, U2)∩
(F − F ) 6= ∅ �\�)`Q 1.2.13 .[�U�P (Y, S), �UW y ∈ Y , 	4 y Iu= V lG N(y, V ) ⊆ F . )6 (X,T ) p mild �{I� (X × Y, T × S) p�UI�6x N(U1, U2) ∩
N(V, V ) = N(U1 × V,U2 × V ) 6= ∅. )6

N(V, V ) = N(y, V )−N(y, V ) ⊆ F − F,�.GC N(U1, U2) ∩ (F − F ) 6= ∅.
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�JSw X I0�j?�:,1 U1, U2 */ N(U1, U2) ∈ (Fip − Fip)
∗. S (Y, S)p0~�U�P��S U1, U2 p X I0��:,1� V1, V2 p Y 0�I�:,1�a)`�/

N(U1 × V1, U2 × V2) = {n ∈ Z+ : (T × S)−n(U2 × V2) ∩ (U1 × V1) 6= ∅}.)6 (Y, S) p�UI�.[ k ∈ Z+ lG V = S−kV2 ∩ V1 p X �:,1�xr�/�
N(U1 × V1, U2 × V2)

= {n ∈ Z+ : (T × S)−n(U2 × V2) ∩ (U1 × V1) 6= ∅}
⊇ k + {m ∈ Z+ : (T−(m+k)U2 ∩ U1)× (S−(m+k)V2 ∩ V1) 6= ∅}
⊇ k + {m ∈ Z+ : (T−m(T−kU2 ∩ U1)× (S−mV ∩ V ) 6= ∅}
= k +N(U1, T

−kU2) ∩N(V, V ).)`Q 1.2.13, N(V, V ) .j?1 (F − F ), } F p IP ?1�)6 (X,T ) p (Fip − Fip)∗�UI��./ N(U1, T
−kU2) ∩N(V, V ) 6= ∅. 6x N(U1 × V1, U2 × V2) 6= ∅. �p U1, U2 :

V1, V2 p0�I�1	 (X × Y, T × S) p�UI�6 (X,T ) p mild �{I� �w6A$�{LI:���.�[�5Imr )�i,�)60� F ′ ∈ Fip −FipC.j℄��1	 2N ∈ (Fip −Fip)∗. 6x (Fip −Fip)∗  BWCp thick I�Tpg���lv�:�0� F ∈ (Fip −Fip)
∗ ix syndetic I�	 l 1.4

1. �9�>�z (%�H� mild �z�
�z) �OH�)C
Bo>�z (%�H� mild �z�
�z).

2. �9=� 1.4.7.

3. �9�}>d℄�Oo"�TH<��<390.(y�Oo>VdH�
4. �9 F∗

ip u Fts oÆ>� [>q�# Hindman _P�]�l�(Fip −Fip)
∗ w�oÆ>�

5. �9�7e (X,T )o>�zH�G#v)> n ∈ N,T n : X → X 3 T (n) : Xn → Xn o>�zH�
6. �9"�TH P �Oo>�zH�
7. R (X,T ) od℄�O�7ev/Æ�9+0 U, V , N(U, V ) ∈ Fs ∩ Ft, G# N(U, V ) ∈ Fts.

8. �9� (X,T ) oCAH<��<3>Vd9/Æ M �O�
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§1.5 >hrmb[�5:r ��.�o�UL�-7Lv�{L�}Ko)zW�:�)zWv�#WI-W�4./8�.jY��

Per(T ) ⊂ AP(T ) ⊂ Rec(T ).[x~r��.Y}K~:*8 ω -"1��+?1M}4WI1�!6 1.5.1 
 (X,T ) J^�Z=�+ Λ(T ) =
⋃
x∈X ω(x, T ), U;* Λ(T ) J (X,T ) O ω GbI�)`��V�x ∈ Rec(T )=��= x ∈ ω(x, T ). Qu3�Ix~? ω -"WWCp�#W�Z8�~ x = (10100100010000 . . .) ∈ Σ2, T p6� N�a y = (100000 . . .) ∈ ω(x, T );4Wx�#W� ω -"W1/8�L��!� 1.5.2 
 (X,T ) J^�Z=� x ∈ X. �

1. ω(x, T ) Jt�
I�
2. Tω(x, T ) = ω(x, T ). *� TΛ(T ) = Λ(T ). *F�h:Æ i ≥ 0 ( n ∈ N, Tω(T ix, Tn) =

ω(T i+1x, Tn);

3. h:Æ n ∈ N ~,� ω(x, T ) =
⋃n−1
i=0 ω(T ix, Tn), *�h:Æ n ∈ N & Λ(T n) = Λ(T );

4. Rec(T ) ⊂ Λ(T ).W)�1. ) X I�L� ω(x, T ) p�:I�w y ∈ X \ ω(x, T ), .[ y Iu= U lG
U ∩ orb(x, T ) /"�6x.[ y Iu= U ′ lG U ′ ⊂ X \ ω(x, T ). $�v< ω(x, T ) pA1�

2. �n���T�A�
3. �V ⋃n−1

i=0 ω(T ix, Tn) ⊂ ω(x, T ). �S y ∈ ω(x, T ). H$.[ ni → +∞ lG T nix→
y. Wb~$L�S ni = kin+ r,} 0 ≤ r ≤ n− 1. 6x y ∈ ω(T rx, Tn) ⊂ ⋃n−1

i=0 ω(T ix, Tn).

4. ��� �Qu=P3�Ix�~$�g Λ(T ) R�pAI��5I`Q9'�.R� X I*~?AWI?1i4	TpD? x ∈ X I ω -"1�!� 1.5.3 
 (X,T ) J^�Z=� x ∈ X. }"A<�ÆgaX p ∈ ω(x, T ) �N p J
ω(x, T ) O��X�K8 ω(x, T ) Jga �"�}" ω(x, T ) J&bO�K81�Jga �W)�S p I)zp n. D�`Q 1.5.2 (3), .[ i lG p ∈ ω(T ix, Tn). ~ y = T i(x) 4
g = T n. 6x p ∈ ω(y, g) p g IWeW��p ω(y, g) IT\W��� ω(y, g) = {p}.JS ω(y, g) 6= {p}. ~ U p p I,u=�G U ∩ (ω(y, g) \ {p}) = ∅. a.[ ni → +∞lG gniy ∈ U � gni+1y 6∈ U . �p p p ω(y, g) IT\W� gniy → p. ) g IbYL�
gni+1y → p. �p gni+1y 6∈ U , "z�6x ω(y, g) = {p}. x�: {p} = ω(T ix, Tn), )� ω(x, T ) = orb(p, T ) p)z� �



` v f _ � Q . � S 21 zU�C E^_�[>D6 §1.5 d2��J!6 1.5.4 
 (X,T ) J^�Z=��ÆX x ∈ X *J 4=�� �Wh x Oz�'/ U ,A< n ∈ N �N U ∩ T−nU 6= ∅. }" x ��t$JX�K8*1J =��. Sv9 X t$JXOI+J Ω(T ).�+?W1/8�L��!� 1.5.5 
 (X,T ) J^�Z=��
1. Ω(T ) J
O�
2. Λ(T ) ⊂ Ω(T ), " Ω(T ) Jt�O�
3. T (Ω(T )) ⊂ Ω(T ).W)�1. �p X \ Ω(T ) p,1�1	 Ω(T ) pA1�

2. S x ∈ X 4 y ∈ ω(x, T ). a.[Wr ni → +∞ lG T nix → y. w y I0�u= U , .[ nj > ni lG T njx, Tnix ∈ U . 6x U ∩ T−(nj−ni)U 6= ∅, D� y ∈ Ω(T ). 1	
Λ(T ) ⊂ Ω(T ). �p Ω(T ) pA1�1	 Λ(T ) ⊂ Ω(T ).

3. ~ x ∈ Ω(T )� U p TxIu=�) T IbYL�.[ xIu= V lG TV ⊂ U . �p
x ∈ Ω(T ),.[ n ∈ NlG V ∩T−nV 6= ∅. 6x U∩T−nU ⊃ TV ∩T−nTV ⊃ T (V ∩T−nV ) 6= ∅.

�Qu��Ix T (Ω(T )) = Ω(T )~$W�\�|b℄5WILx~$W�\�6 Ω(T n) =

Ω(T ) ~$WY�\� CZ?4eV [Coven-Nitecki1981] v [Huang-Ye2001a].= Ω(T ) = X e��./�!� 1.5.6 
 (X,T ) J�Æ^�Z=�}" Ω(T ) = X, K8 Rec(T ) J X O�Æ0< GδI�W)�w0� ǫ > 0, ~
Aǫ = {x ∈ X :.[ n ≥ 1 lG d(T nx, x) < ǫ}.�V Aǫ p�0,1�S A =

⋂∞
i=1A 1

i
, a Rec(T ) = A p�0I Gδ 1� �S (X,T ) pe^�P�~ Ω1(T ) = Ω(T ), Ω2(T ) = Ω(T |Ω1(T )), . . .. aJI�8f β p�DW��~ Ωβ(T ) = Ω(T |Ωβ−1(T )); 8f β p-"W��~ Ωβ(T ) = ∩α<βΩα(T ). )6 Xp��nl:N�.[~?4�W� τ lG Ωτ+1(T ) = Ωτ (T ). �.^ /FL�IN7I τ ~p (X,T ) I \�V(, � Ωτ (T ) ~p (X,T ) I \�. )`Q 1.5.6, �PI BhCF�x Rec(T ). |b�w0�4�W� τ , �.i4	qC~?�P (X,T ), } BXnp τ [Kato-Park1999]. 	 l 1.5

1. R T : [0, 1]→ [0, 1] od℄�O��9 {0} ∪ [12 , 1] VPo [0, 1] �/Æ}VH ω ,!0� [>q�7e-Z x kF ω(x, T ) = {0} ∪ [12 , 1], G#R# T 5 ω(x, T )  ��!y�]
2. P℄}>�O (X,T ) kF TΩ(T ) 6= Ω(T ). [>q�dU [Block-Coppel1992].]

3. P℄}>�O (X,T ) kFv/Æ n ∈ N ). Ω(T n) 6= Ω(T ).[>q�dU [Block-Coppel1992].]
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4. v)>3�V� τ , P℄�O (X,T )kFX 3�� (X,T )HWmo τ .[>q�dU [Kato-Park1999].]

5. P℄�O (X,T ) �F�-Z x ∈ X kF ω(x, T ) o3�:�.!H�
§1.6 /^X<!�C van der Waerden !�

Birkhoff�#`Q9'�.�8f T p��nl:NCAVIbY N�a Rec(T ) 6= ∅.6xA*I�Ax�8f X p��nl:N� T1, . . . , Tl p X F l ?4e�IbYA N�H$x�.[~?Wr ni → +∞ 	4W x ∈ X lG T ni

j x → x, ∀1 ≤ j ≤ l �\�x?�AI0�x8`I� Furstenberg M.[FtE{U5�:ox?v��R�S$4C�o/<I van der Waerden `QI~?P8�:�[8r ��.-u�$
[Petersen1983]  I�:�!� 1.6.1 
 X JoZ#�\� T1, . . . , Tl J X Lt�O�d;O�y���K8A<w% ni → +∞ �K x ∈ X �N T ni

j x→ x, ∀1 ≤ j ≤ l.p�:`Q 1.6.1, �.Qu8�;5����.�:8�`��!6 1.6.2 
 (X,T ) ��Æ^�Z=�` T ��OO� (X,T ) *J ?�� �WA<
X �- T d;O<Xw G �N (X,G) JGiO��Æ
rI A ⊂ X < (X,T ) `J ?� O�WA< X �- T d;O<Xw G �N GA = A l (A,G) JGiO�9� 1.6.3 (Bowen) 
 (X,T ) J^�Z=� T �Ol A ⊂ X J
OerrI�Z
hz� ǫ > 0, A< x, y ∈ A K n ∈ N �N d(T nx, y) < ǫ. K8hz� ǫ > 0, A< z ∈ A K n ∈ N�N d(T nz, z) < ǫ.(l� A ��J T ��O�)W)����.�:`QIJS4	6Æp�w0� ǫ > 0 v y ∈ A, .[ x ∈ A 4 n ∈ NlG d(T nx, y) < ǫ.) A I�L�.[( G lG (A,G) -7�w ǫ > 0, �.ug�.[ g1, . . . , gn ∈ G lG

min
i

d(gix, y) <
ǫ

2
∀x, y ∈ A : (1.6.1)uhF�$�76 ǫ

2 I/"|?,1 Vj  0 A, w*? j, {g−1Vj : g ∈ G} p A I, 0�6x//"? 0
{g−1

1,jVj , g
−1
2,jVj , . . . , g

−1
n,jVj}.)�w0� x, y ∈ A,.[ j lG y ∈ Vj �w$ j .[ ilG x ∈ g−1

i,j Vj. 6x d(gi,jx, y) <
ǫ
2 ,x��:o (1.6.1).���7I δ > 0lG~9 d(x, x′) < δ,�/ d(gix, gix

′) < ǫ
2 , ∀i (3� gi p�G (1.6.1) �`I/"?B"). D�JS�.[ x0, y0 ∈ A 4 n0 ∈ N lG d(T n0x0, y0) < δ.6xw0� i /

d(T n0gix0, giy0) = d(giT
n0x0, giy0) <

ǫ

2
,
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(1.6.1) QU�.� i lG d(giy0, y) <

ǫ
2 , 6x

min
i
d(T n0gix0, y) < ǫ ,∀ y ∈ A.x��:o�w0� y ∈ A, .[ x ∈ A 4 n ∈ N lG d(T nx, y) < ǫ.0�`W z0 ∈ A, )Fv�� z1 ∈ A 4 n1 ∈ N lG
d(T n1z1, z0) <

ǫ

2
. (1.6.2)Nr� z2 ∈ A, n2 ∈ N 4 ǫ2 <

ǫ
2 lG d(T n2z2, z1) < ǫ2, } ǫ2 ��7lG (1.6.2) = z1 6

T n2z2 D5e4�\�6� d(T n1+n2z2, z0) <
ǫ
2 .DYF5IaJ�8f z0, z1, . . . , zr ∈ A, n1, n2, . . . , nr ∈ N, 4 ǫ2, . . . , ǫr ∈ (0, ǫ2) ���`lG

d(T njzj, zj−1) < ǫj , j = 1, 2, . . . , r, (1.6.3)� ǫr+1 <
ǫ
2 ��7lG (1.6.3)= zr 64(
"O76 ǫr+1IWD5e4�\�� zr+1 ∈ A4 nr+1 ∈ N lG d(T nr+1zr+1, zr) < ǫr+1. xr�./�= i < j e

d(T nj+nj−1+...+nizj , zi) <
ǫ

2
.) A I�L�.[ i, j lG i < j � d(zi, zj) < ǫ

2 . � n = nj + nj−1 + . . . + ni, �/
d(T nzj , zj) < ǫ. �?� �9� 1.6.4 Z
<���A< x ∈ A < T � ℄<}�W)�w0� n = 1, 2, . . . , ~

En = {x ∈ A : inf
k

d(T kx, x) ≥ 1

n
}.8f A  (/ T I�#W�H$

A =

∞⋃

n=1

En.�5�.�:*?A1 En IO℄ E0
n (&w6 A) p:1�xr�: Baire `Q"z�8f.[ nlG E0

n 6= ∅,H$)6 (A,G)-7�/ A = GE0
n. )�L�.[ g1, . . . , gm ∈

G lG
A = g−1

1 E0
n ∪ . . . ∪ g−1

m E0
n.� δ > 0 lG d(x, x′) < δ Uj d(gix, gix

′) < 1
n , i = 1, 2, · · · ,m. �.ug8f x ∈

g−1
j E0

n, H$ infk d(T
kx, x) ≥ δ. xx�p8f.[ k lG d(T kx, x) < δ, H$w0�

j ∈ {1, 2, · · · ,m} / d(T kgjx, gjx) <
1
n , $vwD? y ∈ E0

n / d(T ky, y) < 1
n .�p0� x ∈ A C[D? g−1

j E0
n  ��.GCw0� x ∈ A / infk d(T

kx, x) ≥ δ. x:�Q 1.6.3 "z� �



` v f _ � Q . � S 24 zU�C E^_�[>D6 §1.6 kf=~℄�. van der Waerden ℄�!� 1.6.1 �W): S T1, . . . , Tl p�nl:N X FIe�Nd��.u`qW x ∈ X �Gw0� ǫ > 0 .[ n ∈ N lG d(T ni x, x) < ǫ, ∀i = 1, . . . , l.�.$aJ��= l = 1 e�6p Birkhoff �#`Q�JSFv�w0� l− 1 ?e�Nd���\�� G p) T1, . . . , Tl [�I(�WÆS (X,G) p-7IÆ�a"�6D?-7?1F��~ ∆ ⊂ X l pwg$4 T = T1 × . . . × Tl. G  B" g [ X l FIT$p�
g(x1, . . . , xl) = (gx1, . . . , gxl), 6 g w�6 g × . . . × g. �Vx: N: T e��� (∆, G)

(4: (X,G) NQ) p-7I��� ∆ p�P (X l, T ) I�L1��5�.n��5�Q IJS�6n��w0� ǫ > 0, .[ x∗, y∗ ∈ ∆ 4 n ∈ NlG d(T nx∗, y∗) < ǫ. ~ Ri = TiT
−1
l ,∀i = 1, . . . , l−1. )aJJS�.[ x ∈ X 4 nm → +∞lG Rnm

i x→ x, ∀i = 1, . . . , l − 1. S ǫ > 0, ~
y∗ = (x, x, . . . , x) v x∗ = (T−nm

l x, T−nm

l x, . . . , T−nm

l x).a
d(T nmx∗, y∗) = d(T nm

1 × T nm

2 . . . × T nm

l x∗, y∗)

= d((T nm

1 T−nm

l x, . . . , Tnm

l−1T
−nm

l x, x), (x, x, . . . x))

= d((Rnm

1 x, . . . , Rnm

l−1x, x), (x, x, . . . x))� m ��3lGFp76 ǫ.xr�.�4	�$�Q 1.6.4 GC�.[ (x, x, . . . x) ∈ ∆ p[ T = T1 × . . . × Tl ��#I�$6p1���5�.S$M;I�^Fv�\_C~$���!� 1.6.5 
 X JoZ#�\�T1 , . . . , Tl J X �d;O�yt���K8A< x ∈ XKw% ni → +∞ �N
T ni

j x→ x,∀1 ≤ j ≤ l.W)�~ Ω = XZl 4
(Siω)(n1,...,ni,...,nl) = (ω)(n1,...,ni+1,...,nl), i = 1, . . . , l.S X̃ ⊂ Ω �Gw*? i = 1, . . . , l v*?<W (n1, . . . , nl) ∈ Zl /

(Siω)(n1,...,ni,...,nl) = Tiω(n1,...,ni,...,nl). (1.6.4)1{ X̃ p�:I�p�:$W�0� x ∈ X, w n ∈ N S
(ωn)(n1,...,nl) = T n1+n

1 T n2+n
2 . . . Tnl+n

l x, ni ≥ −n.
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(1.6.4). � ωn [ Ω  I-"W�4[ X̃  �6x X̃ p�:I�R���[ Si : S−1

i T$�pWII�6x�$`Q 1.6.1 6 X̃ 4e�Nd S1, . . . , Sl, �.4qC&w6 S1, . . . , Sl I|&�#W x̃. D� (1.6.4),x̃ I*?�lp X &w6 T1, . . . , Tl I|&�#W��?� ��[�.S$`Q 1.6.5 �:�!� 1.6.6 (van der Waerden \�) }" N = B1 ∪ . . . ∪ Bl, K8A< j �N Bj �#$z�'OQ#%%�W)�Wb~$L�S Bi ∩Bj = ∅, i 6= j. S A = {1, . . . , l}, Σl = AN � T : Σl → Σl p6� N�`�W w ∈ Σl lG
wn = i =��= n ∈ Bi.S X = orb(w, T ). C` k ≥ 1, ~ Ti = T i, i = 1, . . . , k. S$`Q 1.6.5, �.GCW x ∈ X4 n ≥ 1 lG
d(T ni x, x) < 1,∀i = 1, . . . , k.'} x, Tnx, T 2nx, . . . , T knx [WM 1 �~��6x

x1 = xn+1 = x2n+1 = . . . = xkn+1.�p x ∈ X, 1	.[ m lG
wm+1 = wm+n+1 = . . . = wm+kn+1.6x.[ jk lG Bjk .jotp k + 1 IMm�r��p B1, . . . , Bl x N I/"s��C`.[ j lG Bj .j0�tIMm�r� �	 l 1.6

1. �9�/x syndetic 0z-i/ÆsHLl�q�
2. R (X,T ) o,6�O� U ⊂ X o�9+0��9�v/Æ k ∈ N, -Z x ∈ U 3 n ∈ N kF
T nx, T 2nx, . . . , T knx ∈ U .

3. R G = {T1, . . . , Tl} oS#5��mk^t' X EHd�'��9�0.V�F_P 1.6.5 Hu��
4. �9{% van der Waerden_P�7e Nm = C1

⋃
. . .

⋃
Cr o.!r��G#-ZC j ∈ {1, 2, . . . , r},v/Æ Nm /Æ.!0 F , -Z a ∈ Nm 3 b ∈ N kF bF + a ⊂ Cj .

5. R Fvdw o-i/ÆsLl�qH Z+ H>0"B��9 Fvdw �. Ramsey K�
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§1.7 ae8mI-uO64eV [Furstenberg1981], [Weiss2000b]	4�z�{1a�Steelfield �

Blokh � Banks � Snoha � Kolyada 4 Trofimchuk M.N
Izm�} �`Q 1.2.11 EA [Banks1997]. `Q 1.2.13, 1.2.15 v 1.3.11 EA [Furstenberg1981]. w6`Q 1.2.15 I�:��.�$o Blokh v Steelfield [Blokh2002] I~:v��`Q 1.3.3 I�:EA Weiss

[Weiss2000b]. w6`Q 1.3.5, eV Gottshalk [Gottschalk1944], Snoha, Kolyada v Trofim-

chuk [Kolyada etc.2001]. `Q 1.3.10 EA�zv{1a [Huang-Ye2005]. `Q 1.3.13 �A
[Weiss2000b]. `Q 1.3.14 �A [Kinoshita1958]. `Q 1.4.5 EG6 Petersen [Petersen1970]v Furstenberg [Furstenberg1967]. `Q 1.4.11 4eV Glasner [Glanser2004]4�zv{1a
[Huang-Ye2004b]. N�� 1.6 rI�:EG6 [Petersen1983] 4 [Furstenberg1981].F�.[IY6�3_ue^�PI/T3|ix[~$(T$��II�8
[Gottschalk-Hedlund1955, Ellis1969, Glasner1976, Bronstein1979, Auslander1988, Vries1993]MM�} N\�P,n�_ue^�PIxGottshalkvHedlund [Gottschalk-Hedlund1955],[x8/T �:oU|i$��I-W�8fQu�Pox~$(T$�I_ue^�PQ�I&8-Wvv�� [Glasner1976, Auslander1988, Vries1993] ix|q:,�/�Y6O4C�UL��{L	4WI1I�~[O64	eV [Akin1993, Akin1997,o� M 1992] M/T�} 4/ [Akin1993, Akin1997] wx:?-A�Io�r_�:��I:��|bY6�ULI:���4	eVDÆLzm [Kolyada-Snoha1997]. w6O4|&�#`Q&YIO6�NqIe0z ��x [Furstenberg1981]. x4	eV:jDnIzm�8 [Furstenberg-Weiss1979, Furstenberg1981b] M�Y6x?-AN
:UIHT�4	eV [Bergelson1996, Bergelson-Leibman1996, McCutcheon1999] M�



�1Q o�"℄	[8m ��.}K~:^[�z $CIKV� I&8-W:v���.[�Æ �[_ue^�P:KV�IY`�'}x4.[-W	4v�FI&�L�
§2.1 \i?0_ue^�P�Ix_u([_u:NFT$I`LQ���KVQ��Ix([4i:NFT$I`LQ��w6_ue^�P�[&=3I~M(T$��4 /~?&�: Borel σ 5�IWIin�6x$e_ue^�PA*4	}p~?1i�P�xrKVQ��p�_ue^�PI~?&8H �WGp~o��5�.4	-C�_ue^�P U|v�IKV�I�:�;_uI�:�uGHPt:��Y�/U|v�F��/KV��I�:��(/!_uI�:�,<:�Ii,��.4	-C[_ue^�P:KVQ�xj?e^�PI&u�� �4./<'|w�I-W	4�ÆF�&�Iv��;x[�Q�AI�F�4.%x3&�J�)6[KVQ� ��.Ex4	��Yxi1�1	xlG&;�g�KV� Iv��Æ�EuGHPt:o�S X p~?1{� X I~? σ�` x� X I~??1J B, 4�G� (1) X ∈ B;

(2) 8f B ∈ B, a X \B ∈ B; (3) 8f Bn ∈ B, ∀n ≥ 1, a ⋃∞
n=1Bn ∈ B.�.^℄w (X,B) ~p~? {z}g.(X,B) FI~? >�z( x��G�rHYIo� µ : B → R+ � (1) µ(∅) = 0 ; (2) µ(

⋃∞
n=1Bn) =

∑∞
n=1 µ(Bn), } {Bn}∞n=1 p B  �W&eIB� (3) µ(X) < ∞. 8f µ(X) = 1, H$�.�~�BL (X,B, µ) p~? ?�}g.�/&:?&[_u IT$~r��.[4i:N x/M�I-W� X I~??1J ϕ ~p e�` x�4�G�5HY� (1) ∅ ∈ ϕ, (2) 8f A,B ∈ ϕ, a A ∩ B ∈ ϕ,

(3)8f A ∈ ϕ,a X \Ap/"? ϕ BI�eR�X I?1J A~p~? �` x�4�G�rHY� (1) ∅ ∈ A, (2) 8f A,B ∈ A, a A∩B ∈ A, (3) 8f A ∈ A, a X \A ∈ A.4	�:�~?*5�FI/"4HÆ4�4H��&h�o�4	n~Ie_C$*5�[�I5�F!��~?5�F4�4HI�&h�o�4	n~Ie_C4[�I σ 5�F�[�$ ��.w)5� A [�I σ 5� B(A) /~$;jr$I6��1{ X I~??1J M ~p~? � � x�w M  I0y�G E1 ⊂ E2 ⊂ . . . v F1 ⊃ F2 ⊃ . . .I?1ri/ ⋃∞
n=1En v ⋂∞

n=1 Fn 4[ M  �)60y8[MIe4p8[M�1	
X I0y?1Ji4	[�~?8[M�61/.j4I8[MIe�4��8f Ap X FI5��H$ B(A) 6p) A [�I8[M�|b�8f (X,B, µ) p-:N�
A p~?[� B I5��6 B(A) = B, H$w0� ǫ > 0 	4 B ∈ B, .[ A ∈ A lG
µ(A∆B) < ǫ.

27
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 (X1,B1, µ1) K (X2,B2, µ2) J�2�\�
(a) �; T : X1 → X2 *J {z� �W17x T−1(B2) ⊂ B1, Mhz� B2 ∈ B2 &

T−1(B2) ∈ B1.

(b) �; T : X1 → X2 *J hz� �W T J�!Olhz� B2 ∈ B2 & µ1(T
−1(B2)) =

µ2(B2).

(c) �; T : X1 → X2 *J {/hzmV �W T J'���l T ( T−1 `��!O�)6�.-u:�℄5 T n, 1	|�����.�w (X1,B1, µ1) = (X2,B2, µ2) I�G3D��= T : X → X p (X,B, µ) FI1i Ne��.x~ T h� µ $v~ µ p
T rm�.[KV� /j$MEI�A�R~$x1yI�O[�A	�-u�1iI�8V	4&`yej?�Px�~rI	�6NQI�R�$�Ax4[PI�^�� I�$��[�.�`�yej?�P~p�~rI	�!6 2.1.2 
 (X1,B1, µ1) ( (X2,B2, µ2) J"Æ�2�\� T1 : X1 → X1 ( T2 : X2 → X2J�!�;�U;* (X2,B2, µ2) J (X1,B1, µ1) O 8h, BH* (X1,B1, µ1) J (X2,B2, µ2)O �� �WA< Mi ∈ Bi �N µi(Mi) = 1,TiMi ⊂ Mi (i = 1, 2) �KA<�!�;
φ : M1 →M2 7x φT1(x) = T2φ(x), ∀x ∈M1.}" φ J�Æ�O�!�;�K8U;w* T1qHAT2.D�`��8f π : (X,B, µ, T ) → (Y,D, ν, S) pD��H$ D′ = {π−1D : D ∈ D} p
B I? σ 5�� T−1(D′) ⊂ D′. 	
�8f D p B I�G T−1D ⊂ D I? σ 5��H$
π = id : (X,B, µ)→ (X,D, µ) p1iI��)� (X,D, µ, T ) p (X,B, µ, T ) I�?�D�`� 2.1.1 !b`~?I�x�p1iIR�~Y6�Iu���5I�QxGpr$I�9� 2.1.3 
 (X1,B1, µ1) ( (X2,B2, µ2) J�2�\� T : X1 → X2 J�;� ϕ2 JÆ,
B2 O�D%�}"h:Æ A2 ∈ ϕ2, U;`& T−1(A2) ∈ B1 l µ1(T

−1(A2)) = µ2(A2), K8 T J�!O�W)�S C2 = {B ∈ B2 : T−1(B) ∈ B1, µ1(T
−1B) = µ2(B)}. �� C2 = B2. �p ϕ2 ⊂ C2 R�) ϕ2 [�I5� A(ϕ2)  IBp/"? ϕ2  BI�eR�1	�./ A(ϕ2) ⊂ C2. �V C2 p8[M�D� A(ϕ2)[�I σ 5�p) A(ϕ2)[�I8[MIuh��.�Gv�� �S (X1,B1, µ1, T1) v (X2,B2, µ2, T2) pj?1i�P�~ B1 × B2 p) {B1 × B2 :

Bi ∈ Bi, i = 1, 2} [�I σ 5��[ {B1 × B2 : Bi ∈ Bi, i = 1, 2} F`� µ1 × µ2 p
µ1 × µ2(B1 × B2) = µ1(B1)µ2(B2), 44	A*Pe_p B1 × B2 FI~?in�)�Q
2.1.3, �.�n� (X1 ×X2,B1 ×B2, µ1 × µ2, T1 × T2) 4p~?1i�P�~
pj?�PI �_�s. NQ4	`�0�|?�PI�*�P�



` v f _ � Q . � S 29 zUnC ��6D6 §2.1 D��R8f.[ {Bk}∞k=1 ⊆ B lGw0� ǫ > 0 	4 B ∈ B, .[D Bk lG µ(B∆Bk) < ǫ,H$~-:N (X,B, µ) /~? {`\. [8� �.*JS-:N (X,B, µ) /4�&�xML6Tpnl:N� Hilbert :N L2(X,B, µ) p4�I�w0�-:N (X,B, µ), i4`�&�I Banach :N
Lp(µ) = Lp(X,B, µ) = {f : X → C : f 4i� ∫

|f |pdµ <∞}

(p ≥ 1). x::NFIQ�x�Q4i:N�AI~M&uH �S L0(X,B, µ)p (X,B, µ)F4i#�o�#CI1{ ([�.O4C�o:NF�j?o�&Mx�4.:���&M) R�	 L0
R(X,B, µ) ? L0(X,B, µ) h�o�#C�!6 2.1.4 Z
 (X1,B1, µ1) K (X2,B2, µ2) J�2�\� T : X1 → X2 J�!���(K,r UT : L0(X2,B2, µ2)→ L0(X1,B1, µ1) \�J (UT f)(x) = f(Tx), f ∈ L0(X2,B2, µ2), x ∈

X1. �V UT p$LI� UTL
0
R(X2,B2, µ2) ⊂ L0

R(X1,B1, µ1). uhF/ UTL
p
R(X2,B2, µ2) ⊂

LpR(X1,B1, µ1). � UT IQ�~p T I :� , �5�.�-C4[P~QxKVL4�{LM-WF/<&uT$��5�.zÆ~:�r$CI&8v��!� 2.1.5 (F[� \�) 
 f1 ≤ f2 ≤ . . . J�2�\ (X,B, µ) ��%VA�U�F$%�}" {∫ fndµ} &l�K8 limn→∞ fn A< a.e., �F�& ∫
(lim fn)dµ = lim

∫
fndµ. }" {∫ fndµ} JVlO�K8�8 limn→∞ fn <�ÆM!I�Vb��8 limn→∞ fn ��F�!� 2.1.6 (Fatou ��) 
 {fn} J�2�\ (X,B, µ) ��%�!�U$%l℄l��Æ�F$%	\�}" lim infn→∞

∫
fndµ <∞,� lim infn→∞ fnJ�FOl ∫

lim infn→∞ fndµ ≤
lim infn→∞

∫
fndµ.!� 2.1.7 (	\� \�) }" g : X → R J�FOl$%% {fn} 7x |fn| ≤ g a.e.

(n ≥ 1) �K limn→∞ fn = f a.e., K8 f ��FO�l lim
∫
fndµ =

∫
fdµ.S (X,B) p4i:N� µ : m x (X,B) FIj?-in��.~ µ &w6 m xw.Æ&� x�~9 m(B) = 0, a µ(B) = 0. ?
p µ ≺ m.!� 2.1.8 (Radon-Nikodym \�) 
 µ,m J�!�\ (X,B) �"Æ�2!�� µ ≺ mIlpIA< f ∈ L1(m) �N f ≥ 0,

∫
fdm = 1 l µ(B) =

∫
B fdm, ∀B ∈ B. IÆ$% f �I�OÆO077O��℄��*J µ dh* m O Radon-Nikodym K%�:(wbY&�w\	I~?-Wx��L� (X,B) Fj?-in µ,m ~p Q7� (?p µ ⊥ m) x�.[ B ∈ B lG µ(B) = 0 � m(B) = 1. �./8�`��!� 2.1.9 (Lebesgue uk\�) 
 µ,m J (X,B) �"Æ�2!��A< p ∈ [0, 1] �K�2! µ1, µ2 �N µ = pµ1 + (1− p)µ2 l µ1 ≺ m, µ2 ⊥ m. `% p �K! µ1, µ2 �I�}\O�
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1. R (X,B, µ)o,�9M�> B o0.F7 B∆F , |� B ∈ B � F o B �wh0�H0z"B�
µ _�o µ(B∆F ) = µ(B). �9 (X,B, µ) o4H,�9M� (X,B, µ) }o (X,B, µ) H4�

2. R T : (X,B, µ)→ (X,B, µ) o3SH0hH���9 UT o,(>�
§2.2 n�n�!�[R~m�.��-C8f T : X → X p�UIe^�P� U p�G T−1(U) ⊂ UI�:,1�H$ U [ X  �0�6� U ;j�3	�6xA*u�[KV� �:_ue^�P �UL&w�I-Wxf$�S (X,B, µ, T ) p~?1i�P�w0��G µ(A)µ(B) > 0 I A,B ∈ B, �.`�

N(A,B) = {n ∈ Z+ : µ(A ∩ T−nB) > 0}.!6 2.2.1 
 (X,B, µ, T ) J�!Z=�� T J n� OIlpIhz�7x T−1B = BO B ∈ B �& µ(B) = 0 B µ(B) = 1 ,��6x�/�UL~r�KVLC�Ix�PI~$W4�:L�Y6KVL��./'|ML6��!� 2.2.2 
 (X,B, µ, T ) J�!Z=���℄F8Q[�
1. T J��O�
2. B `1 B }7x µ(T−1B∆B) = 0, ��& µ(B) = 0 B µ(B) = 1;

3. hz�7x µ(A) > 0 O A ∈ B & µ(
⋃∞
n=1 T

−nA) = 11;

4. hz�7x µ(A)µ(B) > 0 O A,B ∈ B & N(A,B) 6= ∅.W)�(1) ⇒ (2). S B ∈ B �G µ(T−1B∆B) = 0. �5�.Q^1{ B∞ ∈ B lG
T−1(B∞) = B∞ � µ(B∆B∞) = 0. w0� n ≥ 0, )6 T−nB∆B ⊂ ⋃n−1

i=0 T
−(i+1)B∆T−iB =

⋃n−1
i=0 T

−i(B∆T−1B), 1	 µ(T−nB∆B) = 0.~ B∞ =
⋂∞
n=0

⋃∞
i=n T

−iB. )F5:�� µ(B∆
⋃∞
i=n T

−iB) ≤ ∑∞
i=n µ(T−1B∆B) = 0,

∀n ≥ 0. �pw*? n ∈ N / (
⋃∞
i=n T

−iB)∆B inp 0, �./ µ(B∞∆B) = 0, 6x
µ(B∞) = µ(B). �p T−1(B∞) = B∞ 	4KVL��./ µ(B∞) = 0 $ 1, D� µ(B) = 0$ 1.

(2) ⇒ (3). S A ∈ B �G µ(A) > 0. ~ A1 =
⋃∞
n=1 T

−nA. �p T−1A1 ⊂ A1 4
µ(T−1A1) = µ(A1), 1	 µ(T−1A1∆A1) = 0. ) (2), �.GC µ(A1) = 0 $ 1. �p
µ(A) > 0, 1	 µ(A1) = 1.

(3) ⇒ (4). S µ(A)µ(B) > 0. ) (3), �./ µ(
⋃∞
n=1 T

−nA) = 1, 6x 0 < µ(B) =

µ(B
⋂ ⋃∞

n=1 T
−nA) = µ(

⋃∞
n=1(B ∩ T−nA)). )�.[D n ≥ 1 lG µ(B ∩ T−nA) > 0.

1�! Z+ Px& {pn} ) µ(
S

∞

n=1 T−pnA) = 1 ���5d2s_�` [Kuang-Ye2005]
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(4) ⇒ (1). S B ∈ B �G T−1B = B. 8f 0 < µ(B) < 1, H$ 0 = µ(B ∩ (X \ B)) =

µ(T−nB ∩ (X \B)), ∀n ≥ 1. x: (4) "z� �v 2.2.3 }" T J��O�K8hz�7x µ(A)µ(B) > 0 O A,B ∈ B, N(A,B) J
syndetic O�W)��p µ(B) > 0, ) T IKVL�./ µ(

⋃∞
i=1 T

−iB) = 1. � k lG µ(
⋃k
i=1 T

−iB) >

1 − µ(A)
2 . x�v<w*? l ∈ Z+ / µ(A ∩ (

⋃l+k
i=l+1 T

−iB)) > 0, 6w*? l ∈ Z+, .[
j ∈ [l + 1, l + k] lG µ(A ∩ T−jB) > 0. )� N(A,B) p syndetic I� �[R~m ��.�:o8fe^�P (X,T ) p-7I�H$w0��:,1 U , .[/"1 A ⊂ Z+ lG ⋃

n∈A T
−nU = X. M�I��.~~?1i�P (X,B, µ, T ) p �`�� x�w*?�G µ(B) > 0 I B ∈ B, .[/"1 A ⊂ Z+ lG µ(

⋃
n∈A T

−nB) = 1.4��M-7I1i�PO^6M�YinI)z (V�A 2.7).[Fr�.��`�o)? UT , )$�.4	A*P`�=~�:=~o��!6 2.2.4 
 (X,B, µ, T ) J�!Z=�U;*}% λ J T O5KU�}"1J,r UTO5KU�MA<t($% f ∈ L2(µ) �N UT f = λf . IÆ$% f *Jd�*5KU λO5K$%��5I`Q��KVL4	)=~o�E6��!� 2.2.5 
 (X,B, µ, T ) J�!Z=���℄F8JQ[O�
1. T J��O�
2. }" f ∈ L2(µ) 7x UT f = f , K8 f J%U a.e..W)�(1) ⇒ (2). JS T pKVI� f ∈ L2(µ). WÆS f ph�IÆw6#� N��.4	�h℄:R℄:���w k ∈ Z 4 n > 0 ~

X(k, n) = {x : k/2n ≤ f(x) < (k + 1)/2n} = f−1([k/2n, (k + 1)/2n+1)).�./
T−1X(k, n)∆X(k, n) ⊂ {x : f ◦ T (x) 6= f(x)},D� µ(T−1X(k, n)∆X(k, n)) = 0. D�`Q 2.2.2 �/ µ(X(k, n)) = 0 $ 1.w*? n,

⋃
k∈Z

X(k, n) = X p�eR�6x.[n~~? kn lG µ(X(kn, n)) = 1.~ Y =
⋂∞
n=1X(kn, n), a µ(Y ) = 1 � f [ Y Fpr��6 f pr� a.e..

(2) ⇒ (1). JS B ∈ B 4 T−1B = B. �p UT 1B = 1B , �./ 1B pr� a.e.. 6�
µ(B) = 0 $ 1. 1	 T pKVI� �D�`Q 2.2.5 �./�	 2.2.6 1. 
 S1 J}[> C �OFO4g� T : S1 → S1 J�OV�{n�
 µ J
B(S1) ��r6O Lebsgue !�� (S1,B(S1), µ, T ) J��O�



` v f _ � Q . � S 32 zUnC ��6D6 §2.2 ��L��℄�W)����: µp T WII�8f B p S1 FI�N�H$:�/ µ(B) = µ(T−1B). �p S1 I�N#Cx~?[� B I*5��D�`Q 2.1.3 µ pWII�S T p[ a ∈ S1 �I[6� f ∈ L2(µ) �G UT f = f . ~ f(z) =
∑∞

n=−∞ bnz
n p}

Fourier 7��a f(az) =
∑∞

n=−∞ bna
nzn, 6x bn(a

n − 1) = 0, ∀n ∈ Z. 8f n 6= 0, H$
bn = 0, D� f pr�o��D�`Q 2.2.5, T pKVI� ��8�.1-C�KV�Px~M�W4�:	I1iI���.A*�i0y1i�P*4�xp=1KV?�PIv�uhFxI&8$��.^[R 2.7. r:�x?�A�S$ Radon-Nikodym `Q��.4	`�HYzi� S (X,B,m) p-:N�
C p B I? σ 5���.�5`� oi;| )? E(·|C) : L1(X,B,m) → L1(X, C,m). 8f f ≡ 0, `� E(f |C) ≡ 0; 8f f ∈ L1(X,B,m) p�&h�o�� a =

∫
X fdm > 0,a µf (C) = a−1

∫
C fdm `�o (X, C,m) FI~?-in�R� µf &w6 m p(wbYI�) Radon-Nikodym `Q�.[o� E(f |C) ∈ L1(X, C,m) lG E(f |C) ≥ 0 �

∫
C E(f |C)dm =

∫
C fdm, ∀C ∈ C. R� E(f |C) pn~I a.e.. 8f f p0�Ih�o��a�P0	}��:&�℄��$LI`� E(f |C). w6 f p#�o�Ie��̂ 4�h℄:R℄M��Q
�xr�w0� f ∈ L1(X,B,m), �.qCon~I~? C 4io� E(f |C) �G ∫
C E(f |C)dm =

∫
C fdm, ∀ C ∈ C.KVQ� IR~?&uIv�x) Birkhoff [ 1931 UGCI�w~?1i�P

(X,B, µ, T ), S VT p L2(µ)  #C T WIo�L�IA?:N� BT = {B ∈ B : T−1B =

B}.!� 2.2.7 (Birkhoff ��\�) 
 (X,B, µ, T ) J�!Z=�f ∈ L1(µ). � 1
n

∑n−1
i=0 f(T i(x))O077� *$% f∗ = E(f |BT ). "I T ��O�.� f∗ =

∫
fdµ.W)�S Anf(x) = 1

n

∑n−1
i=0 f(T i(x)). w φ ∈ L1(µ), ~

Mnφ = max{
k−1∑

j=0

φ ◦ T j : 1 ≤ k ≤ n},$e�V� Anφ ≤ 1
nMnφ. S

A = A(φ) = {x ∈ X : sup
n
Mnφ(x) =∞} ∈ BT .w60� x ∈ Ac, /

lim sup
n→∞

Anφ(x) ≤ 0.3� Mnφ pUdo�r�R�
Mnφ(Tx) = max{

k−1∑

j=1

φ(T jx) : 2 ≤ k ≤ n+ 1}.
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Mn+1φ(x)−Mnφ(Tx) = φ(x)−min{0,Mnφ(Tx)} ≥ φ(x).xr� Mnφ(Tx) : Mn+1φ(x) [N~ k ��Cx�$e4.&m~? φ(x); $v

Mn+1φ(x) = φ(x) > φ(x) +Mnφ(Tx),�v=��= Mnφ(Tx) < 0 e�\�6x[1{ A F�Wr Mn+1φ(x)−Mnφ(Tx) UR�6 φ, �) Lebesgue ;��d`Q/
0 ≤

∫

A
(Mn+1φ−Mnφ)dµ ≤

∫

A
(Mn+1φ−Mnφ ◦ T )dµ→

∫

A
φdµ.S f ∈ L1(µ) � ǫ > 0 �`��~ φ = f − f∗ − ǫ. �p A = A(φ) ∈ BT , �./ ∫

A fdµ =
∫
A f
∗dµ, 6x ∫

A
φdµ =

∫

A
(f − f∗ − ǫ)dµ = −ǫµ(A) ≤ 0,xr ∫

A φdµ = 0, )� µ(A(φ)) = 0. 1	
lim sup
n→∞

Anφ(x) ≤ 0,∀x ∈ X a.e..)6 f∗ p T WII� Anφ = Anf − f∗ − ǫ, �./
lim sup
n→∞

Anf(x) ≤ f∗ + ǫ.N��w −f Nr:�4G
lim inf
n→∞

Anf(x) ≥ f∗ − ǫ.xr�.d�o�?�:� ��5I`Qx`Q 2.2.7 I\��!� 2.2.8 
 (X,B, µ, T ) J��Z=� f, g ∈ L2(µ), K8
1

n

n−1∑

i=0

∫
f(x)g ◦ T n(x)dµ(x)→

∫
f(x)dµ(x)

∫
g(x)dµ(x).v 2.2.9 T J��OIlpIhz� A,B ∈ B &

lim
n→∞

1

n

n−1∑

i=0

µ(T−iA ∩B) = µ(A)µ(B).W)�S T pKVI�~ f = 1A, S$`Q 2.2.7, �.GC 1
n

∑n−1
i=0 1A(T i(x))→ µ(A) a.e..�F 1B 6p 1

n

∑n−1
i=0 1A(T i(x))1B → µ(A)1B . );��d`QGC

lim
n→∞

1

n

n−1∑

i=0

µ(T−iA ∩B) = µ(A)µ(B).
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�S T−1E = E, E ∈ B. ~ A = B = E, )HY6/ 1
n

∑n−1
i=0 µ(E) → µ(E)2. 6x

µ(E) = µ(E)2. xr�/ µ(E) = 0 $ 1. 1	 T pKVI� �S (X,B, µ, T )p1i�P�E ∈ B. w x ∈ X,~?A*I�Ax�}E orb(x, T )^	y$m�:1{ E? :�P� T i(x) ∈ E =��= 1ET
i(x) = 1, 6x x, Tx, . . . , Tn−1x[ E  I?��M6 ∑n−1

i=0 1ET
i(x). �o*6p 1

n

∑n−1
i=0 1ET

i(x),8f$e T pKVI�H$)KV`Q�/ 1
n

∑n−1
i=0 1ET

i(x)→ µ(E) a.e..D�`Q 2.2.7, �.4	�:�!� 2.2.10 ( Von Neumann O Lp ��\�) 
 (X,B, µ, T ) J�!Z=� 1 ≤ p <∞. }" f ∈ Lp(µ), K8A< f∗ ∈ Lp(µ) 7x f∗ ◦ T = f∗ a.e. l
|| 1
n

n−1∑

i=0

f(T i(x))− f∗(x)||p → 0.	 l 2.2

1. R G o��^t'��9-Z B(G) EH}>�`,�hm µ �F µ(xE) = µ(E), ∀x ∈ G,

∀E ∈ B(G)w>hm}o Haar y'). Md�9� G EHZ5 T (x) = ax oJUH<��<
{an}∞−∞ Z G �Æ/�&| T oJUH�` G od�'�

2. R k ≥ 2 o�_H��� (p0, . . . , pk−1) o��,�0k�5 pi > 0 � ∑k−1
i=0 pi = 1. > (Y, 2Y , µ)o,�9M�|� Y = {0, 1, . . . , k − 1}, 2Y o Y H10Q�V i �hm pi. R (X,B,m) =

∏∞
−∞(Y, 2Y , µ) � T o X E5���-}�O T o ak (p0, . . . , pk−1) b3, �93oJUH�

3. �9_P 2.2.8, Q��9S=�w�[�
4. B�_P 2.2.10 H�9�

§2.3 z(ZO��.��-CKV�PpW4�:I�R�w0��i1}D/E^ 0:��?:N�8r^}K~:;KVLG�IL�� /x:L�I�P^/Gp#WIe^^L8�!6 2.3.1 
 (X,B, µ, T ) J�Æ�!Z=�
1 }" (X ×X,B × B, µ× µ, T × T ) J��O�K8* T J (z() LZO�;

2 }"hz� A,B ∈ B &
lim
n→∞

µ(A ∩ T−nB) = µ(A)µ(B),K8* T J (z() BZO�.)`��V��{Uj?�{��?�{UjKVL�[6�?�{���.Qu~:;5� S S p Z+ I?1�`�
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d(S) = lim sup

n→∞

1

n
|S ∩ {0, 1, . . . , n− 1}|4

d(S) = lim inf
n→∞

1

n
|S ∩ {0, 1, . . . , n− 1}|.�v�P~
p S I S&( v �&(. 8f d(S) = d(S) = d, H$�.~ S  / &(d.? Fd1 p Z+  0np 1 I?1#CL�I1{�9� 2.3.2 
 {an} J�&lw%���℄Q[�

1. limn→∞ 1
n

∑n−1
i=0 |ai| = 0.

2. A< N O(<I J �N limn 6∈J an = 0.

3. limn→∞ 1
n

∑n−1
i=0 |ai|2 = 0.�5I`Q?Ko~$n�~?1i�PpKV�?�{�x��{I��!� 2.3.3 
 (X,B, µ, T ) J�!Z=� ϕ JÆ, B O�D%��

1. T J��OIlpIhz� A,B ∈ ϕ

lim
n→∞

1

n

n−1∑

i=0

µ(A ∩ T−iB) = µ(A)µ(B).

2. T J�?+OIlpIhz� A,B ∈ ϕ

lim
n→∞

1

n

n−1∑

i=0

|µ(A ∩ T−iB)− µ(A)µ(B)| = 0.

3. T Jj?+OIlpIhz� A,B ∈ ϕ

lim
n→∞

µ(A ∩ T−nB) = µ(A)µ(B).�[�./!� 2.3.4 
 (X,B, µ, T ) J�!Z=��℄%F8Q[�
1. T J�?+O�M T × T J��O�
2. hz� A,B ∈ B

lim
n→∞

1

n

n−1∑

i=0

|µ(A ∩ T−iB)− µ(A)µ(B)| = 0.

3. hz� A,B ∈ B, A< J ∈ Fd1 �N limn∈J µ(A ∩ T−nB) = µ(A)µ(B).W)�(1) ⇒ (2) S T p?�{I��.�:w0� A,B ∈ B,

limn→∞ 1
n

∑n−1
i=0 |µ(A ∩ T−iB)− µ(A)µ(B)|2 = 0 �\�)\� 2.2.9, �./

1

n

n−1∑

i=0

µ(A ∩ T−iB)→ µ(A)µ(B).
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1

n

n−1∑

i=0

µ(A ∩ T−iB)2 =
1

n

n−1∑

i=0

(µ× µ)(A×A) ∩ (T × T )−i(B ×B)

→ (µ× µ)(A×A)(µ× µ)(B ×B)

= µ(A)2µ(B)2.xr
1

n

n−1∑

i=0

{µ(A ∩ T−iB)− µ(A)µ(B)}2

=
1

n

n−1∑

i=0

{µ(A ∩ T−iB)2 − 2µ(A ∩ T−iB)µ(A)µ(B) + µ(A)2µ(B)2}

→ 2µ(A)2µ(B)2 − 2µ(A)2µ(B)2 = 0.6x)�Q 2.3.2 (2) �\�
(2) ⇒ (3) )�Q 2.3.2 6/v��
(3) ⇒ (1) w�i1 A,B,C,D ∈ B, .[0np 1 I1{ J1, J2 ⊆ Z+ lG

lim
n∈J1

µ(A ∩ T−nB) = µ(A)µ(B) > 0

lim
n∈J2

µ(C ∩ T−nD) = µ(C)µ(D) > 0.6x
lim

n∈J1∩J2

(µ× µ){(A× C) ∩ (T × T )−n(B ×D)} = lim
n∈J1∩J2

µ(A ∩ T−nB)µ(C ∩ T−nD)

= µ(A)µ(B)µ(C)µ(D)

= (µ× µ)(A× C)(µ× µ)(B ×D).)�Q 2.3.2, �./
lim
n→∞

1

n

n−1∑

i=0

|(µ× µ){(A× C) ∩ (T × T )−n(B ×D)} − (µ× µ)(A× C)(µ× µ)(B ×D)| = 0.�p4iC[� B × B I*5���./
lim
n→∞

1

n

n−1∑

i=0

|(µ× µ)(A1 ∩ (T × T )−nB1)− (µ× µ)(A1)(µ× µ)(B1)| = 0w0� A1, B1 ∈ B × B �\�)�Q 2.3.3 x�v< T × T pKVI� �j?1i�P~p Lrk� x�4.I�*�PpKVI�
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 (X,B, µ, T ) J�!Z=�K8 T J�?+OIlpI T ��d*z���Z=�W)��Q�:CuL�JS (X,B, µ, T ) p?�{I� (Y,D, ν, S) pKVI�Tp`Q
2.2.8 I~?P8�$��Vw0� f, g ∈ L2(X,µ)

1

n

n−1∑

i=0

{
∫
f(x)g(T nx)dµ(x) −

∫
fdµ

∫
gdµ}2 → 0,�w0� f, g ∈ L2(Y, ν)

1

n

n−1∑

i=0

∫
f(x)g(T nx)dν(x)→

∫
fdν

∫
gdνp� X × Y pKVI��.Qu�:w0� f ∈ L2(X × Y, µ × ν) *�

1
n

∑n−1
i=0 f(T nx, Sny) ?�d6 ∫

f(x, y)dµ(x)dν(y). �pG8 f(x, y) = g(x)h(y) Io�I$LL{[:N L2(X × Y, µ × ν)  �0��.�Q�:w0� g1, g2 ∈ L2(X,µ) v
h1, h2 ∈ L2(Y, ν),

1

n

n−1∑

i=0

∫
g1(x)g2(T

nx)dµ(x) ·
∫
h1(y)h2(S

ny)dν(y)→
∫
g1dµ

∫
g2dµ

∫
h1dν

∫
h2dν.�.4	�w g1 pr�e�:v��*�w�G ∫

g1dν = 0 I g1 C��:�N�C�~$��Iv���.^)�I�Æ�ClvTp�AU�� �Qu3�Ix�w6_ue^�P�M�6`Q 2.3.5 Iv�RW�&�6�.[_u?�{�PRW?We60�_u�U�PÆeVR 4 m���5�.:�?�{�Px5IL��!6 2.3.6 U;*�2�\ (X,B, µ) ��!Z= T {& Æ&: �W 1 J T I�O5KU�l1I�O5K$%�%U$%�w?�{�P��./!� 2.3.7 }" (X,B, µ, T ) J�O�!Z=�� T J�?+OIlpI T &�y_�x?`QI�:�.�[R{m C��[R~m��.`�o_u mild �{�R��~?�Pp_u mild�{I=��=4p (Fip−Fip)∗ �UI�[R 8m��.^�:~?-7�Pp_u mild �{I=��=4p F∗ip �UI�[KV�5��.`��!6 2.3.8 
 (X,B, µ, T ) J�!Z=�* T J (z()mild ZO� �Whz� A, B ∈ B&
IP∗ − limµ(A ∩ T−nB) = µ(A)µ(B).



` v f _ � Q . � S 38 zUnC ��6D6 §2.4 ��"d�.~4io� f p C�� x�.[Wr nk ≥ 1 lG T nkf → fÆ[ L2(X) ��4	�:�~?1i�Pp mild �{I=��=4[ L2(X)  (/�r�5Lo� [Furstenberg1981]. �.^[R 8 m :�x?`QI_uw��	 l 2.3

1. �9�P 2.3.2 u_P 2.3.3.

2. �9��'E/x5��M Tx = ax hV3Po>�zH�
3. �9�E (p0, . . . , pk−1) 5��Mo
�zH�
4. �_P 2.3.5 H�9�

§2.4 rmz(w6~?��nl:N X, 4/~?A*I σ 5�:
w��6)#C,1[�I
σ 5� B(X). w6~?e^�P (X,T ), ~?A*��&uI�Ax�[ B(X) Fx�.[~?WIin�8fx�H$�.�4	^KVQ�I�S$C_ue^�P �JSIx�0�x8`I��.^[xr :�x?�A�S M(X) p B(X) F#C-inI1{��V�1{ M(X) pV1�S C(X) p
X C C F#CbY NI1{��
�p ||f || = maxx∈X{|f(x)| : x ∈ X}.9� 2.4.1 
 (X,T ) J^�Z=�� µ = ν ∈M(X) IlpI ∫

fdµ =
∫
fdν, ∀f ∈ C(X).�Æ B(X) �O�2! µ J��OIlpI ∫

fdµ =
∫
f ◦ Tdµ, ∀f ∈ C(X).[M(X)F4	`�~?? ∗_ulG µn → µ=��= ∫

fdµn →
∫
fdµ, ∀f ∈ C(X).uhF�[x?_u� M(X)�p~?��nl:N�p6�4��.Qu�5I`Q�!� 2.4.2 (Riesz ��\�) 
 X JoZ#�\� J : C(X) → C J�yOM,rl

J(1) = 1. K8A< µ ∈M(X) �N J(f) =
∫
X fdµ, ∀f ∈ C(X).D� Riesz Nr`Qv�Q 2.4.1, �.GC µ→ Jµ p)M(X) C C(X) F`
�$L)?1{I�N�R��Vx? N�p�NI�xr M(X) 4	}p C(X)∗ I8x� I~?V?1�6x M(X) 4!8) C(X)∗ F? ∗ _u2AhEI~?_u (6F5?CI? ∗ _u).�[�.4	�:�!� 2.4.3 (Krylov-Bogolioubov \�) hz�^�Z= (X,T ), A< B(X) �O��!�W)�w0� x ∈ X, ~ δx pin1 [W {x} FIin�6 δx(B) = 1, = x ∈ B e�

δx(B) = 0, = x 6∈ B e�~ µn = 1
n

∑n−1
i=0 δT i(x), S µ p µn [M(X)  I-"W�6.[
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{nj} lG µnj

→ µ. 6x
|
∫
fdµ−

∫
f ◦ Tdµ| = lim

j→∞
|
∫
fdµnj

−
∫
f ◦ Tdµnj

|

= lim
j→∞

| 1
nj

∫ nj−1∑

i=0

(f ◦ T i+1 − f ◦ T i)dδx|

= lim
j→∞

| 1
nj

∫
(f ◦ T nj − f)dδx|

≤ lim
j→∞

2||f ||
nj

= 0.1	 µ pWIin� �?M(X,T ) ⊂M(X) p#C T WI Borel -in�� Me(X,T ) ⊂M(X,T ) p#CKVin�!� 2.4.4 
 (X,T ) J^�Z=��
1. M(X,T ) J M(X) OoZrI�
2. M(X,T ) J�I�
3. µ J M(X,T ) OeXIlpI T J (X,B(X), µ) �O��!�W)�1. S {µn}∞1 pM(X,T )  IWr� µn → µ. H$

∫
f ◦ Tdµ = lim

n→∞

∫
f ◦ Tdµn = lim

n→∞

∫
fdµn =

∫
fdµ,∀f ∈ C(X).6x µ ∈M(X,T ).

2. ���
3. S (X,B, µ, T ) WxKVI� A ∈ B �G T−1A = A, 0 < µ(A) < 1. Q^in µ′ 4

µ′′ 8�
µ′(B) = µ(B ∩A)/µ(A), µ′′(B) = µ(B \ A)/µ(X \ A).H$ µ = µ(A)µ′ + µ(X \A)µ′′ p�o�I�x�R�)6 µ′ 6= µ′′, µ WxpW��S µ pKVI� µ = αµ′ + (1 − α)µ′′, } 0 < α < 1. µ ≥ αµ′ �v< µ′ &w6 µx(wbYI�D� Radon-Nikodym `Q�.[n~I f ∈ L1(X,B, µ) lG

µ′(A) =

∫

A
fdµ.~ E = {x ∈ X : f(x) > 1} 4 F = {x ∈ X : f(x) < 1}. 4	�: µ(E) = µ(F ) = 0. xr

f(x) = 1, a.e.. 6� µ = µ′, )� µ ppW� �)6M(X,T ) p�V1�D� ChoquetNr`Q��.4	$ M(X,T )  IKVBENr M(X,T )  IB"�6�w0� µ ∈ M(X,T ), .[~?n~I M(X,T ) FI
Borel in τ lG τ(Me(X,T )) = 1, �w0� f ∈ C(X) /

∫

X
f(x)dµ(x) =

∫

Me(X,T )
(

∫

X
f(x) dm(x)) dτ(m).



` v f _ � Q . � S 40 zUnC ��6D6 §2.4 ��"d�.? µ =
∫
Me(X,T )m dτ(m), �~
p µ I n�6o.� Birkhoff KV`QI����./8�`��!6 2.4.5 
 (X,T ) J^�Z=K µ ∈ M(X,T ). X x ∈ X *J µ �Æ generic � �Whz� f ∈ C(X) &�

1

n

n−1∑

i=0

f(T i(x))→
∫
fdµ.�5`Q�:�8f T pKVI�H$�.[�||	I generic W�!� 2.4.6 
 (X,T ) JD℄^�Z=l µ ∈ Me(X,T ). �A< Y ∈ B(X) �N µ(Y ) = 1�l Y O:ÆX`� generic X�W)�� C(X) I4��0?1 {fk}∞1 . D� Birkhoff KV`Q�.[ Xk ∈ B(X) lG

µ(Xk) = 1 �
1

n

n−1∑

i=0

fk(T
i(x))→

∫
fkdµ, ∀x ∈ Xk.S Y =

⋂∞
k=1Xk, a µ(Y ) = 1 �

1

n

n−1∑

i=0

fk(T
i(x))→

∫
fkdµ, ∀x ∈ Y,∀k ≥ 1.w0�I f ∈ C(X), $ {fk}∞1 9
64GCv�� �)`Q 2.4.4 �.-Cw6~?e^�P� Me(X,T ) 6= ∅. �5�.0	~$=�I���!6 2.4.7 
 (X,T ) J�Æ^�Z=�U;* (X,T ) J }0n� O�W Me(X,T ) X&�Æ1+��5xn~KVLI~:6��!� 2.4.8 
 (X,T ) J^�Z=���℄F8Q[�

1. h:Æ f ∈ C(X), 1
n

∑n−1
i=0 f(T i(x)) �Z� L�Æ%U$%�

2. hz� f ∈ C(X), 1
n

∑n−1
i=0 f(T i(x)) hX� L�Æ%U$%�

3. A< µ ∈M(X,T ) �Nhz� f ∈ C(X) K x ∈ X, 1
n

∑n−1
i=0 f(T i(x))→

∫
fdµ;

4. T JI���O�W)�(1) ⇒ (2). �*�
(2)⇒ (3). `� k : C(X)→ C lG

k(f) = lim
1

n

n−1∑

i=0

f(T i(x)).)6 | 1n
∑n−1

i=0 f(T i(x))| ≤ ||f ||, �V k pbY$L)?�R� k(1) = 1 	4w f ≥ 0/ k(f) ≥ 0. xr�) Riesz Nr`Q.[ Borel -in µ lG k(f) =
∫
fdµ. )6

k(f ◦ T ) = k(f), 6x ∫
f ◦ T dµ =

∫
fdµ. 1	D�`Q 2.4.1 �/ µ ∈M(X,T ).
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(3)⇒ (4). S ν ∈M(X,T ). �./

1

n

n−1∑

i=0

f(T i(x))→ f∗, x ∈ X,} f∗ =
∫
fdµ. w ν *�
�D�/z�d`Q�/

∫
fdν =

∫
f∗dν = f∗ =

∫
fdµ, f ∈ C(X).6xD�`Q 2.4.1 �/ ν = µ. 6� T pn~KVI�

(4) ⇒ (1). 8f 1
n

∑n−1
i=0 f(T i(x)) ~��d6~?r��H$$r�Cp ∫

fdµ, } 
{µ} = M(X,T ). JS (1) W�\�H$.[ g ∈ C(X), ǫ > 0 lGw0� N ∈ N .[
n > N 4 xn ∈ X lG

| 1
n

n−1∑

i=0

g(T i(xn))−
∫
gdµ| ≥ ǫ.8fS

µn =
1

n

n−1∑

i=0

δT ixnH$ |
∫
gdµn −

∫
gdµ| ≥ ǫ. � {µn} I�d?r {µni

}. 8f µni
→ µ∞, H$)�Q

2.4.1,µ∞ ∈M(X,T ). �p | ∫ gdµ∞−∫
gdµ| ≥ ǫ,1	 µ∞ 6= µ. x: T In~KVL"z�

�!6 2.4.9 
 (X,T ) J^�Z=� µ ∈M(X,T ).µ O X� \�J
supp(µ) = {x ∈ X :h x O:Æ'/ U, µ(U) > 0}.~?WIinI�|/�L��!� 2.4.10 
 (X,T ) JD℄^�Z=� µ ∈M(X,T ).

1. supp(µ) Jt�
O��I�
2. }" µ J��O�K8 (supp(µ), T ) J8VO�
3. }" T JI���O�K8 (supp(µ), T ) JGiO�W)�1. 8f supp(µ)p:1�H$) X I�L X Iinpx�6x supp(µ)�:��p
X \ supp(µ) p,1�1	 supp(µ)pA1��5�: supp(µ)p T WII�S x ∈ supp(µ)4 U p Tx Iu=��p T pbYI�1	.[ x Iu= V lG V ⊂ T−1U . xr�/
µ(U) = µ(T−1U) ≥ µ(V ) > 0.

2. JS µ pKVI�a (supp(µ),B(supp(µ)), µ, T ) xpKVI�8f U, V p supp(µ)I�:,1�a µ(U)µ(V ) > 0. )KVL�.[ n > 0 lG µ(U ∩ T−nV ) > 0, 6�
N(U, V ) 6= ∅.
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3. S Y ⊂ supp(µ) p�:AIWI?1�D�`Q 2.4.3, .[ ν ∈ M(Y, T ) lG

supp(ν) ⊂ Y . �p (X,T ) pn~KVI� ν = µ 4 Y = supp(µ). 1	 (supp(µ), T ) p-7I� �S π : X → Y p (X,T ) C (Y, S) I�? N�w µ ∈ M(X,T ), �.`� πµ p�G
πµ(B) = µ(π−1B), ∀B ∈ B(Y ) Iin��./!� 2.4.11 
 π : X → Y J^�Z= (X,T ) L (Y, S) O�r���

1. }" µ ∈M(X,T ), � πµ ∈M(Y, S).

2. }" ν ∈M(Y, S), K8A< µ ∈M(X,T ) �N πµ = ν.

3. }" ν ∈Me(Y, S), K8A< µ ∈Me(X,T ) �N πµ = ν.W)�1. ���
2. S ν ∈ M(Y, S). �.4	Lh π ^ C(Y )  : C(X), 6! f ∈ C(Y )  p f ◦

π ∈ C(X). 6x ν 4	}p C(X) IA?:N {f ◦ π : f ∈ C(Y )} FI$L)? Jν , 6
Jν(f ◦ π) =

∫
Y fdν. �V Jν(1) = 1 � ||Jν || = 1. D� Hahn-Banach `Q� Jν 4	D�p

C(X)FI$L)? J , ��G ||J || = 1, J(f ◦π) = Jν(f ◦π) =
∫
Y fdν,∀f ∈ C(Y ). =PP�

J(1) = 1. �� J p�)?�w f ∈ C(X), f ≥ 0, S a = ||f ||∞ + 1. a J(a − f) = a − J(f) ≥ a − ||f ||∞ ≥ 1 (�p
|J(f)| ≤ ||f ||∞). |b� |J(a− f)| ≤ ||a− f ||∞ ≤ a (�p f ≥ 0). 6x�/ a ≥ |J(a− f)| =
J(a− f) = a− J(f), )� J(f) ≥ 0.) Riesz Nr`Q�.[ µ′ ∈M(X) lG J(g) =

∫
X gdµ

′,∀g ∈ C(X). =PP�w0�
f ∈ C(Y ) ∫

Y
fdπµ′ =

∫

X
f ◦ πdµ′ = J(f ◦ π) = Jν(f ◦ π) =

∫

Y
fdν$�v< πµ′ = ν.S µk = 1

k

∑k−1
i=0 T

iµ′, �~ µ p {µk} [? * _u�I-"W�6.[ {kj} lG
µ = limj→∞ µkj

. a µ ∈M(X,T ). �pw0� f ∈ C(Y )

∫

Y
fdπµ =

∫

X
f ◦ πdµ = lim

j→∞
1

kj

kj−1∑

i=0

∫

X
f ◦ πdT iµ′

= lim
j→∞

1

kj

kj−1∑

i=0

∫

X
f ◦ π(T ix)dµ′(x) = lim

j→∞
1

kj

kj−1∑

i=0

∫

X
f ◦ Si(πx)dµ′(x)

= lim
j→∞

1

kj

kj−1∑

i=0

∫

Y
f ◦ Si(y)dν(y) = lim

j→∞
1

kj

kj−1∑

i=0

∫

Y
f(y)dν(y) =

∫

Y
fdν,�.GC πµ = ν.

3. �S ν ∈ Me(X,T ). �n� K = π−1(ν) p M(X,T ) I�:AV1�6x�.�Q�:ug� K IpWxp M(X,T ) IpW��a K IDpW µ′ 4	Nrp
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µ′ = pµ1 + (1 − p)µ2, } 0 < p < 1, µ1, µ2 ∈ M(X,T ) �H/~?W[ K  �6x
ν = pπµ1 + (1− p)πµ2, � πµ1 = πµ2 = ν, "z� �S$`Q 2.4.3, �.GC Birkhoff �#`QI|~?�:�!� 2.4.12 
 (X,T ) J^�Z=� µ ∈M(X,T ). K8O0.&X`� T O<}X�W)�� X I4�& {Bn}∞n=1, w0� n ∈ N ?

B′n = Bn \
∞⋃

j=1

T−jBn.0y��#WC
6D? B′n. �.ug µ(B′n) = 0. hCF�w0� A ∈ B(X), ~ A′ =

A \⋃∞
j=1 T

−jA. a1{ A′ �G A′ ∩ T−nA′ = ∅,∀n ≥ 1. 6x µ(A′) = 0. 1	 µ(B′n) = 0, D� µ(
⋃∞
n=1B

′
n) = 0. 6x µ(Rec(T )) = µ(X \⋃∞

n=1B
′
n) = 1. �	 l 2.4

1. R#JU�w_P�9_P 2.4.11 (3).

2. �9�P 2.4.1.

3. R (X,T ) od℄�O�v µ ∈ M(X,T ), > G(µ) o"B genericVH0z��9�7e µ1 6= µ2 ∈
Me(X,T ), G# G(µ1)

⋂
G(µ2) = ∅.

4. R (X,B, µ, T ) oJUH��B�}>L�_P 1.2.11 H}>=�H����9RHu��
5. R X o��mk9M� µn, µ ∈M(X), n ≥ 1. �9����oLKH�

(i) µn → µ Z> ∗ ^t��[�
(ii) v X H)>�>0 F , lim supn→∞ µn(F ) ≤ µ(F );

(iii) v X H)>+>0 U , lim infn→∞ µn(U) ≥ µ(U);

(iv) v)>�F µ(∂A) = 0 H A ∈ B . µn(A)→ µ(A).

§2.5 Poincaré $�w6~?e^�P (X,T ),Birkhoff �#`Q�:� X C/�#W�w61i�P��./�!� 2.5.1 (Poincaré <}\�) 
 (X,B, µ, T ) J�!Z=�}" A ∈ B 7x µ(A) > 0, K8A< n ∈ N �N µ(A ∩ T−nA) > 0.W)�w6Wr A,T−1A,T−2A, . . ., 8f A,T−1A,T−2A, . . . �W&e (mod 0), H$
µ(

⋃∞
n=0 T

−nA) = ∞. 6x.[ i < j lG µ(T−iA ∩ T−jA) > 0. 6 µ(A ∩ T−(j−i)A) > 0.

�

Birkhoff �#`Q���.`�o�#1�[xT�.M�P`� Poincaré Wr�!6 2.5.2 Z+ O�ÆrI S *J Poincaré $� �Whz��!Z= (X,B, µ, T ) �Kz�7x µ(A) > 0 O A ∈ B, A< 0 < n ∈ S �N µ(A ∩ T−nA) > 0.



` v f _ � Q . � S 44 zUnC ��6D6 §2.5 Poincaré x&6x Poincaré �#`Q4	&Æp� Z+ p Poincaré Wr�S ∆inf = Finf − Finf , 0� S ∈ ∆inf ~p |b. d#M�6 Poincaré �#`QI�:��.4	�:0�m1p
Poincaré Wr�)6*? thick 1.jo~?D?m1�1	*? thick 1xx Poincaré Wr�p6� Poincaré Wr��.Qu�5I`��S S p Z+ I?1� S I Se Banach &( `�p

BD∗(S) = lim sup
|I|→+∞

|S ∩ I|
|I| ,} I �K Z+ 1/?�N�} �e Banach &( M�`�
�? Fpubd p Z+  #C /�F* Banach 0nIWrI1{�!� 2.5.3 (Furstenberg h�2�) 
 F(Z+) J Z+ Ov9&brIOI+��

(1) }" E ⊆ Z+ 7x BD∗(E) > 0, K8A<�!Z= (X,A, µ, T ) �K A ∈ A �N
µ(A) = BD∗(E). q���hz� α ∈ F(Z+) U;&

BD∗(
⋂

n∈α
(E − n)) ≥ µ(

⋂

n∈α
(T−nA)).

(2)
 (X,A, µ, T )J�!Z=�A ∈ A7x µ(A) > 0. K8A< E ⊆ Z+ �N d(E) ≥ µ(A)l
{α ∈ F(Z+) :

⋂

n∈α
(E − n)) 6= ∅} ⊆ {α ∈ F(Z+) : µ(

⋂

n∈α
T−nA) > 0}.W)�(1) S X = {0, 1}Z+ ,T : X → X p6� N� Tx(n) = x(n+ 1). � Z+ I�Nr In�G limn→∞ |In| =∞ �

lim
n→∞

|E ∩ In|
In

= BD∗(E).~ ξ = 1E ∈ X 4 A = {x ∈ X : x(0) = 1}. a
lim
n→∞

1

|In|
∑

i∈In
1A(T iξ) = lim

n→∞
1

|In|
∑

i∈In
1E(i) = BD∗(E).S µn = 1

|In|
∑
i∈In

δT iξ. Wb~$L��.S µn ?�d6 µÆ�a�?r���� µ pWIin�R�
µ(A) = lim

n→∞
1

|In|
∑

i∈In
1A(T iξ) = BD∗(E).6xw0� α = {n1, n2, · · · , nk} ∈ F(Z+), �.�/

µ(T−n1A ∩ T−n2A ∩ · · · ∩ T−nkA)

= lim
n→∞

1

|In|
∑

i∈In
1T−n1A∩T−n2A∩···∩T−nkA(T iξ)

= lim
n→∞

1

|In|
∑

i∈In
1(E−n1)∩(E−n2)∩···(E−nk)(i)

≤ BD∗((E − n1) ∩ (E − n2) ∩ · · · (E − nk)).
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(2) w α ∈ F(Z+), ~ Eα =

⋂
n∈α T

−nA. � N p1/ /xinI Eα IR1�)64p4�?xi1IR� µ(N) = 0. ~ B = A \N . D�`���.�/ug�w α ∈ F ,

µ(
⋂
n∈α T

−nB) = 0 =��= ⋂
n∈α T

−nB = ∅.~ fn = 1
n

n∑
i=1

1T−iB , aw0� x ∈ X v n / fn ≤ 1. 6x) Fatou �Q/�
∫

lim sup
n→∞

fndµ ≥ lim sup
n→∞

∫
fndµ.6x.[ x ∈ X lG

d({n : x ∈ T−nB}) = lim sup
n→∞

fn(x) ≥ lim sup
n→∞

∫
1

n

n∑

i=1

1T−iBdµ = µ(B) = µ(A).~ E = {n : x ∈ T−nB}. aw α ∈ F(Z+), 8f k ∈ ⋂
n∈α

(E − n), H$ T kx ∈ ⋂
n∈α

T−nB. )�5Iug��./ µ(
⋂
n∈α

(T−nA) > 0. ��5�.4	�:�!� 2.5.4 R ⊂ Z+ J Poincaré w%IlpIhz� E ∈ Fpubd, R ∩ (E − E) 6= ∅.W)�S R p Poincaré Wr�w E ∈ Fpubd, )`Q 2.5.3 .[1i�P (X,A, µ, T ) 	4
A ∈ A lG µ(A) = BD∗(E) > 0 4 BD∗(E ∩ (E − n)) ≥ µ(A ∩ T−nA),∀n ∈ N. �p.[
n ∈ RlG µ(A∩T−nA) > 0,�./ E∩(E−n) 6= ∅,6 n ∈ E−E. 6x�/ R∩(E−E) 6= ∅.	
JSw0� E ∈ Fpubd, �./ R ∩ (E − E) 6= ∅. S (X,A, µ, T ) p1i�P�
A ∈ A �G µ(A) > 0. D�`Q 2.5.3, .[ E ⊂ Z+ lG d(E) ≥ µ(A), � E ∩ (E − n) 6= ∅Uj µ(A ∩ T−nA) > 0. )JS.[ n ∈ R ∩ (E − E), 6x µ(A ∩ T−nA) > 0. 1	 R p
Poincaré Wr� �`Q 2.5.4 I~?l\�p�v 2.5.5 z* Poincaré w%J<}I�"hz� S ∈ Fpubd,S − S J syndetic O�W)��p syndetic1{/�F* Banach0n�1	0y Poincarép�#1�S S ∈ Fpubd.)`Q 2.5.4, S − S :0� Poincaré Wr&e�:��p thick 1p Poincaré Wr�1	
S − S :1/ thick 1&e�:�)� S − S p syndetic. �Qu3�Ix�.[��#1I Poincaré WrÆeV [Kriz1987]).	 l 2.5

1. v50h�OB�}>L�5_P 2.4.12 H=��Q�9RHu��
2. �9�7ev/Æ α ∈ (0, 2π) . limn→∞

1
n

∑n
k=1 e

iαsk = 0 �[�G# {sk} o Poincaré Vq�
[>q�dU [Weiss2000b].]

3. �9� IP 0o PoincaréVq�
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§2.6 E �s[x~r��.:� E �P�!6 2.6.1 
 (X,T ) J^�Z=�U;* (X,T ) J�Æ E �s �W1J8VO�lA<�Æ��! µ ∈M(X,T ) �N supp(µ) = X.��~�� M �Px�4p�UI�-7W1�0�)`�6�0� M �PCp

E �P�[R~m��.C�o M �PI6��w E �P��./!� 2.6.2 
 (X,T ) J8VZ=� x ∈ TransT . � (X,T ) J E Z=IlpIh x Oz�'/ U , N(x,U) {&M� Banach <�W)�S (X,T ) p E �P�w x I0�u= U , )KV�x`Q.[KVin µ lG
µ(U) > 0. S$ Birkhoff KV`Q6 1UÆ&w6 µ), �.GC.[ y ∈ U lG N(y, U) /�0n�6x��p x ∈ TransT , �V N(x,U)  /�F Banach 0n��[Sw x I0�u= U ,N(x,U)  /�F Banach 0n��p x ∈ TransT , �.�w6 X I0��:,1 V / BD∗(N(x, V )) > 0.S {Vj}+∞j=1 p X I~L_u&�~ Uj = cl(Vj). w6*? j, �p BD∗(N(x,Uj)) > 0,w*? k ∈ N .[ ak(j) < bk(j) lG
lim

k→+∞
1

bk(j) − ak(j)
|N(x,Uj)∩{ak(j), ak(j)+1, · · · , bk(j)−1}| > 0� lim

k→+∞
(bk(j)−ak(j)) = +∞.~ µk(j) = 1

bk(j)−ak(j)

bk(j)−1∑
i=ak(j)

δT ix 	4 µj = lim
i→+∞

µki
(j) p {µk(j)}+∞k=1 [? * _u�-"W��V µj p (X,T ) IWIin�

µj(Uj) ≥ lim sup
i→+∞

µki
(j)(Uj)

= lim sup
i→+∞

1

bki
(j) − aki

(j)

bki
(j)−1∑

i=aki
(j)

δT ix(Uj)

= lim sup
i→+∞

|N(x,Uj) ∩ {aki
(j), aki

(j) + 1, · · · , bki
(j)− 1}|

bki
(j)− aki

(j)
> 0.S µ =

∑+∞
j=1 µ

j/2j , a µ ∈ M(X,T ) � supp(µ) = X. �p (X,T ) p�UI�1	 (X,T )p E �P� �S S ⊂ Z+,S I� Banach 0np 1x�w0� a < 1,.[ N lGw Z+ �G |I| ≥ NI�Ns I �\ |S ∩ I| ≥ a|I|. ? Z+ I#C� Banach 0np 1 I1{p Flbd1. w6~?�UI� E �P��./�!� 2.6.3 
 (X,T ) J8VZ=� x ∈ TransT . � (X,T ) �� E Z=IlpIA<�Æ
��rI A 6= X �Nh A Oz�'/ U ,N(x,U) ∈ Flbd1.W)���S (X,T ) Wx E �P�~ A =
⋃
µ∈M(X,T ) supp(µ) �S U p A Au=��V

ApAWII��.ug A 6= X. hCF�8f A = X, H$.[ X I4��0?1 {xi}
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∑∞

i=1 µi/2
i, a µ ∈M(X,T ) � supp(µ) = X,"z�6x A 6= X. �5�.�: N(x,U) I� Banach 0np 1.�a�./ N(x,X \ U)  /�F Banach 0n�D�`Q 2.6.2 I�:�.[ µ ∈

M(X,T ) lG µ(X \ U) > 0. x: A I\�"z�)� N(x,U) ∈ Flbd1.	
S.[AWI?1 A 6= X lGw0� A,u= U , N(x,U) ∈ Flbd1. �p A 6= X,�V x 6∈ A. � A u= U lG x 6∈ U , �� x u= V lG U ∩ V = ∅. :�� N(x, V ) IF
Banach 0np 0. 6x (X,T ) Wx E �P� �[R~m��.`�o-pDBL:DBL��[�.`�|~$DB�P�!6 2.6.4 �ÆZ=}"��d-z� E Z=�K8*SJ B�Q O�)6 M �PCp E �P�0��DB�PpDBI��.���:h�?�{�Pp-pDBI��.�5�:�?�{ ⇒ -pDB ⇒�DB ⇒ DB�)6-7�PA*p E �P��.�Q�!� 2.6.5 z* E Z=JD℄��O�W)�S (X,T ) p�U�P� U, V p�:,1�� k lG U ∩ T−kV 6= ∅, �S U0 =

U ∩ T−kV . 6x N(U, V ) ⊃ k+N(U0, U0). 6x�Q�:w0�,1 U ,N(U,U) p syndeticI��.�: N(U,U) :0� thick &e64�D� Poincaré �#`Q� N(U,U) :0�
∆inf  B&e��p0� thick 1.jo~? ∆inf  1{�1	 N(U,U) p syndetic I��?� �	 l 2.6

1. �9 (X,T ) o
CAH<��<3>Vd5/x."�{JUhmH�T�O�
2. R (X,T ) od℄�O� µ ∈ M(X,T ) �."�{��9� µ H/Æ generic Vo�TV�5w7e µ oJUH�G#�. µ(TransT ) = 1. [>q�IR x o generic H� A = orb(x, T ). P℄C
f �R# 1

n

∑n−1
i=0 f ◦ T ix→

∫
fdµ  FB µ(A) = 1.]

3. P℄}> E �O (X,T ) � µ o|"�{��F µ(X \TransT ) = 1. [>q�P℄}>(yVÆ/H>5��O�]
§2.7 /^X<!� Szemerédi !�[x~r �.�ÆKV� I~:[�z ^$CI&8v��Z8�.^}K

Lebesque :N�KV�x� Rohlin Y6KV�PD�I<*�x`Q�*��x`Q�HYzi	4/<I1i�PI Furstenberg-Zimmer vQ`QM�Tp�$��.S$
Furstenberg-Zimmer vQ`Q!�:|&�#`Q�R)$�:L{ /<I Szemerédi`Q�
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 S J Z+ {&M� Banach <OrI�� S �#$z�'O,#N%��V�5?CI V. D. Waerden `Qx$`QI~?l\��[R~m�.S$_uI|&�#`QC�o V. D. Waerden `QI�:�$��.S$KV�I��:
Szemerédi `Q 2.

Lebesgue }gin� I~?&u=Wx4��YinpxI1{�Z8[j?�PNQI`� GC�ox$+���5Iv�x/YNQI~?&8`Q�!� 2.7.2 
 X JG��u#�\� B(X) J Borel σ D%�l m J B(X) �7x
m({x}) = 0, ∀x ∈ X O�2!�S ([0, 1],B([0, 1]), l) J
r\�# Borel σ D%�,O!�\�` l J Lebsgue !�� (X,B(X),m) - ([0, 1],B([0, 1]), l) J<�O�}"S (X,Bm(X),m) J (X,B(X),m) OG�6�K8 (X,Bm(X),m) <�* ([0, 1],L, l), `
L J# Lebesgue �!I�,O σ D% (1J Bl([0, 1]) OG�6).8f[F`QIHY �! m w0ykW1pxiIx?HY!Y�H$v��+p�.[ X �|4�?W {xn}∞1 ,4. /�inR�$e (X,B(X),m)NQ6�|4�1 {yn}∞1 : ([0, s],B([0, s]), l) I�eR�} {yn} /in {m(xn)} � s = 1−∑∞

n=1m(xn).�5x|~$�Q��xi1I��[�^F-$UGpA*�;[�$FWx=PG�x$��xS$in5��S (X,B,m) p-:N�[ B F`�MLY��~ A v B pMLI (A ∼ B) =��= m(A∆B) = 0. ~ B̃ p}MLM:N�H$[)) B Ie�R�US)2AhEI)?�� B̃ �pY� σ 5��)in m 2AI B̃ FIin m̃ p� m̃(B̃) = m(B) ( } B̃p B 1[IMLM). ℄w (B̃, m̃) ~p z(�`.��F5IZW��.~ (X1,B1,m1): (X2,B2,m2)p�MLI	x�4.2AIin5�pNQI�!6 2.7.3 
 (X1,B1,m1) ( (X2,B2,m2) J!�\�l (B̃1, m̃1) - (B̃2, m̃2) Jd�O!D%�"Æ!D%J<�O�WA<'� Φ : B̃2 → B̃1, 1�.���%�(�%d7,l7x m̃1(Φ(B̃)) = m̃2(B̃), ∀B̃ ∈ B̃2. "Æ�2�\*J Gu� �W1;O!D%J<�O�~$I��O^u;NQ?�;[D:HY��vxMLI�!� 2.7.4 
 X1,X2 JG��uO#�\�
 B(X1),B(X2) J1;O Borel σ D%l
m1,m2 u�J B(X1),B(X2) �O�2!�+ Φ : B̃(X2)→ B̃1(X1) J1;!D%\O<��K8A< M1 ∈ B(X1), M2 ∈ B(X2) 7x m1(M1) = m2(M2) = 1. <�A<�Æ�O�!�� φ : M1 → M2 �N Φ(B̃) = ˜φ−1(B ∩M2) , ∀B ∈ B(X2). }" Ψ J*�Æ�

2O� Green w Tao[Green-Tao2006] �;p�#�2/kp1�uJ*�8��yy Erdos `,�9g {pn} ⊂ N�H P∞

i=1 1/pn = ∞, I% {pn} /kp1�uJ*�8�J��O��j�yyy Tao " 2006 V Fields `J.vIU���
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(X1,B(X1),m1) L (X2,B(X2),m2) (K Φ O<���

m1({x ∈ X1 : φ(x) 6= Ψ(x)}) = 0.&�Iv�w61iN8xx�\I (4.)1iI�2A (WCp4TI)). ~$P�[KV� �.JS1O4CI-:N*p Lebesgue :N�!6 2.7.5 �Æ�2�\ (X,B,m) J Lebesgue }g �W1<�*Yj�%IÆ�N&b� {yn}∞1 - ([0, s],L([0, s]), l) OVd��` yn |&M! pn l L([0, s]) J [0, s](s =

1−∑∞
n=1 pn) � Lebesgue �!I{,O σ D%� l J Lebesgue !�oi;|�5�.S$ Radon-Nikodym `Q`�oHYzi� S (X,B,m) p-:N� Cp B I? σ 5��?HYzip E(·|C) : L1(X,B,m)→ L1(X, C,m).�5`�HYziIpxr`I�;xpo�5Qu��.C�HYziI|~$`�p�S φ : (X,B, µ) → (Y,D, ν) p~?1i N��.4	^ (Y,D, ν) FI4io�Lh f → f ◦ φ = fφ ?℄p (X,B, µ) FI4io��Lh N f → fφ, �.�!

L2(Y ) MNpA?:N L2(Y )φ ⊂ L2(X). 8f? P p) L2(X) C L2(Y )φ I�eS��H$w f ∈ L2(X) �.`� E(f |Y ) p
E(f |Y ) ∈ L2(Y ), E(f |Y )φ = Pf.!� 2.7.6 < L2(X) �\�O:aaH,r f → E(f |Y ) ���DL L1(X) �l7x℄>Or^�

(i) f → E(f |Y ) J� L1(X) L L1(Y ) Or,r�
(ii) }" f ≥ 0, K8 E(f |Y ) ≥ 0.

(iii) }" f ∈ L2(Y ), K8 E(fφ|Y ) = f . " E(1|Y ) = 1.

(iv) }" g ∈ L∞(Y ), K8 E(gφf |Y ) = g(E(f |Y )).

(v)
∫
fdµ =

∫
E(f |Y )dν._66o�._~?in µ &w6|~in ν I*��xx�.r$CI~?-W�!6 2.7.7 �Æ�2�\ (X,B,m) *J VN� �W X JoZ#�\l B # X �

Borel IÆ,��Æ�!Z= (X,B,m, T ) J VN� �W�2�\ (X,B,m) JM�O�S (X,B, µ) p�aI-:N� φ : (X,B, µ) → (Y,D, ν) p}C|~?-:N
(Y,D, ν) (WCp�aI) I1i N��5�.? M(X) p X F#C-inI1{�!� 2.7.8 A<� Y L M(X) O�!��� y → µy, 7x�
(i) h:Æ f ∈ L1(X,B, µ), U;&�hO0.& y ∈ Y , f ∈ L1(X,B, µy), �l E(f |Y )(y) =

∫
fdµy.
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(ii)

∫
{
∫
fdµy}dν(y) =

∫
fdµ, ∀f ∈ L1(X,B, µ).�.	 µ =

∫
µydν(y) ? µ �.A ν �_66o.S�a:N (X1,B1, µ1) v (X2,B2, µ2) *p:N (Y,D, ν) ID��

φ1 : (X1,B1, µ1)→ (Y,D, ν), φ2 : (X2,B2, µ2)→ (Y,D, ν).�.^`�4.&w6N~�? (Y,D, ν) I&w*�!6 2.7.9 X1 ×X2 �O! µ1 ×Y
µ2 \�J

µ1 ×Y
µ2(A) =

∫
µ1,y × µ2,y(A)dν(y),` A ∈ B1 × B2, µi =

∫
µi,ydν(y) J µi dh*�r (Y,D, ν) OFuuk��2�\

(X1 ×X2,B1 × B2, µ1 ×Y
µ2) *J�\ (X1,B1, µ1) ( (X2,B2, µ2)�.A (Y,D, ν) �_, SJ X1 ×Y X2.M�P�S�a:N (Xi,Bi, µi)(1 ≤ i ≤ n) *p:N (Y,D, ν) ID�� φi : (Xi,Bi, µi) →

(Y,D, ν), �.^:N (Xi,Bi, µi) (1 ≤ i ≤ n) �.A (Y,D, ν) �_ µ1 ×Y
µ2 ×Y · · · ×Y µn `�p

µ1 ×Y
µ2 ×Y · · · ×Y µn(A) =

∫
µ1,y × µ2,y × · · · × µn,y(A)dν(y),} A ∈ B1 ×B2 × · · · × Bn, µi =

∫
µi,ydν(y) p µi &w6�? (Y,D, ν) I*��x�

Rohlin !�S (Y,D, ν, T ) p1i�P� (Z, C, θ) p-:N�w*? y ∈ Y , S σ(T i, y) `�o
(Z, C, θ) F�G�5HYI~?1i N�

(1) σ(T i, y)(z) p Y × Z C Z I4i N�
(2) σ(T i+j, y) = σ(T i, T j(y))σ(T j , y).H$ () σ &`I) �_ x� (Y × Z,D × C, ν × θ, T ) , } T (y, z) = (Ty, σ(T, y)z).�./�!� 2.7.10 (Rohlin \�) 
 (X,B, µ, T ) JM�O���!Z=� (Y,D, ν, T ) J�r�K8 (X,B, µ, T ) <�* (Y,D, ν, T ) O�ÆmF�}" µ =

∫
µydν(y) J µ OFuuk�K8hO0.& y ∈ Y , BHA< k ∈ N �N µy J k ÆX�OQu�!�BH µy J�yO�Mhz� x ∈ X & µy({x}) = 0.n�6o[`Q 2.4.4 �5��.��6ÆhKV�x`Q�[xT�.)|b~?gnE-x?v��8f φ : (X,B, µ) → (Y,D, ν) pj?-:NI1i N�H$ {φ−1(y) : y ∈ Y } p

X I~?s��	
�S ξ p X Is��H$�.4	`� Y = {C : C ∈ ξ} 	4SN
π : X → Y . `� B ⊂ Y p4iI=��= π−1B ∈ B, R�w64i1 B ⊂ Y `�in
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ν(B) = µ(π−1(B)). ?#C4i1 B ⊂ Y p D, �V$e (Y,D, ν) p-:N�R�Lh N π �p (X,B, µ) I�?�S (X,B, µ) p-:N� ξ p) B  BQ�I X Is��	 B(ξ) ?.j ξ  B"IN7I σ 5��8f (X,B, µ) p Lebesgue :N� C p B I? σ 5��H$.[ X Is� ξ lG B(ξ) = C (mod 0).S (X,B, µ, T ) p~?1i�P� C = {C : T−1C = C}. H$.[ X Is� ξ lG
B(ξ) = C (mod 0). R�w*? C ∈ ξ,TC ⊂ C. 6x ξ &`o (X,B, µ) I�?�$e µ 4	�x?�?*��x�4	�:�w0� C ∈ ξ, I� T |C &w6 µC xKVI�x~p (X,B, µ, T ) I n�6o. '}w*? f ∈ L1(X,B, µ)

∫
fdµ =

∫
(

∫
fdµy)dν(y).hz�s�nH!�S Γ p: Zl NQI(�} l ∈ N. S X = (X,B, µ,Γ) p1i�P� Y = (Y,D, ν,Γ)p}�?�� φ : (X,B, µ,Γ)→ (Y,D, ν,Γ) p&�I�? N�!6 2.7.11 *Z= X J Y dh* T ∈ Γ O n��� �W B Ov9 T ��rIhJ DO T ��rI< φ−1 ℄OfÆWGu(!IO��℄��SJ X → Y ��Æ rel. T ).!6 2.7.12 *Z= X J Y dh* T ∈ Γ O LZO�� �W X ×Y X → Y J Y dh*

T O���/�SJ X → Y �?+ (rel. T ). }" φ dh*:Æ T ∈ Γ J�?+O�K8* X J Y dh* Γ O�?+�/�9� 2.7.13 }"Z= X J Y dh* T ∈ Γ O�?+�/��h:Æ n ∈ N Z= X ×Y
X ×Y · · · ×Y X(n ?) 	J Y dh* T O�?+�/�}":& Y dh* T J��O�� X ×Y X ×Y · · · ×Y X(n ?) 	dh* T J��O�!6 2.7.14 * X J Y O p�� �WA<0<$%Iy F ⊂ L2(X) 7x�hz� f ∈ FK δ > 0, A<&bÆ$% g1, g2, . . . , gk ∈ L2(X) �Nh:Æ S ∈ Γ, �Q� min1≤j≤k ||Sf −
gj ||y < δ ,��` ||f ||y J f < L2(X,B, µy) `OG��5�.zÆ/<I Furstenberg-Zimmer `QÆ[�5�.^�$Cx?v����P X = (X,B, µ,Γ) p}�? πα : X → Xα, α ∈ A I `� x� B 4	) {π−1

α (Bα) : α ∈ A}[��!� 2.7.15 Æ Furstenberg-Zimmer \�� 
 X = (X,B, µ,Γ) J�uO�!Z=�`
Γ J&b℄Ot#d;w�K8A<w% η �Nhz�w% ξ ≤ η A< X O�r Xξ,

πξ : X → Xξ 7x�
(i) X0 J[pZ=�l Xη = X.

(ii) }" ξ ≤ ξ′, �A<<4 πξ
′

ξ : Xξ′ → Xξ �N πξ = πξ
′

ξ πξ′.

(iii) h:Æ ξ < η, Xξ+1 → Xξ J�2O�M Γ J"ÆrwOTF Γ = Γc × Γw, `
Xξ+1 → Xξ dh* Γc Jo�/�l Xξ+1 → Xξ dh* Γw J�?+�/�
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(iv) }" ξ ≤ η JGbw%�� Xξ J�r {Xξ′ , ξ

′ < ξ} OGb�I T = Z ��U;���L5|/�� X = Xη → Xη′(η = η′ + 1 ��NJ�?+�/F,��/~Jo�/�hz�s�/^X<!�1i�PI|&�#`Qp�`QI\��!� 2.7.16 
 T1, T2, . . . , Tl J�2�\ (X,B, µ) �Od2�d;O�!�;� A ∈ B 7x µ(A) > 0. K8
lim inf
N→∞

1

N

N∑

n=1

µ(T−n1 A ∩ T−n2 A ∩ . . . ∩ T−nl A) > 0. (2.7.1)�:`Q 2.7.16 I&8��p��w (X,B, µ,Γ) p (Y,D, ν,Γ) I�D�v?�{D�e�P�:�8f (Y,D, ν,Γ) �G (2.7.1), H$ (X,B, µ,Γ) x�G (2.7.1); *�$vQ`QaJ�:v��D�`Q 2.7.16, �./!� 2.7.17 
 T1, T2, . . . , Tl J�2�\ (X,B, µ) �Od2�d;O�!�;� A ∈ B 7x µ(A) > 0. K8A< n ≥ 1 �N
µ(T−n1 A ∩ T−n2 A ∩ . . . ∩ T−nl A) > 0.�[�.S$`Q 2.7.17 E�:`Q 2.7.1.\� 2.7.1 OOC: S X = {0, 1}Z+ ,B p} Borel σ 5�� T : X → X p6��6

T (ω)(n) = ω(n+ 1), ∀n ≥ 0.S S p /�F Banach0nI?1�} S I=~o� 1S p X  W�6x.[ δ > 0	4�Nr {Bn} �G |S ∩Bn|/|Bn| > δ > 0, ∀n. `� X Fin µn p
µn =

1

|Bn|
∑

i∈Bn

δT i1S
.S µ p µn I-"W�a Tµ = µ. ~ A = {ω : ω(0) = 1}, a A pA,4AI1{��./

1A(T i1S) = 1⇐⇒ T i1S(0) = 1⇐⇒ i ∈ S.)6 µn(A) = |S ∩Bn|/|Bn| > δ, 1	 µ(A) ≥ δ > 0. S$`Q 2.7.17 6 T, T 2, . . . , T l (l ∈ N)4?1 A ⊂ X, �.4G�w0� l, .[ n = n(l) ≥ 1 lG
µ(T−nA ∩ T−2nA ∩ . . . ∩ T−lnA) > 0.6xw~?� µ inI?1/ T n(ω) ∈ A,T 2n(ω) ∈ A, . . . , T ln(ω) ∈ A. �p A p,1�Fpw ω I~?u=x�\�6x�V µ I�|.j[ 1S [6��IA. �)$.[

a ∈ N lG T in+a1S ∈ A, ∀1 ≤ i ≤ l. 6x in + a ∈ S, ∀1 ≤ i ≤ l. xr�.�d�o�?�:� 	 l 2.7



` v f _ � Q . � S 53 zUnC ��6D6 §2.8 mT
1. }>JU�O (X,B, µ, T )�. �P9 � L2(µ) �-Z( T <}n�K�H}>�d%��9�
T �.NAw<��<3N℄5C��mk'EHJUZ5�

2. R φ : (X,B, µ)→ (Y,D, ν) oi>�`,�9MEH0hH�� µ =
∫
µydν(y) o µ %v ν H�w��9v9�0. y ∈ Y , µy(φ−1(y)) = 1.

3. �9hm µ1 ×Y
µ2 3�(�Lo5
�

∫
f1 ⊗ f2 dµ1 ×Y

µ2 =

∫
E(f1|Y )E(f2|Y ) dν|� f1 ∈ L2(X1), f2 ∈ L2(X2), � f1 ⊗ f2(x1, x2) = f1(x1)f2(x2).

4. �9v/Æ f1 ∈ L2(X1), f2 ∈ L2(X2),

E(f1 ⊗ f2|Y ) = E(f1|Y )E(f2|Y )Q� µ1 ×Y
µ2 %v5 (Y,D, ν) H)��wo

(µ1 ×Y
µ2)y = µ1,y × µ2,y,|� X1, X2 )o Y HC
�� µi =

∫
µi,ydν(y) o%v5 µi H)��w� i = 1, 2.

5. �9�7e (X,B, µ, T )oL,6H�G#3N℄5L�XH(y�O� [>q�R a = inf{µ(A) :

A ∈ B�µ(A) > 0}. �9 a > 0 �R#3 ��u��]
§2.8 ae8m-uEGp [Walters1982]v [Furstenberg1981]xj84/�̀ Q 2.5.4�A [Weiss2000b].`Q 2.2.7 I�:GA [Glasner2003] I�Qp�Y6KVQ�/<'|�r%PI/T�8 [Denker etc.1976, Glasner2003, Halmos1953,

Rudolph1990, Walters1982, Petersen1983]MM�} [Walters1982, Furstenberg1981, Petersen1983,

Glasner2003]Mi/&=|Ij�}K_ue^�P�?�xj?��/<��f�I`���jvOVI/T/ [Furstenberg1981, Weiss2000b]M�x4eVDÆLzm [Glasner-Weiss2004].Y6KV RamseyQ��A Furstenberg,�Lzm [Furstenberg1977]	E~xe^�P� MI~?���eV [Bergelson1996, Bergelson-Leibman1996, Bergelson-McCutcheon2000,

Furstenberg1981, Furstenberg1977, Furstenberg-Katznelson1978, Furstenberg-Katznelson1985,

Furstenberg-Katznelson1991, Furstenberg etc.1982, McCutcheon1999] M�Y6|&KV`Q�~?|3I�ix Hostv KraIHT�2.�:o [Host-Kra2005]�8f (X,B, µ, T ) p1i�P� k ≥ 1 p��	4 f1, f2, · · · , fk p/zo��H$p?
1

N

N−1∑

n=0

f1(T
nx)f2(T

2nx) · · · fk(T knx) (2.8.1)



` v f _ � Q . � S 54 zUnC ��6D6 §2.8 mT[ L2(µ) �d�|b Zieglerk\IC�ox?`QIWNI�: [Ziegler2005]. N
 Tao[Tao]�:o= T1, . . . , Tk p (X,B, µ) F4e�I1iI�R� f1, f2, · · · , fk p/zo�e
1

N

N−1∑

n=0

f1(T
n
1 x)f2(T

n
2 x) · · · fk(T nk x) (2.8.2)[ L2(µ)  �d�)�xN�:o|&KV`Q ([ L2(µ) ���). /��Ix Tao I�:$/"KVQ� (finitary ergodic theory), R(/$CKVQ� I7X�i�|b�G~?IxN/p (2.8.2) x�x,W�dIxF�KVQ� I~?&u�A�"�1.jo0�tI)�7�x Tao ! 2006 U Fields _I-uHT
~�N


Tao v Ziegler 4\_ox~HT [Tao-Ziegler]. 2.�:o8f P1, . . . , Pk p����I|.pR� P1(0) = . . . = Pk(0) = 0, H$w60�I ǫ > 0 .[�"|?�� x,m lG
1 ≤ m ≤ xǫ R� x+ P1(m), . . . , x+ Pk(m) *p"��|b/Y Khintchine `QI\_V [Bergelson etc 2005], /Y|& Poincaré WrIHTV [Frantzikinakis etc 2006].



�OQ �)�' D Ellis fH�"[e^�P �NP8I�PAh6MnbY�P	4 distal�P�[R~r�.�:�MnbY�P�C�4I=16��[R�r��.)��Æo��83::�MnbYIY�	4:�MnbY�PI~:&8L��[:� distal �P	4�~[�MnbY�Pe� Ellis *([}N��o-3IT$�1	[w distal �P:����.[R�r�}K Ellis *(Q�I~:&8�i�} Tp�$�.�:oR~m ?CI Hindman `Q�[R�r��.S$ Ellis *(Q��o distal �:� distal v* distal �P��[R�r)�:� distal �P	44:MnbY�PIX6`��[R�r�.C� Furstenberg Y6-7 distal �IvQ`QI�:RPu}K-7�PIvQ`QQ��Tp8mIv��N��.w:�MnbY�IoGpX:I:��
§3.1 �(Æ&�[x~r�.�MnbY�P�[8m ��.ExJSw6�P (X,T ),  N Tp�N�!6 3.1.1 Z= (X,T ) *J �(Æ&� �W$%y {T n : n ∈ Z+} JQ�yO��Mhz� ǫ > 0, A< δ > 0 �NI d(x1, x2) < δ � d(T nx1, T

nx2) < ǫ,∀n ∈ Z+ ,��8f~ dT (x, y) = supn∈Z+
d(T nx, Tny),�5�.��:= (X,T )pMnbYIe��

dT : d xMLI�R�4p T WII�6 dT (Tx, Ty) = dT (x, y),∀x, y ∈ X. ZFa�MnbY�P I0yj?WNW,<eNI\�^1	NrIm"�64.IEx�oI	I�1	�./Q)2pMnbYLxNP8I~$e^^L8�	 3.1.2 1. 
 S1 J4g� T J4g�O{n���� (S1, T ) JQ�yO�
2. YoEgJQ�yO��5I`Q�:MnbY�P I*?W�~�I[[�#��P (X,T ) ~p 0ZdP_;� x�w0� ǫ > 0, .[ syndetic 1 A lGw0� x ∈ X,n ∈ A, d(x, Tnx) < ǫ�\�3�C��.$ C(X,X) Nr) X C X I#CbY N�!� 3.1.3 Z= (X,T ) JQ�yOIlpI1J�ZO0gaO�W)�S (X,T ) pMnbYI�w0� ǫ > 0, D� Ascoli `Q {T n : n ∈ Z+} [ C(X,X)Æ�~�_u� p&w�I�6x.[/" ǫ g {T n}kn=1. 6�w0� n ∈ Z+, .[

1 ≤ j ≤ k lG
sup
x∈X

d(T nx, T jx) < ǫ.� T x�N��V {n ∈ Z+ : supx∈X d(T
nx, x) < ǫ} p	 k pN"I syndetic 1�)�

(X,T ) p~�:�)zI�	
�S (X,T ) p~�:�)zI�w0� ǫ > 0, .[ syndetic 1 A lGw0�
x ∈ X,n ∈ A, d(x, Tnx) < ǫ

3 �\�S A N"p k. � δ > 0 lGw0��G d(x, y) < δ I
x, y, d(T ix, T iy) < ǫ

3 ,∀i = 1, 2, · · · , k.

55



` v f _ � Q . � S 56 zU�C Rd�zs. Ellis �x�6 §3.1 Rd�zs��w�G d(x, y) < δ I x, y,d(T nx, Tny) < ǫ,∀n ∈ Z+ �\�w0� n ∈ Z+, .[
a ∈ A 4 i ∈ [1, k] lG n = a+ i. 6x

d(T nx, Tny) ≤ d(T a(T ix), T ix) + d(T ix, T iy) + d(T iy, T a(T iy)) <
ǫ

3
+
ǫ

3
+
ǫ

3
= ǫ.1	 (X,T ) pMnbYI� �)_uO^Ign-�MnbY�P&=6~?��e�(FI[6�po�:xW��.���:~:-W�!6 3.1.4 
 (X,T ) J^�Z=�S C(X) Jv9}U�y$%OI+�*t($% f ∈

C(X) J T O jTK` �WA< λ ∈ C �N f(Tx) = λf(x). >�* λ Jd�* f O jTY.+m 3.1.5 
 (X,T ) J8VZ=��
(1) } f ∈ C(X) J� λ J5KUOt(5K$%�� |λ| = 1 l |f | = c, c J%%�
(2) } f, g J<�5KUO5K$%�� f = cg, ` c J%%�
(3) < C(X) `�d�*�<5KUO5K$%JrV�O�
(4) T Ov95KUp, S1 O�Æ�%rw�W)��T�A� �!6 3.1.6 
 (X,T ) J^�Z=�*S& w6�Q: �WZ=O5K$%D,$ C(X).)�>A4V�8 (X,T )p/_uOBxI�U�P�a.[4�?=~� {λn}∞n=14$L�YL {fn}∞n=1 ⊆ C(X) lG span{fn} = C(X) � fn ◦ T = λnfn. w~?_u( G,�.$ Ĝ Nr) G C S1 I1/bYN8I1{� Ĝ  IB"~p G I jT.!� 3.1.7 (Halmos-von Neumann) 
 (X,T ) J�O^�Z=���℄Q[�
(1) T JGiQ�yO�
(2) T 8VlA< X �O#�N T <>#℄JQ|O�
(3) T D℄��*oZd;w�O�ÆGi{n�
(4) T Gil&D℄��_�
(5) T 8Vl&D℄��_�W)�(1) ⇔ (2) : ���
(2)⇒ (3) : S ρ pM"nl�S x0 p�UW�1	 X = orb(x0). `�S)�

∗ : orb(x0)× orb(x0)→ orb(x0), T
nx0 ∗ Tmx0 7→ T n+mx0.�p

ρ(T nx0 ∗ Tmx0, T
px0 ∗ T qx0)

= ρ(T n+mx0, T
p+qx0)

≤ ρ(T n+mx0, T
p+mx0) + ρ(T p+mx0, T

p+qx0)

= ρ(T nx0, T
px0) + ρ(Tmx0, T

qx0).
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U�C Rd�zs. Ellis �x�6 §3.2 P1Rd�z.2VB�1	 ∗ p~�bYI�6x4	n~D�p ∗ : X ×X → X.|b��p ρ(T−nx0, T
−mx0) = ρ(Tm+nT−nx0, T

m+nT−mx0) = ρ(Tmx0, T
nx0), 1	 N T nx0 7→ T−nx0, orb(x0)→ orb(x0) p~�bYI�6x4	n~D�C X → X F�xr��.�:o (X, ∗) p_u(��p {T nx0 : n ∈ Z}[ X  �0�1	 (X, ∗) pe�I��p T (T nx0) = Tx0 ∗ T nx0,∀n ∈ Z, 1	 Tx = Tx0 ∗ x,∀x ∈ X. x�: (X,T ) p

T [( (X, ∗) FI Tx0 [6�
(3)⇒ (4) :S X p�e�(�� Tx = ax. a X I*?=~p X I=~o� (�p8f f ∈ X̂ ,H$ f(Tx) = f(ax) = f(a)f(x)). S Ap)1/=~I$LL{[�I5��a

A ⊆ C(X). )6 A.jr�o��wO^S)�AR��OW�1	D� Stone-Weierstrass`Q�/ A = C(X).

(4)⇒ (5) : �*�
(5) ⇒ (2) : )�5���.[4�?=~� {λn}∞n=1 4$L�YL {fn}∞n=1 ⊆ C(X)lG |fn| = 1, span{fn} = C(X) � fn ◦ T = λnfn. `� ρ(x, y) =

∞∑
n=1

|fn(x)− fn(y)|
2n

, 4p
X FItnl�)6 span{fn} = C(X), 1	 {fn}∞n=1 �O X IW�6x ρ(x, y) = 0 Uj
x = y, 6 ρ pnl��p |λn| = 1, 1	�./�

ρ(Tx, Ty) =
∞∑

n=1

|λnfn(x)− λnfn(y)|
2n

= ρ(x, y).6x (X, ρ) pM"I�S d p X IDnnl���: (X, d) : (X, ρ) ML��.�Q�:}N N id :

(X, d)→ (X, ρ) bY64�w0� ǫ > 0, � N ∈ N lG ∑∞
n=N+1

2
2n < ǫ

2 . )6 fn bY�1	.[ δ > 0 lG d(x, y) < δ ⇒ |fn(x) − fn(y)| < ǫ
2 ,∀1 ≤ n ≤ N . 6x�.�/ d(x, y) < δ ⇒ ρ(x, y) <

∑N
n=1

ǫ
2n+1 + ǫ

2 < ǫ. 1	 id bY� �	 l 3.1

1. /xLmaX�OH�>3oLmaXH�
2. R (X,T ) oLmaXH�`v/Æ n ∈ N, (X,T n) woLmaXH�
3. ~V# Ascoli _P�k�9LmaX�Oo}�9�(yH� [6����v/Æ ǫ > 0 �3.!V x1, x2, · · · , xn ∈ X , -Z syndetic 0 A kF d(xi, T

mxi),i = 1, 2, · · · , n;m ∈ A.]

4. �9=� 3.1.5.

§3.2 dP�(Æ&C�Y(BMnbY-WI~?A*I\_x�:�MnbY	�
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 (X,T ) J^�Z=�X x ∈ X *J �(Æ&� �Whz� ǫ > 0 A< δ > 0�Nhz�7x d(x, y) < δ O y ,� d(T nx, Tny) < ǫ,∀n ≥ 0. Z=*J dP�(Æ&��W1J8VOlY�&�ÆQ�yX�8f�P*?WixMnbYW�H$):NI�L��PpMnbYI�[ X F�.`�?Inl�
dT (x, y) = sup

n∈Z+

d(T nx, Tny).xr x pMnbYWML6w0� ǫ > 0 .[ δ > 0 lGw0��G d(x, y) < δ I y, /
dT (x, y) < ǫ. �V� (X,T ) pMnbYI=��= d : dT pMLI�)MnbYWI`���.4	3$C[MnbYW(
IW/�~�	ISeE�1	4	+34�*/~:=�IL��~ Ω(x, T ) = {y ∈ X : ∃xk → x 4 nk → ∞lG T nkxk → y}, �./+m 3.2.2 
 (X,T ) J^�Z=�}" x ∈ X JQ�yX��

(1) ω(x, T ) = Ω(x, T );

(2) }" x Jt$JX��1J<}X�
(3) }"1JGiXOGbX��1	JGiX�W)�(1) ����V ω(x, T ) ⊆ Ω(x, T ). �S y ∈ Ω(x, T ), H$ ∃xk → x 4 nk → ∞ lG T nkxk → y. �p x ∈ X pMnbYW�1	w0� ǫ > 0, .[ δ > 0 lG d(x, y) <

δ Uj d(T nx, Tny) < ǫ
2 ,∀n ∈ Z+. \� k lG d(x, xk) < δ � d(T nk(xk), y) < ǫ

2 . a
d(T nkxk, T

nkx) < ǫ
2 , )� d(T nkx, y) < ǫ. 1	 y ∈ ω(x, T ).

(2) ) (1) 6G�
(3) S U p x Iu=�\� ǫ > 0 lG B(x, 3ǫ) ⊆ U . �p x ∈ X pMnbYW�1	.[ δ > 0 lG d(x, y) < δ Uj d(T nx, Tny) < ǫ,∀n ∈ Z+. �-7W z ∈ B(x, δ), a

N(z,B(z, ǫ)) p syndetic I�4�� N(z,B(z, ǫ)) ⊆ N(x,U) (w0� k ∈ N(z,B(z, ǫ)), �./ d(x, T kx) ≤ d(x, z) + d(z, T kz) + d(T kz, T kx) < 3ǫ), 6x x p-7I� �D�>A 3.2.2, �.WL�::�MnbYI M �Pp-7MnbYIÆ�T�A��::�MnbYw\I~?-Wx���83L	����.}Kx?-W�C`
ǫ > 0, T ~p[W x � Lyapunov ǫ r�!� x�w x I0�u= U , .[W y ∈ U4 n ≥ 0 lG d(T nx, Tny) > ǫ; T ~p[ x 
r�! x�.[ ǫ > 0 lG T [ x �p
Lyapunov ǫ W~`I�8f�Pp��W~`I�~$�gRWQ1�.[~? ǫ > 0 lG1/Wix ǫW~`I�;w6�U�P�xxQGC1�I�6�$e�P8p��W~`I�a.[~? ǫ > 0 lG1/Wix ǫ W~`I�x�x��83I`�� CPa�!6 3.2.3 *^�Z= (X,T ){& �Y(B� �WA< ǫ > 0�Nhz� δ > 0( x ∈ XU;`NGL y ∈ B(x, δ) ( n ∈ N 7x d(T nx, Tny) > ǫ.



` v f _ � Q . � S 59 zU�C Rd�zs. Ellis �x�6 §3.2 P1Rd�z.2VB��.^-C~?�U�Pu$x��83I�u$�x:�MnbYI�x�x1yI Auslander-Yorke ��`Q����.6�#CMnbYWI1{�w k ∈ N, ~
Gk = {x ∈ X :.[ x Iu= U lGw0� y ∈ U/ d(T nx, Tny) <

1

k
,∀n ∈ Z+}.a Gk p,1�� T−1Gk ⊆ Gk. D�`��V� ∞⋂

k=1

Gk p#CMnbYW1�!� 3.2.4 Æ Auslander-Yorke mu\�� 
 (X,T ) JD℄8VOZ=�}" (X,T ) JO0Q�yO��Q�yXI-8VXIS+�qlJ0<O Gδ I�5�O�GiO0Q�yZ=JQ�yO�}" (X,T ) 9&Q�yX���J1UA�O�"�GiZ=}"��Q�yO�w�1UA�O�W)�S (X,T ) p:�MnbYI�) Gk I`�� ⋂∞
k=1Gk 6= ∅ p#CMnbYW1��p Gk p�:,I	4 T−1Gk ⊆ Gk, �.D��UL�/ Gk p�0I�6x ⋂∞

k=1Gkp`7IÆ residual ��w0� x ∈ TransT , S nk ∈ Z+ lG T nkx ∈ Gk. 6x x ∈ T−nkGk ⊆ Gk, ��
TransT ⊆

⋂∞
k=1Gk. 	
S x ∈ ⋂∞

k=1Gk. )F>A� ω(x, T ) = Ω(x, T ). )6 X �U�1	 Ω(x, T ) = X. 6x ω(x, T ) = X, 6 x ∈ TransT .}7v�WL�:��lvA�� �

1986 U Devaney[Devaney1989] 	��83LptB`�o~M&uI�[�!6 3.2.5 *Z= (X,T ) J Devaney Zs�, }"17x�℄�:�
1. (X,T ) �8VO�
2. T OgaX< X `0<�
3. (X,T ) {&1UA�r�uhF�F5IHYRWxk\I�Banks �GlasnervWeissM.�:o (1)+(2)⇒

(3), 6�UI)zW�0I�)z�P /��83L [Banks etc.1992, Glasner-Weiss1993]; uhF Glasner v Weiss �:oG�Iv��2.�:�UI-7W�0I�)z�P /��83L [Glasner-Weiss1993, Akin etc.1996]. �5�.^�:G�:Iv��V [Huang-Ye2002b].+m 3.2.6 (1) �� Banach 8V (N(U, V ) {&M�� Banach <O8VZ=) OO0Q�yZ=JGiQ�yO�
(2) O0Q�yOD℄��Z=JGiQ�yO�W)�S (X,T ) p:�MnbYI�a.[:�MnbYW x0. w0� ǫ > 0, ~ U =

B(x0, ǫ). )`�.[ δ > 0, lGw0� x, y ∈ B(x0, δ) / d(T nx, Tny) < ǫ
2 ,∀n ∈ Z+. 6x�/ N(x0, U) ⊇ N(B(x0, δ), B(x0, δ)).8f (X,T ) p_uKVI�a N(x0, U) p syndetic I�)6 ǫ 0��1	 x0 p-7I��p x0 p�UW�1	�P-7 (`Q 1.3.5).
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U�C Rd�zs. Ellis �x�6 §3.2 P1Rd�z.2VB�8f�PpF* Banach �UI�aM�6F5���\� δ1 > 0 lG
N(x0, B(x0, δ))) ⊇ N(B(x0, δ1), B(x0, δ1)). 6x/

N(x0, U) ⊇ N(B(x0, δ), B(x0, δ)) ⊇ N(B(x0, δ1), B(x0, δ1))−N(B(x0, δ1), B(x0, δ1)),6x N(x0, U) p syndetic IÆ\� 2.5.5), D� x0 p-7W� �v 3.2.7 tGiO E Z=Æql M Z=� P Z=�J1UA�O�W)��Q�: E �Pp_uKVI�6 syndetic �UI�V`Q 2.6.5. �5�.?K|~$���S U, V p X I�:,1� µ p X  /#�|IWIin�~ W =
⋃
n∈Z+

T−nU , a
µ(W ) = a > 0. )6 X �U�1	 O = W ∩ V 6= ∅ 4 µ(O) = b > 0.\� N ∈ N lG µ(

⋃
n≤N T

−nU) > a− b
2 . )6 µ pWIin�w0� j ∈ Z+ /

µ(T−j(
⋃

n≤N
T−nU)) = µ(

⋃

n≤N
T−nU) > a− b

2
.6x T−j(

⋃
n≤N T

−nU) ∩ V 6= ∅. xr N(V,U) p	 N pN"I syndetic 1�6 (X,T )p_uKVI� �`Q 3.1.3 �:MnbY�PI*?W��~�I[[�#��.^�:w:�MnbY�Px/M�I�3����.}K5LI-W�!6 3.2.8 
 n ∈ N, *Z= (X,T ) J n C�� �W-FZ= (Xn, T (n)) O:ÆX`�<}X�* (X,T ) J LC�� �Whz�ty% n, Z=J n 	rO�* (X,T ) J C�� �WA< ni → ∞ �N T ni hX� *-<�� id; l* (X,T ) J 0ZC�� �WA< ni →∞ �N T ni �Z� *-<�� id.x:?-WxW~rI�5L;Wx~�5LIZ?8��S X = {reiθ : 0 ≤ θ ≤
2π, r = 1 − 2−n, n = 1, 2, · · · $ r = 1}. = |z| = 1 − 2−n e�`� Tz = ze2πi·

1
2n ; = |z| = 1e�`� Tz = z. � nk = 2k, �n� (X,T ) p5L;Wx~�5LI�uhF�.[-7I5L;Wx~�5LIZ?�;x$Z?;jAL�eV [Glasner-Maon1989].S X p�5 T = R2/Z2,T : X → X, (x, y) 7→ (x+α, y+x),} αp�Q��4	n�4x-7?5LIÆ�T�A��;x4Wx5LI��a.[Wr {nk} lG T nk ,W�d6}N N id. D� T n(x, y) = (x+ nα, y + nx+ [n(n− 1)/2]α), w*? x / nkx→ 0.xxW4QI�1	 (X,T ) p-7?5L;Wx5LI�P�w6) X C X F#CbYo�I1{ C(X,X), [}F�nl�

D(f, g) = sup
x∈X

d(f(x), g(x)).D�$`�� (X,T ) p~�5LI=��=w0� ǫ > 0 .[ n ∈ N lG D(T n, id) < ǫ.9� 3.2.9 
 (X,T ) J 1 	rO^�Z=ÆM:ÆX`�<}X��� T J7�l:Æ��IJ���O(j��O�
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 (X,T ) J 2 	rO^�Z=��
(1) T J<X�
(2) hz� x ∈ X & ω(x, T−1) ⊆ ω(x, T );

(3) dh*# dT ,T JQ|O�W)�(1)��)�Q 3.2.9� T p�N�S T (x) = T (y),)6 T p 25LI�.[ ni → +∞lG (T × T )ni(x, y)→ (x, y). �p T (x) = T (y), 1	 (T × T )ni(x, y) ⊆ ∆. 6x�/ x = y,6 T p8N�
(2) S x ∈ X, a) ω(x, T ) p�WII	4�Q 3.2.9 �4xp&WII�)6 x ∈

ω(x, T ), 1	 T−1x ∈ T−1ω(x, T ) ⊆ ω(x, T ), �� ω(x, T−1) ⊆ ω(x, T ).

(3) Sw x, y ∈ X, .[ ni → +∞ lG (T nix, Tniy) → (x, y). 6x�G dT (Tx, Ty) ≥
d(x, y). 4)6 dT (x, y) = sup{d(x, y), dT (Tx, Ty)}, 1	�.�/ dT (x, y) = dT (Tx, Ty). �!� 3.2.11 
 (X,T ) J�Z	rOZ=��

(1) T b\<z�rZ=�{J�Z	rO�hz� n ∈ N Z= (Xn, T (n)) ( (X,T n)	��Z	rO�
(2) T J<X�lZ= (X,T−1)	J�Z	rO�����}" T ni → id,K8 T−ni →

id;

(3) hz� x ∈ X & ω(x, T ) = ω(x, T−1), *� TransT = TransT−1;

(4) # dT ( dT−1 < X ��Z��ldh*1; T JQ|O�W)�(1) �T�A� (2) )�Q 3.2.10 � T pNd�3�CwNd/ D(T n, id) =

D(T−n, id),∀n ∈ Z+, �.�/$v��
(3) )�Q 3.2.10 I (2) �./ ω(x, T−1) ⊆ ω(x, T ). )6 T−1 xp~�5LI�1	Nr/ ω(x, T ) ⊆ ω(x, T−1).

(4) )�Q 3.2.10 I (3),T &w6 dT pM"I�6x T−1 &w6 dT xxM"I�w0� k ∈ Z+, �./ dT (x, y) = dT (T−kx, T−ky). 6x
dT (x, y) = sup

k∈Z+

dT (T−kx, T−ky) ≥ sup
k∈Z+

d(T−kx, T−ky) = dT−1(x, y).6 dT ≥ dT−1 . �p T−1 p~�5LI�NQGC dT−1 ≥ dT . ��5�.�::�MnbY�Pp~�5LI��� /F5I1/L���.�C�~?lI�:�*�[C�:�MnbYLI~:ML>AINeYC�|~?�:�+m 3.2.12 }" (X,T ) JO0Q�yZ=�� (X,T ) J�Z	rZ=�W)�S x0 p X IMnbYW�C` ǫ > 0, .[ δ > 0 lG d(T nx0, T
ny) < ǫ

2 w*?
n ∈ Z+ v y ∈ B(x0, δ) �\�� (X,T ) �U�.[�UW x1 ∈ B(x0, δ). S k ∈ Z+ �G
T kx1 ∈ B(x0, δ), aw*? n ∈ Z+ /

d(T n+kx1, T
nx1) ≤ d(T n(T kx1), T

nx0) + d(T nx0, T
nx1) < ǫ.



` v f _ � Q . � S 62 zU�C Rd�zs. Ellis �x�6 §3.2 P1Rd�z.2VB��p x1 p�UW��./ d(T kz, z) ≤ ǫ w*? z ∈ X �\���h�Wr ǫi → 0, LhF5I:��.QqCA*�Wr ki lG T ki ~��d6 X FI}N N� �9� 3.2.13 
 (X,T ) J8VZ=l x ∈ TransT . 
 ǫ, δ > 0, �℄�F8Q[�
(1) }" y ∈ X 7x d(x, y) < δ, � d(T kx, T ky) ≤ ǫ,∀k ∈ Z+;

(2) }" n ∈ Z+ 7x d(x, Tnx) < δ, � d(T kx, Tn+kx) ≤ ǫ,∀k ∈ Z+;

(3) }" n ∈ Z+ 7x d(x, Tnx) < δ, � d(y, T ny) ≤ ǫ,∀y ∈ X.W)�(1) ⇒ (2) : (3)⇒ (2) ����5�: (2)⇒ (3) : (2)⇒ (1).

(2) ⇒ (3): ) (2),d(y, T ny) ≤ ǫ w1/ y = T nx �\�D�bYL�FWMpw1/
y ∈ ω(x, T ) = X �\�

(2)⇒ (1): �` k ∈ Z+. ) (2), w�G d(x, y) ≤ δ I y = T nx / d(T kx, T ky) ≤ ǫ. )6w0��G d(x, y) < δ I y pD:�G d(x, Tnix) < δ I T nix I-"�D�bYL�/
d(T kx, T ky) ≤ ǫ. �!� 3.2.14 
 (X,T ) J8VZ=l x ∈ TransT . ��℄F8Q[�
1. (X,T ) JO0Q�yO�
2. x JQ�yX�
3. hz� ǫ > 0, A< δ > 0�N}"h i ∈ Z+ & d(T ix, x) < δ, K8w& d(T i+jx, T jx) ≤
ǫ,∀j ∈ Z+.

4. }"w% {ik} ⊂ Z+ 7x lim
k→∞

T ikx = x, K8< C(X,X) `w& lim
k→∞

T ik = id ,��
5. # d ( dT < TransT �(KD℄Q[�
 (X,T ) JO0Q�yOZ=�� T < (X, dT ) �JQ|O�l (TransT , dT ) JG�O�>�Z=J�OOl (X,T−1) 	JO0Q�yO��l TransT = TransT−1 K
dT = dT−1.W)�R 1 HCR 4 HI&�ML)�Q 3.2.13 GC� (1)⇒ (5) )`�6G�	��:
(5) ⇒ (3). w0� ǫ > 0, )6 d, dT [ TransT FML�.[ δ > 0 lGw�G d(x, y) < δI y ∈ TransT / dT (x, y) < ǫ, 6 d(T kx, T ky) < ǫ,∀k ∈ Z+. =PP�� y = T nx �G
d(T nx, x) < δ, 6x�/ d(T nx, Tn+kx) < ǫ,∀k ∈ Z+.D�R 4 H�:�MnbY�Pp~�5LI��.^�: (TransT , dT ) pd5IÆ�p�A���`�Iv�)`Q 3.2.11 6G� �ae 3.2.15 �|l���Z	r��O0Q�yZ=5&Or^� WK w%�3$�Z%�Z	rO�r�`�kJO0Q�yO��kJ1UA�O�#* WK w%?$fu��\Zx�.�{9o�_ [Akin etc.1996]. *Fu�5�W3O���V�:A<GiO�Z	rO�?+Z= [Glasner-Maon1989].	 l 3.2

1. �9�}>�T�O7eo��V}_H�`-Z}> ǫ > 0 kF0.Vhw ǫ V}_H�
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2. R (X,T ) od℄�O� x ∈ X . `��=�LK�

(1) x oLmaXV�
(2) (x, x) o (X ×X,T × T ) HLmaXV�
(3) ω((x, x), T × T ) = Ω((x, x), T × T );

(4) Ω((x, x), T × T ) ⊆ ∆.

3. R (X,T ) o9�LmaXHd℄�O�` (X, dT ) o4HQ� TransT %v5 dT w�0�
4. ~�k�9�7e (X,T ) o9�LmaXH P �O�` (X,T ) o.!(yb�
5. ~#=� 3.2.2 H (3) �9�7e (X,T ) o9�LmaXH M �O�` (X,T ) o,6LmaXH�
6. d℄�O (X,T ) o�TH<��<v ∀x ∈ X h�[ Ω(x, T ) = X .

7. R X o�4 T = R2/Z2,T : X → X, (x, y) 7→ (x + α, y + x), |� α o�P���9� (X,T ) w,6>4KH�
8. �9�P 3.2.9.

9. �9_P 3.2.11 H (1).

§3.3 Ellis eG[87r�.}K_ue^�PI~?�/^IH —Ellis *(Q�� Ellis *(Q���x) Ellis\\I [Ellis1960, Ellis1969],[ Ellis�Furstenberg�Veech �Auslanderv Glasner M.Ie:� Ellis *(���i�p�r��I~;Q� (Y6 Ellis *(I�i4e- [Auslander1988, Ellis1969, Glasner1976, Veech1977, Vries1993]).	��.�C� Ellis *(I`��+*�.�C�T$*(p Z+ I�G�;w~$T$(Æ*(��:�xd#M�I�S (X,T ) pe^�P��.0	 XX = {f |f : X → X pA N}, R!8 XX �*_u�1/G8 U(x1, x2, · · · , xk;U1, · · · , Uk) = {f ∈ XX : f(x1) ∈ U1, · · · , f(xk) ∈ Uk}Æ} 
U1, U2, · · · , Uk p X I�:,?1�I1{2Ao XX I�*_u�) Tychonoff `Q�[�*_u� XX p�� Hausdorff :N�w f, g ∈ XX , ) fg(x) = f(g(x)) 4	`�#{ N fg : X → X. [#{S)� XX p*(��G�wW`I f0 ∈ XX  N f → ff0 pbY N�8f f0 : X → X pbY N�a N f → f0f pbY N�=PP�w6 T �g N f → Tf x XX FIbYA N�pG=��.l?$ Np T : XX → XX . xr�4	^ (XX , T ) }p~?e^�P�u3�Ix6G X x�nl:N�~$���
XX xWpnl:N��$� XX I_u$gI-W (V [Kelley1955]) ENrGpG�C`e^�P (X,T ), S G = {T n : n ∈ Z+}. �.A*P4	^ G}p XX I?1�~ E(X,T ) p G [ XX  IA.��.~ E(X,T ) p (X,T ) I g#eG(/ex~
p
Ellis eG), ~$x?
p E(X). �/



` v f _ � Q . � S 64 zU�C Rd�zs. Ellis �x�6 §3.3 Ellis �x+m 3.3.1 E(X,T ) J XX OoZ Hausdorff r�wl (E(X,T ), T ) J^�Z= (XX , T ) OrZ=�W)�)6 G = {T n : n ∈ Z+} [ T T$�pWII�1	}A. E(X,T ) xx T T$�WII�6x (E(X,T ), T ) pe^�P (XX , T ) I?�P�S p, q ∈ E(X,T ), a.[g Tαi ⊆ G lG Tαi → q. 6x pTαi → pq. �p pTαi ∈
E(X,T )Æ8fg T βj ⊆ GlG T βj → p. �p Tαi bY�1	 limj T

βjTαi → pTαi ∈ E(X,T ).)	4 E(X,T ) pA1�1	 pq ∈ E(X,T ). )� E(X,T )2 = E(X,T )E(X,T ) ⊆ E(X,T ). 6x
E(X,T ) p XX I� Hausdorff ?*(� �e^�P (E(X,T ), T ) x~?W�UI�P�4	 id p�UW�

orb(id, T ) = {T n : n ∈ Z+} = E(X,T ).~$�g E(X,T ) Wp�UI�+m 3.3.2 
 (X,T )J^�Z=�I Jt�I+�}" (XI , T )J-F�\�K8 (E(X), T )- (E(XI), T I) �<�O�W)��T�A� �.�*(I~?%LL[6$Mp5Do-"N/�+m 3.3.3 
 (X,T ) J^�Z=K x ∈ X, � E(X,T )x = orb(x, T )W)�S y ∈ orb(x, T ), a.[ {ni} ⊆ Z+ lG T nix → y. WÆSg T ni → ξ ∈ E(X,T ). 6x),W�d`� T nix→ ξx. �p:Np T2 I�1	 y = ξx ∈ E(X,T )x. 6x�.GC
orb(x, T ) ⊆ E(X,T )x. 	
M�4�� �+m 3.3.4 
 (X,T ), (Y, S) J^�Z=� π : (X,T )→ (Y, S) J�r����A<I�O�Æ�w<4 φ : E(X,T )→ E(Y, S) �Nhz� x ∈ X, p ∈ E(X,T ) & π(px) = φ(p)π(x).W)�S φ : {T n : n ∈ Z+} → {Sn : n ∈ Z+}, T n 7→ Sn, } {T n : n ∈ Z+}, {Sn : n ∈ Z+}�P�) XX v Y Y 2AI_u�6x φ p~�bYI�)�4	bYDoC) E(X,T )C E(Y, S) IbY N��.4?x? Np φ, ��:46p1��)6 π �G π(T nx) = Sn(π(x)) = φ(T n)π(x), ∀n ∈ Z+, �./ π(px) = φ(p)π(x),∀x ∈
X, p ∈ E(X,T ). |b) π(pqx) = φ(p)π(qx) = φ(p)φ(q)π(x) 4 π(pqx) = φ(pq)π(x) �
φ(p)φ(q)π(x) = φ(pq)π(x). �p π p�N�1	 φ(pq) = φ(p)φ(q). N�) {T n : n ∈ Z+} [
E(X,T )  �0� φ n~� �~$[W�6�5I�����.[:�e�^� φ, �l^ E(X,T ) IB"T$[ (Y, S) F�[DY:�
���.�^F5.�*(IL�?e�E�[Gp~$I�?�}K~:-W:v��S E p~?*(� u ∈ E ~p '�E x� u2 = u. �.$ Id(E) ?
E I#C2MBL�I1{� E I�:?1 L ~p E I p�� (?��), 8f EL ⊆ L
(RE ⊆ R). 8f~??1ApQQ+4p1Q+�a~
p ��. w6 E IQQ+ L, 8



` v f _ � Q . � S 65 zU�C Rd�zs. Ellis �x�6 §3.3 Ellis �xfW.[ E I�:QQ+ J �G J $ L, �.�~ L p E I `�p��. Nr`� `�?�� : `���.!6 3.3.5 �ÆI+ E }"7x�℄:a��*SJ Ellis eG �
i) E J�w�
ii) E JoZ Hausdorff �\�
iii) hz� p ∈ E, �� Rp : E −→ E, q 7−→ qp J�yO�S (X,T )pe^�P��VF5I.�*( E(X,T )p Ellis*(�|~?rVI Ellis*(IZ?p O>eG H(X,T ),4`�p {T n}[ XX  I-"W#C�6 H(X,T ) =

∞⋂
m=1
{T n : n ≥ m}.+m 3.3.6 
 (X,T )J^�Z=�� H(X,T )J Ellis�w�l (H(X,T ), T )J^�Z=�)} x ∈ X, � H(X,T )x = ω(x, T ).�5p/<I Ellis-Namakura `Q .!� 3.3.7 (Ellis-Namakura \�) }" E J Ellis �w��< E `�&=Q1�W)�~ A = {N ⊆ E : N 6= ∅,N = N,N ·N ⊆ N}. 6�-� A �:��G Zorn �QIHY�6xD� Zorn �Q�[.jY�x?*W�/-7B M ∈ A.S w ∈ M . �p M ⊇ Mw = Rw(M) ∈ A 4 M p-7I�1	/ Mw = M . 6x

Q = R−1
w (w) ∩M = {q ∈ M : qw = w} 6= ∅. 4) Rw bY� R−1

w (w) pA1�1	�/
Q ∈ A. ;x Q ⊆ M , ) M I-7L�/ Q = M . 6x w ∈ M = Q, xr�GC w2 = w.DF� Id(E) Wp:1� �

Ellis-Namakura`Q�:w Ellis*( E,}2MB1{ Id(E)�:��.4	[ Id(E) �:*W (6A	��UIY�)<R . 8f uv = v a`� v <R u. 8f v <R u � u <R v,H$�.~ u v v pMLI�?p u ∼R v. NrI��.4	`�*W <L p� v <L u=��= vu = v, *�M�`�MLY� ∼L. 2MB u ∈ Id(E) ~p `�� x�[*W
<R �p-7�68/ v ∈ Id(E) lG v <R u, H$C/ u <R v. Nr`� `�'�E.9� 3.3.8 (1) 
 L J Ellis �w E O~�el u ∈ Id(E). K8A< Lu `H=Q1 v �N v <R u l v <L u.

(2) �Æ=Q1JGiOIlpI1�#<HGi~�e`�W)�(1) ��3�C Lu4pQQ+���p*(�) Ellis-Namakura`Q�.[ w ∈ Lup2MB�~ v = uw, a/ v ∈ uLu ⊆ Lu 4 v2 = uwuw = uww = uw = v. |b$e6�-��.�/ vu = v 4 uv = v, 6 v <R u � v <L u.

(2) S u p-72MB� L p-7QQ+�) (1) [ Lu  .[2MB v lG v <R u.)6 u p-7I�)`��./ u <R v. 6x u = vu ∈ Lu. �p Lu �x-7QQ+ (V�A), 1	�.�Gv��	
�S L p-7QQ+� u ∈ Id(L), �� u -7�~ v ∈ E p0~�G v <R u I2MB�) (vu)(vu) = vvu = vu, vu xx L I2MB��p L -7��./ L(vu) = L.6x.[ p ∈ L lG pvu = u. �$�./ vu = (uv)u = u(vu) = p(vu)(vu) = pvu = u, 6
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u <R v. D�-7I`�� u p-7I� �v 3.3.9 
 L J Ellis �w E O~�el u ∈ Id(L). K8A< L `Gi=Q1 v �N
v <R u l v <L u.W)�S H p E  0�-7QQ+�)�Q 3.3.8(1).[ Hu D2MB v lG v <R u�
v <L u. )6 H -7�1	 Hu-7���)�Q 3.3.8(2), v -7��� v ∈ Hu ⊆ EL ⊆ L.

�!� 3.3.10 
 E J Ellis �wl c ∈ Id(E). K8A<Gi-GB=Q1 u ( v �N
u <R c <R v.W)�)\Q 3.3.9 .[-72MB u lG u <R c. �.�Q�:1FIY��S {ci} p
Id(E)  �G c <R ci I#W?1�} {ci} pg��WÆS ci → r ∈ E. awW`I i, 8
ci <R cj , 6/ cjci = ci, �� rci = ci. S H = {q ∈ E : w1/ ci / qci = ci}. )F��.� H p�:A?*(�6x) Ellis-Namakura `Q H .jo2MB s. �V/Y�p
c <R ci <R s. )�D� Zorn �Q.[-32MB v lG c <R v. ��5�.�C.�*(E��.w E(X,T ) IQQ+/|qI6��+m 3.3.11 
 (X,T ) J^�Z=�� E(X,T ) Ot�rI I J E(X,T ) O~
�eIlpI1J (E(X,T ), T ) OrZ=�l I J E(X,T ) OGi~�eIlpI1J (E(X,T ), T )OGirZ=�5�S� E(X,T ) OGi~�eJ
I�W)�? E = E(X,T ). S I p (E , T ) I?�P�a I pAI� TI ⊆ I. H$

EI = {T n : n ∈ Z+}I ⊆ {T n : n ∈ Z+}I ⊆ I = I.1	 I pQQ+�8 I p (E , T ) I-71�a4pQQ+�S K ⊆ I p�:Q+�S
p ∈ K,q ∈ I, a q ∈ I = orb(p, T ) = {T n : n ∈ Z+}p. �g {T nα} ⊂ {T n : n ∈ Z+} lG
T nαp→ q. WÆS T nα → ξ ∈ E , a q = ξp ∈ EK ⊆ K. 1	 I ⊆ K. ���/ I = K. 1	
I p-7QQ+�8 I p E(X,T ) IQAQ+�a�V4p (E(X,T ), T )) I?�P��S I p-7QQ+�w0� p ∈ I, ) Ep ⊆ EI ⊆ I 4 E(Ep) ⊆ Ep, �./ Ep = I. D� E I`� (Rp bY),

I pAI�)� I = Ep = {T n : n ∈ Z+}p. DF�GC I p (E , T ) I-7?�P� �v 3.3.12 
 F J E(X,T ) O
~�eÆQ[O� F J (E(X,T ), T ) Ot�
��rI��� F ��#Gi~�e�+m 3.3.13 
 (X,T ) J^�Z=�l I J E(X,T ) Oz�s\OGi~�e��
(1) hz� x ∈ X, Ix JGiI�
(2) h x ∈ X, x JGiXIlpIA< u ∈ Id(I) �N ux = x.W)�(1) S π : (E(X,T ), T ) → (X,T ), p 7→ px, a4pN8�� Ix p I IN8/A*xp-71�
(2) S x p-7W�a Ix p.j x I-71�)6 x ∈ Ix, F = {p ∈ I : px = x} 6= ∅.4�V F pA*(�) Ellis-Namakura `Q�[ F �2MB u, a/ ux = x.
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�8.[ u ∈ Id(I) lG ux = x, a x ∈ Ix. � Ix x-71�1	 x -7� �S (X,T ) pe^�P� d p X Inl�Ww (x, y) ∈ X ×X ~p proximal � x�
lim inf
n→+∞

d(T nx, Tny) = 0. �.^#C proximal wI1{?p P (X,T ).+m 3.3.14 
 (X,T ) J^�Z=� x, y ∈ X, ��℄Q[�
1. x, y J proximal O�
2. A<HÆ p ∈ E(X,T ) �N px = py;

3. A< E(X,T ) OHÆGi~�e I �Nhz� p ∈ I,px = py ,��W)�(1) ⇒ (2) )`�.[ {ni} ⊆ Z+ 4 z ∈ X lG T nix → z � T niy → z. WÆSg
{T ni} �d�� T ni → p ∈ E(X,T ). 6x�/ px = z = py.

(2)⇒ (1) S.[ p ∈ E(X,T ) lG z = px = py. Sg {T nα}α∈D lG T nα → p. ).�*(I`��.[Wr {ni} ⊆ {nα} lG T nix→ px = z � T niy → py = z. 6x x : y p
proximal I�

(2) ⇒ (3) ~ F = {p ∈ E(X,T ) : px = py}. ) (2),F 6= ∅. 4�V F pAIQQ+�)\� 3.3.12 � F .j-7QQ+ I.I 6p1��
(3)⇒ (2) �*� �+m 3.3.15 
 (X,T ) J^�Z=��
(1) }" x ∈ X l u ∈ Id(E(X)), � x, ux J proximal O�
(2)(Auslander-Ellis) }" x ∈ X, �< M
�`A<GiX x′ �N x, x′ J proxi-

mal O�
(3) }" (X,T ) JGiO�� x, y J proximal OIlpIA<Gi~�e I K u ∈

Id(I) �N y = ux;W)�(1) �*�
(2) S I p E(X,T ) I-7QQ+�� v ∈ Id(I), a x′ = vx ∈ Ix 6p1��
(3) S x, y p proximal I�H$D�>A 3.3.14, .[~?-7QQ+ I lGw0�

p ∈ I / px = py. 8f X p-7I�a) Iy p-7I�/ Iy = X. )� y ∈ Iy. 6x
F = {p ∈ I : py = y} p�:*(�1	.[ v ∈ Id(I) lG vy = y. 6x/ y = vy = vx. �+m 3.3.16 
 (X,T ) J^�Z=��

(1) hz* x ∈ X, 1J<}XIlpIA<=Q1 u �N x = ux;

(2) 
 x J<}X��< M
�`A<- x proximal OGiX y, l:7x (x, y)J (X ×X,T × T ) O<}X�W)�(1) 8 x p�#W�a.[ p ∈ E lG px = x. 6x F = {p ∈ E : px = x} p�:A?*(�6x} .[2MB u �G x = ux. 	
�*�
(2) )6 x p�#W�.[2MB u lG ux = x. �-72MB v lG v <R u. ~

y = vx, a
u(x, y) = (ux, uvx) = (x, vx) = (x, y),

v(x, y) = (vx, vy) = (y, y).
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�N���.�:/<I Hindman `QEv�87r�~?1{ S ~p \�b x� .[�P (X,T ), W x, y ∈ X lG x proximal 6-7W

y, �.[ y Iu= U lG N(x,U) ⊆ S.!� 3.3.17 z*`nI�#$�Æ IP I�W)�S (X,T ) pe^�P� x ∈ X,y ∈ X -7R� x, y p proximal I�4S U p yIu=lG S ⊇ N(x,U). �5�.aJP`� y Iu=r {Un}∞n=1 	4 pi ∈ Z+ lG
FS({pi}∞i=1) ⊆ S. ��-~?ug�,, w y I0�u= V , .[ n ∈ Z+ lG T nx, Tny ∈ V .g�OC�)>A 3.3.15 .[ E(X,T ) I-72MB u lG ux = uy = y. Sg {T nα}α∈DlG T nα → u. )`�.[ α0 ∈ D, α > α0, T

nαx, Tnαy ∈ V . =PP�.[ n ∈ Z+ lG
T nx, Tny ∈ V .~ U1 = U , )ug.[ p1 lG T p1x, T p1y ∈ U1. ~ U2 = U1 ∩ T−p1U1, �V U2 p y Iu=�D�ug.[ p2 lG T p2x, T p2y ∈ U2, ~ U3 = U2 ∩ T−p2U2. aJP��.GC yIu=r {Un}∞n=1 	4 pi ∈ Z+ lG Uk+1 ⊆ Uk,T

pkUk+1 ⊆ Uk � T pkx, T pky ∈ Uk. �5n� FS({pi}∞i=1) ⊆ S.~ i1 < i2 < · · · < in, a
T pi1

+pi2
+···+pinx ∈ T pi1

+pi2
+···+pin−1Uin ⊆ T pi1

+pi2
+···+pin−2Uin−1 ⊆ · · · ⊆ T pi1Ui2 ⊆ Ui1 ⊆ U.6x pi1 + pi2 + · · ·+ pin ∈ S, �� FS({pi}∞i=1) ⊆ S. 1	 S .jo~? IP 1� ��[�.4	�: Hindman `Q�!� 3.3.18 (Hindman \�) h Z+ Oz�&b\u�`�&��#HÆ IP I�W)�S Z+ = B1∪B2∪· · ·∪Bn,)`Q 3.3.17�.�Q�:.[ Bj lG4p B1�0	

n�s�P Ω = {1, 2, · · · , n}Z,w ω ∈ Ω`� σω(j) = ω(j+1). ~ ξ �Gw n ≥ 0/ ξ(n) = i=��= n ∈ Bi. �-7W η ∈ Ω : ξ proximal. S η(0) = j, a U = {ω ∈ Ω : ω(0) = j} p
η Iu=�6x S = {n : σnξ ∈ U} p B1�)6 σnξ ∈ U =��= σnξ(0) = j =��=
ξ(n) = j =��= n ∈ Bj , 1	 S ⊆ Bj . 6x Bj p B1� �	 l 3.3

1. �9=� 3.3.2.

2. �9=� 3.3.6.

3. R I o Ellis )' E H,6PP*�`v/Æ p ∈ E,IP 3o,6PP*�
4. #��B�n,6PP*HuP�R I o Ellis )' E H,6PP*�`�

(1) v/Æ p ∈ I, . Ip = I;

(2) v/Æ u ∈ Id(I), p ∈ I, . pu = p;



` v f _ � Q . � S 69 zU�C Rd�zs. Ellis �x�6 §3.4 distality P�R
(3) 7e u ∈ Id(I), p ∈ I �F up = u, ` p ∈ Id(I);
(4) R u ∈ Id(I), ` uI o� u o7wAH'�
(5) v/Æ p ∈ I, -Zm} u ∈ Id(I) kF up = p;

(6) R u, v ∈ Id(I) � p ∈ uI, `-Z r ∈ I kF rp = v 9 pr = u �[�
(7) I =

⋃
u∈Id(I) uI;

(8) 7e u, v ∈ Id(I) � u 6= v, ` uI ∩ vI = ∅.

5. v)'4 
}#V�[�:�-.�R I o Ellis )' E H,6PP*�7e p ∈ E u q, r ∈ I�F qp = rp, ` q = r.[6��R s = pq ∈ EI ⊆ I, ` qs = qpq = rpq = rs. � v ∈ Id(I) kF
vs = s. R a o s Z' vI �S�5 sa = v. 5w q = qv = qsa = rsa = rv = r.]

6. R I1, I2 o Ellis )' E H,6PP*�7e u1 ∈ Id(I1), G#-Zm}H u2 ∈ Id(I2) kF
u1 ∼R u2. [6��(5 EI2u1 ⊆ I2u1 3 I2u1 ⊆ EI1 ⊆ I1, 3U I2u1 o I1 H>P*�:( I1H,6K��-. I2u1 = I1. 0�-Z u2 ∈ I2 kF u2u1 = u1. R#�� 5 �9m}K�3
u2 ∈ Id(I2). Xm� u1 ∼R u2.]

7. R (X,T ) od℄�O�` proximal X�oLKX�<��<-�)' E(X,T ) �-inm}}>,6PP*�
8. R (X,T ) od℄�O�7e proximal X� P (X,T ) o�H�G#3oLKX��
9. d℄�O (X,T ) o>4KH<��< id ∈ H(X,T ).

10. R π : (X,T )→ (Y, S) o�>�M��9v/ÆH y ∈ Rec(S), -Z x ∈ π−1(y) kF x ∈ Rec(T ).

§3.4 distality �?0w6~?�P�} I0yj?W,<eNI6�4.u$�[U|e�IGLELl
�u$4.^!I1	<~`I"O�=4.
6�~$��e�4�/j$88�~$x4.x[
I��|~$x4.[U|e��LEL
;Ne4ExQ[0�teN�1	~`"O��5�.[�^F;&IC�F5I6Æ�!6 3.4.1 
 (X,T ) J^�Z=� d J X �O#�Xh (x, y) ∈ X ×X *J proximal� �W lim inf
n→+∞

d(T nx, Tny) = 0; )}Xh7x lim
n→+∞

d(T nx, Tny) = 0, �*SJ jq (as-

ymptotic) �. }" x 6= y, K8 (x, y) *J S�. U;v9 proximal h(brhOI+u�SJ P (X,T ) ( Asym(X,T ).Xh (x, y) ∈ X2 }"�� proximal O�K8w*J distal �. Xh*J Li-Yorke. �W 1J proximal H��brO�l*SJ B Li-Yorke . �W 1J proximal O�lJ X2 `O<}X�U;v9 distal h� Li-Yorke h�Kj Li-Yorke hv9SJ
D(X,T ) � LY (X,T ) K sLY (X,T ).�ÆZ=}"9&JO proximal h (Li-Yorke h�j Li-Yorke h), w*SJ distal �
(dP distal �, e distal �).
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X ×X = P (X,T ) ∪D(X,T ) 4 P (X,T ) = Asym(X,T ) ∪ LY (X,T ).�V~?� Li-Yorke wCp Li-Yorke w�)`��~? distal �PCp:� distal I��~?:� distal I�PCp* distal I�	 3.4.2 1. Auslander-Floyd Z=J� distal O�H1& Li-Yorke h [Auslander1988].

2. Morse GiZ=JO0 distal H�� distal O�
3. Sturmian Z= (_Y8 1.3) 	�O0 distal H�� distal O��.[x~r-u6� distal �:� distal v* distal �P�R�M;4.I�N�Y6 distal �PI�~[L���.^[�~r:��S ∆n = {(x, y) ∈ X ×X : d(x, y) < 1

n}, �./	�uh�9� 3.4.3 
 Ak,n =
⋂+∞
i=k (T × T )−i∆n, �

1. Asym(X,T ) =
⋂∞
n=1(

⋃∞
k=1Ak,n),

2. P (X,T ) =
⋂∞
n=1(

⋃∞
k=1 (T × T )−k∆n),ae 3.4.4 l�L:Æ ∆n J�I� P (X,T ) J Gδ I�S E(X,T )p�P (X,T )I.�*(�? J = Id(E(X,T )) p E(X,T ) I#C2MB�� J0 p#C-72MBI1{�w A ⊂ X2 v x ∈ X, ~ A(x) = {y ∈ X : (x, y) ∈ A}. �./+m 3.4.5 
 (X,T ) J^�Z=�hz� x ∈ X U;&

J0x ⊆ Jx ⊆ P (x).}" (X,T ) J�FO (X `OX`�GiX), � P (x) = Jx = J0x.W)�)>A 3.3.15 �G� �W x ~p distal � x� P (x) = {x}. 8f�P (X,T ) *?Wix distal W�H$�Pp distal I��P (X,T ) ~p � distal � x��P .[ distal W� distal vW distal�P/|qIvQ��.^�[�5�Æ�+m 3.4.6 
 (X,T ) J^�Z=� x ∈ X. h�℄:a (1)⇒ (2)⇒ (3):

(1) x J distal X�
(2) Jx = {x};
(3) J0x = {x};5�O� distal XJGiO�}" (X,T ) J�FO�����:F8Q[�W)�)>A 3.4.5 ��� �!� 3.4.7 
 (X,T ) J^�Z=� x ∈ X. ��℄F8Q[�
(1) x J distal O�
(2) x J IP∗ <}O�
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(3) hz�=Q1 u & ux = x;

(4) hz�Z= (Y, S) �K`z�<}X y ∈ Y , (x, y) J (X×Y, T ×S) O<}X�W)�)>A 3.4.6,(1) : (3) ML��� (3) ⇒ (4). S (Y, S) pe^�P�� y ∈ Y p�#W��>A 3.3.16 .[2MB u lG uy = y. )HY (3),ux = x. 6x�.GC
u(x, y) = (ux, uy) = (x, y), )� (x, y) p�*:NI�#W�

(4) ⇒ (2): w0� IP 1 F , .[�P (Y, S), �#W y ∈ Y 	44Iu= V lG
N(y, V ) ⊆ F . w x I0�u= U , �p (x, y) p (X × Y, T × S) I�#W�1	

N(x,U) ∩N(y, V ) = N((x, y), U × V ) 6= ∅.'} N(x,U) ∩ F 6= ∅, 1	 N(x,U) p IP∗ 1�6� x x IP∗ �#I�
(2) ⇒ (1): 8f x Wx distal I�H$[ x IEA. .[-7W y 6= x lG x, yp proximal I��u= U, V �OW x v y. �p N(x, V ) p B1�D�`Q 3.3.17 4.j~? IP1�4)HY (2), N(x,U)p IP∗ 1�1	 N(x,U)∩N(x, V ) 6= ∅. x: U ∩V = ∅"z�1	 x p distal I� �!� 3.4.8 
 (X,T ) J^�Z=��℄�:r^�>Q[�
1. (X,T ) J distal Z=�
2. -F�\ (X ×X,T × T ) :�ÆXJGiX�
3. (E(X,T ), T ) JGiZ=�W)�(1) ⇒ (3) S (X,T ) p distal�P� I ⊂ E(X,T ) p-7QQ+�� u ∈ I p2MB�aw0� x ∈ X, (x, ux) p proximal w�� (X,T ) p distal �P� x = ux. )� u = id. �� E(X,T ) = E(X,T )u = I. �$� (E(X,T ), T ) = (I, T ) p-7�P�
(3) ⇒ (2) JS (E(X,T ), T ) p-7�P�w0� (x, y) ∈ X × X. S π :

E(X,T ) → orb((x, y), T × T ) �G π(p) = (px, py),∀p ∈ E(X,T ), a π p�? N��$
(orb((x, y), T × T ), T × T ) p-7�P�6 (x, y) p-7W�

(2) ⇒ (1) JS�*:N (X × X,T × T ) *~?Wp-7W�0� x 6= y, a
(orb((x, y), T × T ), T × T ) p-7�P�� orb((x, y), T × T ) ∩ ∆X 6= orb((x, y), T × T ) �
orb((x, y), T × T ) ∩ ∆X p X × X AIWI?1�1	 orb((x, y), T × T ) ∩ ∆X = ∅. )�
(x, y) p distal w� ��5�.6�:� distal :* distal �P�4	-�x�M�PI&�
��!� 3.4.9 
 (X,T ) J^�Z=��℄�:r^�>Q[�

1. (X,T ) JO0 distal Z=�
2. -F�\ (X ×X,T × T ) `:ÆXO ω GbIJGiO�
3. (H(X,T ), T ) JGiO�W)�(1) ⇒ (3) S (X,T ) p:� distal I�)6 (H(X,T ), T ) pe^�P�1	} .[-71 I ⊆ H(X,T ). S u ∈ I p2MB�aw0� x ∈ X, (x, ux) p proximal I��p (X,T ) p:� distal I�1	4.p[
I�6 px = pux,∀p ∈ H(X,T ). xr�.G
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(H(X,T ), T ) p-7I�

(3) ⇒ (2) JS (H(X,T ), T ) p-7�P�w0� (x, y) ∈ X × X. S π : H(X,T ) →
ω((x, y), T × T ) �G π(p) = (px, py),∀p ∈ H(X,T ), a π p�? N (>A 3.3.6). �$
(ω((x, y), T × T ) p-7�P�6 (x, y) p-7W�

(2)⇒ (1)S (x, y)p proximalI�a ω((x, y), T ×T )∩∆X 6= ∅. )6 ω((x, y), T ×T )-7� ω((x, y), T × T ) ⊆ ∆X . 6 (x, y) p[
I�)`�4Wp Li-Yorke w�)� (X,T )p:� distal I� �!� 3.4.10 
 (X,T ) J^�Z=��℄�:r^�>Q[�
1. (X,T ) J� distal Z=�
2. -F�\ (X ×X,T × T ) `:Æ<}XJGiO�
3. H(X,T ) `:Æ=Q1JGiO�W)�(1) ⇒ (3) S (X,T ) p* distal I�~ u ∈ H(X,T ) p2MB�)�Q 3.3.8, .[-72MB v ∈ H(X,T ) lG vu = uv = v. 6xw0� x ∈ X /

u(ux, vx) = (u2x, uvx) = (ux, vx),

v(ux, vx) = (vux, v2x) = (vx, vx).6� (ux, vx) p� Li-Yorke w�)6 (X,T ) p* distal I�1	 ux = vx. )6 x 0��
u = v. '}/ u p-7I�

(3)⇒ (2) JS (H(X,T ), T ) *?2MBp-7I�w0� (x, y) ∈ X ×X 8f4p�#W�a.[2MB u ∈ H(X,T ) lG u(x, y) = (x, y). )JS� u p-7I��� (x, y)xp-7I�
(2)⇒ (1)S X2 *?�#W-7�8 (x, y) ∈ X2p� Li-Yorkew��p4p proximalI�1	/ ω((x, y), T × T ) ∩ ∆X 6= ∅. 4)6 (x, y) �#� ω((x, y), T × T ) -7�1	

ω((x, y), T × T ) ⊂ ∆X . 6x x = y, )`�� (X,T ) p* distal I� �v 3.4.11 
 (X,T ) J^�Z=��
(1) }" (X,T ) J distal O�K8 (X,T ) :ÆXJGiO�
(2) }" (X,T ) JO0 distal O�K8 (X,T ) `:ÆXO ω GbIJGiO�
(3) }" (X,T ) J� distal O�K8 (X,T ) `:Æ<}XJGiO�v 3.4.12 z*8V� distal Z=Æql8VO0 distal Z=�JGiO�	 l 3.4

1. �9 sLY (X,T ) ⊆ LY (X,T ).

2. R P oK� distal �9� distal u) distal 	}�`
(1) �O (X,T ) �.K� P , `|/Æ�>�3>�Ow�.K� P .

(2) �O (X,T ) �.K� P , `|/Æm�)�O�3S,!�Ow�.K� P .
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3. R (X,T ) od℄�O�`��LK�

(1) (X,T ) o distal H�
(2) v0.%� n ≥ 1, (Xn, T (n)) o distal H�
(3) -Z%� n ≥ 1 kF (Xn, T (n)) o distal H�
(4) v0.%� n ≥ 1, (Xn, T (n)) o)7H�
(5) -Z%� n ≥ 2 kF (Xn, T (n)) o)7H�
(6) -�)' E(X,T ) o'�

4. /x distal �Oo>4KH�
§3.5 distality C�(Æ&�[F~r�.:�o distalI-W:~:6��[x~r�.^GpX:I� dis-

tal �P:MnbY�P� distal x?<~x) Gottschalk �:I�;xx?-WN\x) Hilbert[�XC5L(~?_u6�e?�I�)`��.6�\A�MnbY�P~`x distal I�~?P8I distal �MnbYIZ?xFaFIWM$[6�S D po5F8xFa��.[o5F�-WM (r, θ). `� T : D → D,T (r, θ) = (r, θ + r). a
(D,T ) p distal I;WxMnbYI�;xu�~?-7I distal ;WxMnbYIZ?uAL~:�6x=e..?�o~?_+�2p-7I�nl distal �PCpMnbYI�;x�E Furstenberg[Furstenberg1963] �`ox?_+���2�8�I��o�vI�P�C�o-7 distal �PIvQ`Q����.E-~?Z?�S X = {x = (ξ1, ξ2, · · · , ξn, · · · ) ∈ CN : |ξn| = 1, ∀n ∈ N} p�"r�5�� Xn =

{x = (ξ1, ξ2, · · · , ξn) : |ξi| = 1, ∀1 ≤ i ≤ n} n r�5�`� T : X → X,(ξ1, ξ2, · · · , ξn, · · · ) 7→
(eiαξ1, ξ1ξ2, · · · , ξn−1ξn, · · · ) 	4 Tn : Xn → Xn,(ξ1, ξ2, · · · , ξn) 7→ (eiαξ1, ξ1ξ2, · · · , ξn−1ξn), } α p π I�Q3��6�n� (X,T ) : (Xn, Tn),n ≥ 2 ix-7 distal ;WxMnbYI�P�w n ≥ 2,S πnn−1 : Xn → Xn−1, (ξ1, ξ2, · · · , ξn) 7→ (ξ1, ξ2, · · · , ξn−1). a (Xn−1, Tn−1) p (Xn, Tn) I-3 distal �?�6 πnn−1 p-3MnbYD��xr�.GC X IvQ�

{pt} ← X1
π2
1←− X2

π3
2←− X3 · · ·

πn
n−1←− Xn

πn+1
n←− Xn+1

πn+2
n+1←− · · · ← X.xrI~?vQRWx℄*I� Furstenberg �:o0y-7 distal �Pi /xrI~?vQ��.^[�~r)�:�x?v���5�.:� distal �P	4MnbY�PI}2~:6�	4Y6-3 distal vMnbY�?.[LIv��!� 3.5.1 
 (X,T ) J^�Z=�

(a) �℄�F8Q[�
(1) (X,T ) J distal O�
(2) E(X,T ) O:Æ=Q1J X �O-<���
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(3) A<Gi=Q1 u J X �O-<���
(4) E(X,T ) Jw�}" (X,T ) J distal O�K81�O��l E(X,T ) = E(X,T−1), *�OZ=	�

distal O�
(b) �℄�F8Q[�

(1) (X,T ) JQ�yO�
(2) {T i : i ∈ Z+} < C(X,X) `&o
��
(3) E(X,T ) J#<X1{,Ow�l# C(X,X) (KOD℄-# XX (KO�Z�}" (X,T ) JQ�yO�K81J distal Ol�OO�>� E(X,T ) = E(X,T−1)lOZ=	�Q�yO�W)�(a) S u p E(X,T ) I2MB�H$�/ u(x) = u(u(x)),∀x ∈ X. 6x u [ u(X) FT$p}NI�1	~9 u p8N$�N�H$4��p[ X FI}N N id. )`�

X p distal I}hx� E(X,T )  *?B"[ X FIT$p8N�6x�/ (4)⇒ (1)⇒
(2) ⇒ (3). �� (3) ⇒ (4). S id p-72MB�H$) E(X,T ) = E(X,T )id � E(X,T ) p-7QQ+�6x (E(X,T ), T ) p-7�P�xrw0� p ∈ E(X,T ), .[ q ∈ E(X,T ) lG qp = id. xr E(X,T )  0�B"i/QT���4p(�S (X,T ) p distal I�aw0� n ∈ Z+, B" T n ∈ E(X,T ) /TB�=PP/� T 4TR� E(X,T−1) ⊆ E(X,T ). �p E(X,T−1) *?B"p�N�1	)`� T−1 p distalI�w�P (X,T−1) N6F���/ E(X,T ) ⊆ E(X,T−1), 6x E(X,T ) = E(X,T−1).

(b)D� Ascoli `Q� (1) : (2) ML� (3)⇒ (2) x�*I��� (2)⇒ (3). S ΛT p
{T n : n ∈ Z+}[ C(X,X) IA.�)JS4p�I�xrbYI.j N j : C(X,X)→
XX [ ΛT FI"�p4C XX  INd�)6 j(ΛT ) ��UA��� j(ΛT ) = E(X,T ).6x E(X,T ) ⊆ C(X,X) R�j?_u[}F~��)6MnbY�Pp distal I�1	) (a),E(X,T ) p(R�*?B"pNd� �ae 3.5.2 ��� Ellis OC$ (X,T ) JQ�yOIlpI E(X,T ) J#<X{,Ow�H�IÆi5OOC��Oj�<I�U;�;�3��otObH��_ [Ellis1969,

Auslander1988]S (X,T ) pe^�P�~lGD�P (X/S, T ) p distalÆMnbY�IN7IAWIMLY� S p X � distalÆ�(Æ&�nHI�, ?
p Sd (Seq).+m 3.5.3 
 π : (X,T )→ (Y, T ) J�/���℄F8Q[�
(1) (Y, T ) J distal OÆQ�yO��
(2) Sd ⊆ Rπ (Seq ⊆ Rπ).W)��T�A� �!� 3.5.4 
 π : (X,T )→ (Y, T ) J�/���℄F8Q[�
(1) (Y, T ) J distal O�
(2) P (X) ⊆ Rπ.
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��Q[�Z�W)�(1) ⇒ (2): ���./ π×π(P (X)) ⊆ P (Y ). �p (Y, T )p distalI�1	 P (Y ) = ∆Y .6x�/ P (X) ⊆ (π × π)−1(∆Y ) = Rπ.

(2)⇒ (1): u� (Y, T ) p distal I��.�: E(Y, T ) 0�2MB u p}N N�^ u}p E(X,T ) I2MB�aw0� x ∈ X,(x, ux) ∈ P (X). 6x
uπ(x) = π(ux) = π(x).�p x 0�	4 π p�N�1	 u = idY . 1	)`Q 3.5.1, (Y, T ) p distal I� �wMnbYvQY���.x/M�Iv��;xxe�:^ALI|����.Qu^ proximal Y�I-W\_�`� tu proximal I� p�

Q(X,T ) =

∞⋂

k=1

∞⋃

n=1

(T × T )−n∆ 1
k
.�V (x, y) ∈ Q(X,T )=��=w0� ǫ > 0, xIu= U v y Iu= V ,.[ x′ ∈ U , y′ ∈ V4 n ∈ Z+ lG (T×T )n(x′, y′) ∈ ∆ǫ. ~$�g�Q(X, T ) pAI�w~I;W�UIY��6WpMLY��;[ (X,T )-7e�Q(X,T ) I&pMLY��x?uhI�/I�:i�AL��.^[R�mC�~?in�I�:�/Yx?�AI:��3D�Ilv4	eO [Auslander1988, Auslander-Guerin1997, McMahon1978, Veech1977, Vries1993].

Petersen[Petersen1970] �:o~?e^�P (X,T ) Wp?�{I=��=.[ X I�:,1 U , V lGW.[ n ∈ Z+ Ne�G U ∩ T−nU 6= ∅, U ∩ T−nV 6= ∅ÆeV`Q 1.4.5).�FÆL�I����.�℄Æ?�{x~-W�!6 3.5.5 
 (X,T ) J^�Z=� (x1, x2) ∈ X ×X \∆X . }"h xi, i = 1, 2 Oz�t��'/ Ui, U;& N(U1, U1)∩N(U1, U2) 6= ∅, �* (x1, x2) J LZO.. U; WM(X,T )�� (X,T ) v9�?+h�ae 3.5.6 1. #\��_�Z=J�?+OIlpI WM(X,T ) = X ×X \∆X .

2. WM(X,T ) �|�{&h*r��}�
 (X,T ) JO0Q�yOZ=�x1 J8VX�K pJ�^X�h pO:Æ'/ U1, U;& N(U1, U1) = Z+, �> (p, x1) ∈WM(X,T ).H�#* T JO0Q�yO�.� (x1, p) 6∈WM(X,T ). �>M�h8VZ= WM(X,T )	��\{&h*r�+m 3.5.7 
 (X,T ) J�OO^�Z=�� WM(X,T ) ⊂ Q(X,T−1).W)�S (x1, x2) ∈ WM(X,T ), T pNd�aw xi, i = 1, 2 I0�,u= Ui, �./
N(U1, U1) ∩ N(U1, U2) 6= ∅. �$.[ n ∈ Z+ lG U1 ∩ T−nU1 6= ∅, U1 ∩ T−nU2 6= ∅.x�:.[ x′1 ∈ U1, x

′
2 ∈ U2 �G T−nx′1, T

−nx′2 ∈ U1. )� (x1, x2) ∈ Q(X,T−1) \∆X . �S (X,T ) pe^�P� x1, x2 ∈ X. `� L(x1, x2) p X I?1lGw[*?1I*? x3 	4 xi, i = 1, 2, 3 I*?u= Ui, .[ x, y ∈ U3, n ∈ Z+ �G T nx ∈ U1, T
ny ∈ U2. �



` v f _ � Q . � S 76 zU�C Rd�zs. Ellis �x�6 §3.5 distality .Rd�zsV L(x1, x2) p T WIIA?1�8f T pNd� (x1, x2) ∈ Q(X,T−1), a L(x1, x2) p�:I T WIIA?1����./8�P8Iug�+m 3.5.8 
 (X,T ) J^�Z=� x1 6= x2 ∈ X. � (x1, x2) ∈ WM(X,T ) IlpI x1 ∈
L(x1, x2).!� 3.5.9 
 (X,T ) J�OOGiZ=��

WM(X,T ) = Q(X,T−1) \∆X = Q(X,T ) \∆XW)�����.�: Q(X,T ) = Q(X,T−1). S (x1, x2) ∈ Q(X,T−1). aw ǫ > 0, .[
x ∈ B(x1, ǫ), y ∈ B(x2, ǫ)v n ∈ N lG d(T−nx, T−ny) < ǫ

3 . �.4	JS (x, y)p T ×T I�#W�H$.[ m ∈ NlG d(Tmx, T−nx) < ǫ
3 , d(T

my, T−ny) < ǫ
3 . )� d(Tmx, Tmy) < ǫ.x��: (x1, x2) ∈ Q(X,T ). �$ Q(X,T−1) ⊂ Q(X,T ). � (X,T−1) xp-7�P�M�	F:�4G Q(X,T ) ⊂ Q(X,T−1).S (x1, x2) ∈ WM(X,T ), )>A 3.5.7 � (x1, x2) ∈ Q(X,T−1) \ ∆X . S (x1, x2) ∈

Q(X,T−1) \∆X , a.[ x ∈ L(x1, x2). )6 (X,T ) p-7�P� X = L(x1, x2). =PP�
x1 ∈ L(x1, x2). �� (x1, x2) ∈WM(X,T ). �ae 3.5.10 �|m
℄�M� T J<X�WM(X,T ) = Q(X,T−1)\∆X 	���\,���}�
 X = {x∞} ∪ {xi : i ∈ Z}, ` xi 6= xj , i 6= j. \��� T : X → X �N x∞ J�^Xl T (xi) = xi+1, i ∈ Z. �_ Q(X,T−1) = X×X. H}" i 6= j, � (xi, xj) 6∈WM(X,T ).v 3.5.11 
 (X,T ) JGiZ=�}" Q(X,T ) = X ×X, � (X,T ) ��?+Z=�W)�S (X̂, T̂ ) p (X,T ) IA*D��a (X̂, T̂ )p-7�P� Q(X̂, T̂ ) = X̂ × X̂. )`Q
3.5.9 � WM(X̂, T̂ ) = X̂ × X̂ \∆X̂ . xr�)`�6� (X̂, T̂ ) p?�{�P��$ (X,T )p?�{�P� �w6MnbY�.[�5^��r$Cxr~?v��9� 3.5.12 
 (X,T ) J^�Z=�� (X,T ) �JQ�yZ=IlpIA< x ∈ X,

xi → x �K ni ∈ Z+ �N T nix→ x′, T nixi → x′′, x′ 6= x′′.W)�� ⇒ 	JS (X,T ) WpMnbY�P�H$.[ ǫ > 0 lGw*? i ∈ N �.QqC d(zi, yi) <
1
n , ni ∈ Z+ �G d(T n1zi, T

niyi) ≥ 2ǫ. WÆS lim zi = x = lim yi(Cue�.�}?r). a�./ d(T nix, Tnixi) ≥ ǫ, } xi = zi $ yi. CuxLh�}?r�.4	JS T nix→ x′, T nixi → x′′. �* x′ 6= x′′.� ⇐ 	xx:�I� �~$E��℄ proximal wW /?℄L��;w6�Q 3.5.12  =�IWw /?℄L��xx�.�5�:IYW1[�v 3.5.13 1. Q�yZ=O�rZ=JQ�yZ=�
2. 
 (X,T ) J�OO^�Z=�� (X,T ) #�# Q(X,T−1) O|iO
O��OQ[�Z.(KO�rZ= (Y, S) J (X,T ) O|BQ�y�r��M Seq w��#
Q(X,T−1) O|i
��Q[�Z�



` v f _ � Q . � S 77 zU�C Rd�zs. Ellis �x�6 §3.5 distality .Rd�zsW)�1. S (X,T )pMnbY�P�π : (X,T )→ (Y, T )p�? N�8f (Y, T )WpMnbY�P�a)�Q 3.5.12 �.[ y ∈ Y , yi → y 	4 ni ∈ Z+ lG T niy → y′, T niyi → y′′� y′ 6= y′′. � xi ∈ X �G π(xi) = yi. WÆS xi → x, T nix→ x′ 	4 T nixi → x′′(Cue�}?r). �* π(x) = y, π(x′) = y′ v π(x′′) = y′′. �� x′ 6= x′′. x�: (X,T ) WpMnbYI�"z�
2. ���.6�-�w~?4TIe^�P (Z,R), (Z,R) pMnbYI=��=

Q(Z,R−1) = ∆Z . 1	�.�Q�: (Y, S) pMnbY�P�S π : (X,T ) → (Y, S) p�? N�= (Y, S) WpMnbY�P�aM�6 1 I:���.�E.[ y ∈ Y , yi → y	4 ni ∈ Z+ lG Sniy → y′, Sniyi → y′′ � y′ 6= y′′. � xi ∈ X �G π(xi) = yi. WÆS
xi → x, T nix → x′ v T nixi → x′′(Cue�}?r). a π(x) = y, π(x′) = y′ v π(x′′) = y′′.�* x′ 6= x′′ � (x′, x′′) ∈ Q(X,T−1). ) π I`�� y′ = π(x′) = π(x′′) = y′′, "z� �ae 3.5.14 h*\� 3.5.13(2), 2&OOC`� L��ÆZ=JQ�yZ=IlpI1O Ellis �wJ<Xw	I���Æ�_ [Ellis1969, Auslander1988]). U;OOCk�S7 $�� 3.5.12, �l��$�>IÆ�Oi5�X$�Q 3.5.12 �.Q�:!� 3.5.15 
 (X,T ) J^�Z=��
1. (X,T ) JQ�yOIlpI WM(X,T ) = ∅;
2. (X,T ) #�# WM(X,T ) O|iO
O��OQ[�Z.(KO�rZ= (Y, S) J

(X,T ) O|BQ�y�r�W)�1. �.�Q�:8f WM(X,T ) = ∅ a (X,T ) pMnbYI�JS (X,T ) WpMnbYI�a)�Q 3.5.12 �.[ x ∈ X, xi → x 	4 ni ∈ Z+ lG T nix → x′,

T nixi → x′′ ,x′ 6= x′′. �V x ∈ L(x′, x′′). � x′ [ x IEA. � x′ ∈ L(x′, x′′). x�:
(x′, x′′) ∈WM(X,T ), "z�x�d�o 1 I�:�

2. S π : X → Y p�? N�JS (Y, T ) WpMnbYI�a)�Q 3.5.12 �.[
y ∈ Y , yi → y	4 ni ∈ Z+ lG T niy → y′, T niyi → y′′� y′ 6= y′′. � xi ∈ X �G π(xi) = yi.WÆS xi → x, T nix → x′ 	4 T nixi → x′′(Cue�}?r). a π(x) = y, π(x′) = y′ �
π(x′′) = y′′. �* x′ 6= x′′. M�6 1 I:���./ (x′, x′′) ∈ WM(X,T ). ) π I`��
y′ = π(x′) = π(x′′) = y′′, "z�x�: (Y, T ) pMnbY�P� �Zkox$|v��~?A*I�A�xJ8-3MnbY�?xo�I�H$^�GCf$vf�!� 3.5.16 �ÆGiZ=J�?+OIlpI19&t[pOQ�y�r��.^[R�mC�x?`QI�:�	 l 3.5

1. �Y�9�ZVw�MH�?��-Z distal :VwLmaXH�O�R (X,T ) od℄�O��9�7e T o�M�G#LmaXTl distal.
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2. m�7q+mH9>Y> (D,T ),(X,T ) �3 (Xn, Tn), n ≥ 2 o distal :VwLmaXH�
3. �9=� 3.5.3.

4. 7e T oM� (x1, x2) ∈ Q(X,T−1), ` L(x1, x2) o�9H T VHH�>0�
5. R E o}Id℄�OH0z

(1) 7e E �Ahw,6H��FGX�v/Æ E ′ ⊆ E , /Æ ∏{(X ′, T ) : (X ′, T ) ∈ E ′} H,6>0 N , . N ∈ E . G# E �-Zm}H�e. E �O� (X0, T ), 5�v/Æ E �Ao X0 H�>�
(2) 7e E �F�4GX

(i) n��OZ E ��
(ii) /Æ{> E �AH�)�O3Z E ��
(iii) E /ÆA!H>�O3Z E ��G#v5/ÆHd℄�O (X,T ), -Z�,2 E �>���5�-Z}>,6�VHLKX�
R kF (X/R, T ) ∈ E .

(3) R# (1)(2) �OvLmaXK9 distal K�H���
§3.6 Furstenberg `� distal ��nH!�`���0dnH!�[��e^�P (X,T ) IvQIe���./j$4II��~$x��PI#C?�PÆ6�PI#CAWI?1�R�Y���P (X,T ) x)rIp)?�PQ^�EI�|~$Y��x0	�PI1/�?�P�[KVQ� �R~$�x��JI�w0y1i�PiQ�hKV�x�xp=1KV?�P�6xwTp�W4�xB	IKV�PI���G�b&u�WJIx�[_ue^�P (/M�I�x`Q���x(/~$ /~$LI�W4�xB	�6x�.WGWD�Qu`�~:qID5��} j$;jA*ID5�x�U?�P	4-7?�P�} -7�PI�[_ue^�P k/�&uIPx�+*w~$_ue^�PI�WQav6}-7?1I��;x8fw-7�Px~vQNpP8I�PiWQ�����H�GW$�Q;&IQx~$�PIvQo�C�[�w-7�PI���&w���&YO64eV [Auslander1988, Ellis1969, Glasner1976, Veech1977, Vries1993].[8r ��.��^�:/<I Furstenberg -7 distal �PvQ`Q�*��.C�0�-7�PIvQ`QI6Æ	4}4~:&u�PIvQ`Q�8rO4I1/-W:v�i4	\_CGp~$I(T$�;xpoP8�V��.�C� Z T$I����:� Z T$IQ)�~p-7 Np�N�1	4	LhA*D�6�pNd�|~?Gp&uID�x�w6~$-7�PIvQ`QI�:Qu(T$x?�?�1	�.Qu Z T$x?JS��p-7�P(/�:{?�P�6x[-7�PI� �?I-Wx��G'}&u�1	[X::�
���.�C�A$D�I`��
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distal v[�M-W�x:-W|6�4	o�C Z T$I���Z8�Ww x, y ~p
proximal x� lim inf

|n|→∞
d(T nx, Tny) = 0. }2-W4	M�`��C` Z�P (X,T ), (Y, S), S π : X → Y pD��π : X → Y ~p proximal (&�I�

distal)x�8 π(x1) = π(x2)a x1 : x2 p proximalI (&�Ip distalI). D�~p �(Æ&� x�w0� ǫ > 0, .[ δ > 0lGw�G π(x1) = π(x2)4 d(x1, x2) < δ I x1, x2 �\ d(T n(x1), T
n(x2)) < ǫ,∀n ∈ Z. MnbYD�x~p �v��. D� π ~p dP0.0�x�.[�0I Gδ 1 X0 ⊂ X lGw0� x ∈ X0i/ π−1π(x) = {x}. D�~pLZO� x��*�PI?�P (Rπ, T ×T )p_u�UI�} Rπ = {(x1, x2) : π(x1) = π(x2)}.w6 Z+ T$�A$D�I`�xd#JNI��5�.}KT-"�P�S η p~?W��w*? λ ≤ η, (Xλ, T ) pe^�P�S

{φβα : α ≤ β ≤ η} p~J�N8� φβα : Xβ → Xα, ��G φβα ◦ φγβ = φγα,∀α ≤ β ≤ γ ≤ η.

Xα

Xγ

Xβ

?
�

@
@

@
@@R

φγα

φβα

φγβ

X = lim
←−
{Xλ : λ < η} = {(xλ)λ<η ∈

∏

λ<η

Xλ : φβa(xβ) = xα,∀α ≤ β ≤ η}. (3.6.1)?SNp φλ : X → Xλ,∀λ ≤ η. 6x8�XNe��
(Xβ , T )

(X,T )

(Xα, T )

�
�

�
�	

@
@

@
@R

-

φβ φα

φβα

{φ−1
λ (U) : UpXλI,1, λ ≤ η} L� X I~L_u&��V X p�� T2 I��

(X,T ) pe^�P�~ (X,T ) p {φβα : α ≤ β ≤ η} I /`�.T-"�PI~?MLI-�xX$MLY��S X = Xη , � {Rλ}λ≤η p Xη FIAWIMLY�J�S {Rλ}λ≤η �G�
1. Rη = ∆X ;

2. 8f ν < λ ≤ η, a Rν ⊇ Rλ;
3. 8f λ p-"W��H$ Rλ =

⋂
ν<λRν .$e�8f~ Xλ = X/Rλ,� φβα : Xβ → Xα, α < β ≤ η pSN�H$6�-��$e (X,T )�x {φβα : α ≤ β < η} IT-"�P����.�: FurstenbergI-7 distal�PvQ`Q��.�:} ALI~*�|bP8I℄��lvd��+*�5`QI:�xw Z+ T$�II�;x�pw distal



` v f _ � Q . � S 80 zU�C Rd�zs. Ellis �x�6 §3.6 Furstenberg Hj distal .Pj�℄�LHj.P�}j�℄��P (X,T ), T CpNd (`Q 3.5.1), 1	1/:�4	oII+p Z T$�Y�0�(T$�!� 3.6.1 [Furstenberg1963] �ÆGi-J distal OIlpI1JQ�y�/OOGb�MA<}℄B��
{pt} ← X0

π0←− X1
π1←− X2 · · ·

πn−1←− Xn
πn←− Xn+1

πn+1←− · · · ←− Xθ
πθ←− X.` {pt} W[pZ=�l:Æ πi JQ�y�/�9� 3.6.2 
 (X,T ) JGi distal Z=�K8hz� x ∈ X, �� π : E(X,T )→ X, p 7→ pxJ�O�` E(X,T ) J Ellis �w�W)�S Gx = {p ∈ E(X,T ) : px = x},a Gx p( E(X,T )IA?(�D N qx : E(X,T )→

E(X,T )/Gx p,I�|b N φ : E(X,T )/Gx → X, [p]Gx 7→ px pNd�1	 π = φ ◦ qx p,I� ��5�.��`�o�℄ proximalY���[�.`�4I&wÆ-W�S R ⊆ X×XpAIWIMLY��`�&w6 R I�℄ proximal Y�p�
Q(R) =

∞⋂

k=1

∞⋃

n=1

(T × T )−n∆ 1
k
∩R.�V (x, y) ∈ Q(R) =��= (x, y) ∈ R �w0� ǫ > 0, x Iu= U v y Iu= V , .[

x′ ∈ U , y′ ∈ V 4 n ∈ Z+ lG (x′, y′) ∈ R 	4 (T × T )n(x′, y′) ∈ ∆ǫ. �V Q(R) pAI�WII�;x~$�g�6l R pAIWIIMLY�� Q(R) xW~`pMLY��Wh�w6 distal D���.4	�:�!� 3.6.3 
 (X,T ) JGi distal -� R J X ��Æ
O��OQ[�Z�� Q(R) 	�
O��OQ[�Z�W)�)6 Q(R) AWIx:�I�1	�.�Q�:�UL�S (x, y), (y, z) ∈ Q(R), �.�: (x, z) ∈ Q(R)64�S U,W �Pp x, z Iu=�~ O = {p ∈ E(X,T ) : pz ∈W}, a
O p E(X,T ) I,1� id ∈ O. S V = Oy, a)�Q 3.6.2, V p y I,u=�w0� ǫ > 0, )6 (x, y) ∈ Q(R), .[ x1 ∈ U, y1 ∈ V, n1 ∈ Z+ lG (x1, y1) ∈ R �

d(T n1x1, T
n1y1) < ǫ. (3.6.2))6 X p distal I�1	 X ×X p*8I�6x N = orb(T × T, (x1, y1)) p-71��p

N -7�.[ s ∈ N lG {(T × T )−k((T × T )n1(x1, y1)) : 1 ≤ k ≤ s} [ N  ǫ ��6�w0� ξ ∈ E(X,T ), .[ k ∈ {1, 2, · · · , s} lG
d(T kξx1, T

n1x1) < ǫ � d(T kξy1, T
n1y1) < ǫ. (3.6.3)� δ > 0 lG8f d(x′, y′) < δ, a

d(T kx′, T ky′) < ǫ,∀1 ≤ k ≤ s. (3.6.4)
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′y14p x1, y1 
u=�) V I`��.[ p1 ∈ E(X,T ) lG y1 = p1y, ~ z1 = p1z. a z1 ∈W� (y1, z1) = p1(y, z) ∈ Q(R). 6x.[ y2 ∈ O′y1, z2 ∈ W,n2 ∈ N lG (y2, z2) ∈ R �

d(T n2y2, T
n2z2) < δ. ) (3.6.4), w0� k ∈ {1, 2, · · · , s},

d(T k+n2y2, T
k+n2z2) < ǫ. (3.6.5)�p y2 ∈ O′y1, .[ p2 ∈ E(X,T ) lG y2 = p2y1. ~ x2 = p2x1 ∈ O′x1 ⊆ U , a

(x2, y2) ∈ N . D� (3.6.3), .[ k0 ∈ {1, 2, · · · , s}, lG
d(T k0T n2x2, T

n1x1) < ǫ � d(T k0T n2y2, T
n1y1) < ǫ. (3.6.6)) (3.6.2),(3.6.6),(3.6.5), �.GC

d(T k0+n2x2, T
k0+n2x2) < 4ǫ.|b)6 (x2, y2), (y2, z2) ∈ R, �./ (x2, z2) ∈ R. xr�.�/ (x, z) ∈ Q(R). �9� 3.6.4 
 (X,T ) JGiZ=� R,S J�O"Æ
��Q[�Zl S ⊆ R. K8��\Z=(KO<4 η : X/S → X/R JQ�yOIlpI S ⊇ Q(R).W)��T�A� �6x�./9� 3.6.5 
 (X,T ) JGi distal Z=� R J�
��Q[�Z�K8 η : X/Q(R)→

X/R JQ�y�/�S (X,T ) p-7 distal �P�w*?W� λ, �.aJ`� X FIAWIMLY�
Qλ. ��S Q0 = Q(X ×X), H$)F�Q X0 = X/Q0 p X IN3MnbY�?��[Sw0� µ < λ �.��`�q Qµ. 8f λ p�DW��6.[ ξ lG λ = ξ + 1, H$`� Qλ = Qξ+1 = Q(Qξ); 8f λ p-"W��H$`� Qλ =

⋂
µ<λ

Qµ.6xw µ < λ,�./ Qλ ⊆ Qµ. )6*? QλpA1�6x.[W� θlG Qθ+1 = Qθ,��w6*? λ > θ,�./ Qλ = Qθ. w λ ≥ 0,SXλ = X/Qλ,�S πλ : Xλ+1 = X/Qλ+1 →
Xλ = X/Qλ pD N2AIN8�a πλ pMnbYD��xr�.GC�

{pt} ← X0
π0←− X1

π1←− X2 · · ·
πn−1←− Xn

πn←− Xn+1
πn+1←− · · ·Xθ

πθ←− X.8f�.Q�: X = Xθ, H$�.�GCo1uIv��6�.Qu�: Qθ = ∆X .~ ∆1/n = {(x, y) : d(x, y) < 1/n}, n = 1, 2, 3, · · · . H$�/
Qθ = Qθ+1 =

∞⋂

n=1

∞⋃

k=1

(T × T )−k(∆1/n ∩Qθ).
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∞⋃
k=1

(T × T )−k(∆1/n ∩ Qθ) p Qθ I�0,1�) Baire `Q ∞⋂
n=1

∞⋃
k=1

(T ×

T )−k(∆1/n ∩Qθ) [ Qθ  �0�6x�./
Qθ =

∞⋂

n=1

∞⋃

k=1

(T × T )−k(∆1/n ∩Qθ) ⊆
∞⋂

k=1

(T × T )−k(∆1/n) = P (X,T ) = ∆X = ∆X .xr�.�GCo Furstenberg vQ`Q��[,�.�V~� distalvQ`QI�:I&8���w6-7 distal�P (X,T ),)6�℄ proximal Y� Q0 = Q(X,T ) pMLY��1	 X0 = X/Q0 p X -3MnbY�?�� φ0 : X → X0 p distal D���pw distal D�� Q(φ0) = Q(Rφ0) 4pMLY��6x4	[ φ0  j:MnbYD� π0, 6 X0
π0←− X1

φ1←− X, } X1 = X/Q(φ0). NrI�)6$e φ1 4p distal, � Q(φ1) 4pMLY�����.4	DYj:MnbY�? π1: X0
π0←− X1

π1←− X2
φ2←− X. 8$Wu&#x?h��)6:Np�nl�"a�[D~[�I�o�D���$e�.x�GCo19�IvQ�~?A*I�Ax�w60�I-7�P (X,T ), �.S$NrIR�x�4	GC4x /M�IvQ`Q���w6-7�P (X,T ), �.4	�:�℄ proximal Y�

Q0 = Q(X,T ) pMLY��1	 X0 = X/Q0 p X -3MnbY�?�� φ0 : X → X0 p~?D��CxT��.EF5��(/|3�P�;xl�!x�4*M�M�w6
distal�P�$e φ0 p distalD��)� Q(φ0)pMLY���.�4	l[ φ0  j:~?MnbY�?�;xw6~$I-7�P� φ0 (/0y=�L��� Q(φ0) xW~`pMLY��)�W~`Qj:MnbY�?�JSIx��.4	w0yD��I~?�7I[�	l4I�℄ proximal Y�pMLY����4	j:MnbY�?�
�Y�INrI�7I[�	l
4	j:MnbY�?�8$Wu&#�4	GC0y-7�PI~?vQ`Q� C6Æ8�Æ} proximal D� φν 4 ψν �x�.F5aI�7I[�	lG πν Qj:MnbY�? ρν+1)!� 3.6.6 
 (X,T ) Jo#Gi Z Z=�K8A<�%w% η K}℄d;B� (*J
PI 3):

Y0 = {pt}�

X = X0

?

@
@@R

Z1
� Y1

X1
�

?
�

�

· · ·

· · ·

Yν

Xν

?
�

@
@@R

Zν+1 Yν+1
�

Xν+1
�

?
· · ·

· · ·

�

�

Yη = Y∞

Xη = X∞

?

π0

ρ1

σ1

ψ1

φ1

π1 πν

ρν+1

σν+1

ψν+1

πν+1

φν+1

π∞

`h:Æ ν ≤ η, ρν JQ�yO� φν K ψν J proximal O�l π∞ J�?+O�hGbw% ν, Xν , Yν , πν QJ Xλ, Yλ, πλ,λ < ν QOOGb�-7 Z �P (X,T ) ~p *E proximal qv $ *E PI x�4 / PI 5 (Y∞, T )IvQ�644)o��P�h (4�) w"[ proximal $MnbYD�GC�~ (X,T )



` v f _ � Q . � S 83 zU�C Rd�zs. Ellis �x�6 §3.7 P1Rd�z.G�xp proximal qv $ PI x�[ PI 5 π∞ pNd�64pb< PI �PI proximal �?�[F5`� �̂ proximal�p:�~w~�.�GC *E HPI �s v HPI �sI`��[nlI����.x~ HPI �Pp AI I�8f[ PI �`� 1/ proximalD�p}NI�a~p I �. xr� Furstenberg `Q�x��-7�Pp distal I=��=4p I ��)F5��4V�1y PIv HPI�P�x /&wP8vQI�P�;x8f�s`�!bP~?�Px�p PI$ HPI ^x�ALIu�JSIx��./�5�/$IbP`Q�!� 3.6.7 [Woude1985] 
 (X,T ) JGi Z Z=��
(1) X J PI OIlpI X ×X `z�GiX0<O8VrZ=JGiO�
(2) X J HPI IlpIz�7x?� πi : Y → X, i = 1, 2 J��O (Mt��IOf&t�M�) 8VZ= Y ⊆ X ×X JGiO�N��.	j?&uIvQ`Qv�8r�4.�PxW distal �Pv:�A��P (3? 4.2.6) IvQ`Q�[xT�.�WYC��:o�!� 3.6.8 (Veech-Ellis) [Veech1970, Ellis1973] �ÆGi-JX distal OIlpI1J AI -�!� 3.6.9 (Veech) [Veech1965] �ÆGi-JO0t!OIlpI1JQ�yZ=OO0�h��/� 	 l 3.6

1. �9 Furstenberg _PH{a})�/x I �o distal �O�
2. �9�P 3.6.4.

§3.7 dP�(Æ&C�XG[x~r��.^GpX:I:�:�MnbY�P�wnl:N X, )6 C(X,X) #{S)p`{bYI�1	4p4nl_u*(�} 1/NdBL�o4I~?_u?(�`�!� Np�
ev : C(X,X) ×X → X, ev(f, x) = f(x).�V4pbYI�w�`I x ∈ X, N evx : C(X,X)→ X, evx(f) = f(x)p~�bYI�!� 3.7.1 
 (X,T ) JO0Q�yOZ=l x ∈ TransT . 
 ΛT J {T n : n ∈ Z+} <

C(X,X) `O
��K8 ΛT J C(X,X) O�Æd;rw��l�9rw {T n : n ∈ Z} <
ΛT `0<�|U��< ΛT �Ob\�� evx : (ΛT ,D)→ (TransT , dT ) JQ|���M

D(g1, g2) = dT (g1x, g2x),∀g1, g2 ∈ ΛT . (3.7.1)
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ΛT . S g1, g2 ∈ CentT , )6 {T ix : i ∈ Z+} [ X  �0��./

dT (g1x, g2x) = sup
i∈Z+

{d(T i(g1x), T i(g2x))} = sup
i∈Z+

{d(g1(T ix), g2(T ix))} = D(g1, g2).6x ΛT pAe�?*(� (3.7.1) �\��p�Pp:�MnbYI�8f x1 ∈ TransT ,H$.[ {ik} ⊆ Z+lG T ikx→ x1([
X ).)`Q 3.2.14I (5)��$e {T ikx}[ TransT  &w6 dT �d6 x1. ) (3.7.1),{T ik}p ΛT  I Cauchy r�D� ΛT pd5:N C(X,X) IA?1�.[ g ∈ ΛT lG T ik �d6 g. �p evx bY�1	 gx = x1. M�P��p (TransT , dT ) d5�1	 evx ^ ΛT  C TransT . 6x evx p ΛT C TransT FIM" N�^Fv�$C x1 = gx ∈ TransT F�)6 evx(ΛT ) = TransT , 6x.[ ḡ ∈ ΛT lG
ḡ(x1) = x. 6�

evx(ḡg) = ḡ(x1) = x = evx(id).) (3.7.1) �.GC ḡg = id. 1	 ΛT p)NdL�I(�R�_�?( {T i : i ∈ Z} [} �0�N�)6
D(g1, g2) = D(g1g2

−1, id) = D(g2
−1g1, id) = D(g−1

2 , g−1
1 ).TS)xM"I��� ΛT p_u(� ��BL (Γ, g)~p�XGx� Λp~?!8oWInlÆ68 ρpnl�a ρ(hg1, hg2) =

ρ(g1, g2) �I_u(�R� g ∈ Γ [�I_�?( {gn : n ∈ Z}[ Γ  �0�)`�6� ΓCSpe�(�Z8 Z !8OB_u�a (Z, 1) �x8[(�S e p Γ I8xB�H$8[( (Γ, g) ~p X<� x�.[ {ik} ⊆ Z+ lG ik →∞ � gik → e.~e^�P (X,T ).+U~�XG (Γ, g) �q< x�.[) Γ C C(X,X) bYN8�R�^ g  p T . �V$eN8pn~I�R� T p4TI�8f~?�PQeUpD?�#I8[(IT$�H$4p~�5LI�	
�8f~?�P (X,T ) p~�5LI�H$ (ΛT , T ) p~?�#I8[(�R�Lh.j N (X,T ) QeUp (ΛT , T ) IT$�9� 3.7.2 
 (Γ, g) J�ÆFÆw��Æ�O#Z= (X,T ) N��J (Γ, g) O� IlpIhz� {ik} ⊆ Z+

gik → e⇒ T ik → id. (3.7.2)W)�CuL�*�����L�S (3.7.2)�\�)6 D(T, id) = D(id, T−1)1	 T−ik x�d6 id. xr) gi 7→ T i `�o~?)_�?( {gi : i ∈ Z} C C(X,X) IN8�) (3.7.2)x?N8[ e�bY���xp~�bYI�Æ)[ e�bY�1	w0� ǫ > 0.[ δ > 0lG ρ(gn, e) < δ Uj D(T n, id) < ǫ. ;xw60� ρ(gi, gj) < δ,/ ρ(gi−j , e) = ρ(gi, gj) < δ,



` v f _ � Q . � S 85 zU�C Rd�zs. Ellis �x�6 §3.7 P1Rd�z.G�x1	 D(T i, T j) = D(T i−j, id) < ǫ. 6 Np~�bYI���p {gn : n ∈ Z} [ Γ  �0� C(X,X) pd5I�1	x?N84	D�C Γ F� �S (X,T ) p~?:�MnbY�P�̀ Q 3.7.1 �: T [ TransT FI"�Nd6 ΛT) T n[I6��8f! (ΛT , T )x}p) T n[I6��P�H$F5���: (X,T )p8[(�P (ΛT , T ) I~?�Æ�P�xT~?�P (X,T ) p|~?�P (Y, S) I pS x�� X p�IR�.[~? (Y, S) C (X,T ) I~?N8 h lG h : Y → h(Y ) pNd� h(Y ) [ X  �0�	
�8f (Γ, g) p~?�#I8[(�H$�5^�:�.QRqC~?:�MnbYI�Pp4I�Æ��5�.[~?Gp~$LIHY�:�x?�A�)6 Γ InlpWII�1	 g [ Γ FI6�T$pM"I�9� 3.7.3 
 (X0, d0) J#�\� T0 J�8VOQ|���K8
(1) T0 < X0 �JGiO��Mhz� y ∈ Xo ,� ω(y, T0) = X0.

(2) 
 d1 J X0 �*�Æ- d0 D℄Q[O#�l T0 dh* d1 {yJQ|O�K8 d1 - d0 J�ZQ[O�W)��p�A� �+m 3.7.4 
 (X0, d0)J#�\�T0 J�8VOQ|���}" h : (X0, T0)→ (X,T )J�Z�yOo6�K8 (X,T ) JO0Q�yO�q��O& h(X0) ⊆ TransT , `Q'< (X0, d0) G��sL�W)��p T0 [ X0 F-7R� h(X0) [ X  �0�1	 h(X0) ⊆ TransT R� (X,T ) p�UI��` y ∈ X0, S x = h(y), �5�.�:`Q 3.2.14 I (3) �\�w60� ǫ > 0, ) h ~�bY�.[ ǫ0 > 0 lG d0(y1, y2) < ǫ0 Uj d(hy1, hy2) < ǫ.)6 h−1 : h(X0) → X0 [ x �bY�1	.[ δ > 0 lG d(x, hy1) = d(hy, hy1) < δ Uj
d0(y, y1) < ǫ0. �p T ix = T i(hy) = h(T i0y),1	~9 d(x, T ix) < δ,�.�/ d0(y, T

i
0y) < ǫ0.)6 T0 pM"I�1	 d0(T

j
0 y, T

i+j
0 y) < ǫ0,∀j. �� d(T jx, T i+jx) < ǫ,∀j.xrD�`Q 3.2.14 I (3),(X,T ) p:�MnbYIR� dT p: d MLI[ TransTFd5Inl��� T &w6 dT pM"I�)�Q 3.7.3 I (2),h : (X0, d0)→ (h(X0), dT )p~�NQI�1	8f (X0, d0)d5�H$ (h(X0), dT )xxd5I��p h(X0)[ TransT  �0�1	8f d0 d5��.�/

h(X0) = TransT �\� �!� 3.7.5 }" (X0, d0) J#�\��l T0 J�8VOQ|���K8A<�Z�yOo6 h : (X0, T0)→ (X,T ), ` (X,T ) JO0Q�yO�W)�WÆS d0 	 1 pz (�a$ min{d0, 1} D5 d0). S I = [0, 1], [�1Wr:N IZF`�nl
d(a, b) = sup{|ai − bi|

2|i|
: i ∈ Z}.[$nl� IZ p�:N�S T p}FI6� N�6 T (a)i = ai+1,∀i ∈ Z. WL-�$e dT (a, b) = sup{|ai − bi| : i ∈ Z}.
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h(y)i = d0(T

i
0y, y0) = d0(y, T

−i
0 (y0)),∀i ∈ Z.)�gWMp/ |h(y1)i − h(y2)i| ≤ d0(y1, y2),∀y1, y2 ∈ X0, i ∈ Z. |~5��.�Wr

{in} ⊆ Z+ lG T in(y2) → y0, 6x�/ |h(y1)in − h(y2)in | → d0(y1, y2). xr�.��:o
dT (hy1, hy2) = d0(y1, y2).)� h p X0 C IZ I~�bY	:�S X p h(X0) [ IZ  IEA.��p
hT0 = Th, 1	 X pWIIR� h : (X,T0)→ (X,T ) p1u�I�Æ�D�>A 3.7.4, 4p:�MnbYI� �v 3.7.6 
 (Γ, g) J<}OFÆw��lU;	TfS�J� g J{nOZ=�K8A<�Z�yOo6 h : (Γ, g)→ (X,T ), ` (X,T ) JO0Q�yO�>� (X,T ) ����J (Γ, g) O� ��l(K$�Æ� (Γ, g) L (ΛT , T ) O<4�<><4℄� Γ i~ ΛT �J�Æ0<Orw�ql ΛT ���J Γ O�Æo6�}"
Γ JG�O�K8�>� (Γ, g) L (ΛT , T ) O<4J<��W)��lvD�F5IAHv�A;U��:� �+m 3.7.7 
 (X,T ) JO0Q�yOZ=� (ΛT , T ) J< C(X,X) `OFÆw�

(X1, T1) �����J (ΛT , T ) O� OZ=�l h : (X1, T1)→ (X,T ) J<4�K8><4JO0�h�O�l

h−1(TransT ) = TransT1 ⊆ {x ∈ X1 : h−1(h(x)) = {x}}.�l (X1, T1) 	�O0Q�yO�l h (K$�Æ�FÆw (ΛT1 , T1) LFÆw (ΛT , T )O<��W)�S x1 p T1 I�UW�a) h pN8�� x = h(x1) ∈ TransT . S h(x2) = x, �p
x1 ∈ TransT1 , 1	.[ ik → +∞ lG T ik1 x1 → x2. 6xx/ T ikx→ x. D�`Q 3.2.14 I
(4), [ ΛT  T ik → idX . �p (X1, T1) 4eUp (ΛT , T ) IT$�1	) 3.7.2 �.�/
T ik1 → idX1 . )� T ik1 x1 → x1, A*�/ x1 = x2. 6x h−1(TransT ) = TransT1 ⊆ {x ∈ X1 :

h−1(h(x)) = {x}}. '} h p:�~w~I�}h[F5�.��GC (X1, T1) �G 3.2.14 HY (4), 1	 (X1, T1) p:�MnbYI�)[�B N T1 7→ T �.GC (ΛT1 , T1) C (ΛT , T ) IbYN8�R�}TpN8
ΛT → C(X1,X1), 4lG (X1, T1) 4	eUp (ΛT , T ) IT$� �v 3.7.8 (Akin-Glasner)
 (X,T )J�Z	rO8VZ=�(ΛT , T )Jh�OFÆw�K8A<�ÆO0Q�yOZ= (X1, T1), 1����J (ΛT , T ) O� ��lA<<4 h : (X1, T1)→ (X,T ) �N1(K$�Æ�FÆw (ΛT1 , T1) LFÆw (ΛT , T ) O<��W)�)\� 3.7.6 .[:�MnbY�P (X̃, T̃ ), 4w�I8[(p (ΛT , T )Æb<Fa�x�[NQI�����6x (X × X̃, T × T̃ ) 4	eUp (ΛT , T ) IT$�)6 (X,T )p~�5LI�1	 (ΛT , T ) p�#I8[(�6x (X × X̃, T × T̃ ) p~�5LI��
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(x, x̃) ∈ TransT × TransT̃ , S X1 = ω(T × T̃ )(x, x̃)), � T1 p T × T̃ [ X1 FI"��6x
(X1, T1)p�UInl�P�R� (x, x̃) ∈ TransT1 . �VCAWMIS� N[ (X1, T1)FI"� N h̃ : (X1, T1) → (X̃, T̃ ) 	4 h : (X1, T1) → (X,T ) pN8�1	D�>A 3.7.7,

h p:�~w~I� (X1, T1) p:�MnbYI� h2AI) (ΛT1 , T1) C (ΛT , T ) IN8IT) (X1, T1) C (ΛT , T ) IT$C�� �ae 3.7.9 #*A<t[pO��Z	rOGi�?+Z= [Glasner-Maon1989], 1�tO0Q�yO�.�#�i5RO0Q�yO�rZ=��\�JO0Q�yO�DY:�
���.�#�~�w:N:t�?I�i�S X p�nl:N� 2Xp4I#CA?1#C�w A,B ∈ 2X , } Hausdoff nl`�p
d(A,B) = inf{ǫ : Bǫ(A) ⊇ B�Bǫ(B) ⊇ A},} Bǫ(A) = {x ∈ X : d(x,A) < ǫ}. [$nl� 2X �p�nl:N�S iX : X → 2X ,x 7→

{x}, 4p~?	: N�w 2X IA?1 H, S
∨

(H) =
⋃
{A ∈ H},4p X I~?A?1�S g : X1 → X2 pbY N�a N A 7→ g(A)`�o~?bY N g∗ : 2X1 → 2X2 . 8f g p�N�H$)6 g(g−1B) = B, g∗ xx�N�4	�:Æ�p�A�∗ : C(X1,X2)→

C(2X1 , 2X2) pM"I�6
D(g1, g2) = D(g1∗, g2∗).xrw�nl�P (X,T ), �.GC2AIw:N�P (2X , T∗). 8f (X,T ) 4	eUp8[( (Γ, g) IT$�H$)N8 Γ → C(X,X) :N8 ∗ : C(X,X) → C(2X , 2X) I#{GC (Γ, g) [ (2X , T∗) FIT$�w�P (X,T ), S H p 2X A T∗ WI?1�8f ∅ 6∈ H � ∨

(H) = X, H$�.~
(H,T∗) p (X,T ) I �8h. kW1#C iX(X) = {{x} : x ∈ X} `�o~?: (X,T ) NQIt�?�� {X} ~p 33��8h.8f h : (X1, T1)→ (X2, T2) pD��H$ h∗ : (2X1 , T1∗)→ (2X2 , T2∗) xxD��8f
H1 p (X1, T1) t�?�H$�V h∗(H1) xp (X2, T2) It�?�!� 3.7.10 
 h : (X1, T1) → (X2, T2) J�r���` (X2, T2) �O�K8A< 2X1 O�Æ
��rI H �K�ÆO0�h��/ ĥ : (H,T1∗) → (X2, T2) �Nhz� A ∈ H&

∅ 6= A ⊆ h−1(ĥ(A)) (3.7.3)`Q'h H O�Æ0< Gδ I,��}" h JGiO�K8 ∨
(H) = X1, *� H J

(X1, T1) O�ÆL�r�



` v f _ � Q . � S 88 zU�C Rd�zs. Ellis �x�6 §3.7 P1Rd�z.G�xW)��p h bY�1	 h−1 : X2 → 2X1 pF*bYI�)6 h p�N�1	w0�
y ∈ X2,h

−1(y) 6= ∅. 4�p T2 p8N�1	WLn� h−1 ◦T2 = T1 ◦h−1 �\�$MLP�
h−1 ⊆ X2 × 2X1 p T2 × T1∗ WII��p h−1 pF*bYI�1	#CbYW1 D0 p X2 I�0 Gδ 1��p T2 pNd� D =

⋂
i∈Z

T i2(D0) xx�0I Gδ 1�~
X̂2 = {(y, h−1(y)) : y ∈ D} ⊆ X2 × 2X1 .S p1 : X̂2 → X2 pSN�a p1 p:�~w~I�'} D ⊆ {x : p−1

1 (p1(x)) = {x}}.S p2 : X̂2 → 2X1 pR�WMSN�~ H = p2(X̂2). ?1 {(y,A) ∈ X2 × 2X1 : ∅ 6= A ⊆
h−1(y)} p.j h−1 IA?1�6xx.jo X̂2. )6 p2 p8N�1	 p2 �p X̂2 C HINd�S ĥ = p1 ◦ (p−1

2 ) : H → X2. 4pbYI�N��Gp? 3.7.3, = A [�0I GδI p2(D)  e�Ms�N��)6 D p T2 WII� h−1 p T2× T1∗ WII�1	 X̂2 	44I/ H pWII�A?1 ∨
(H) p X1 WII�) h  � X2. 6x8f h p-7I�H$ ∨

(H) = X1� H pt�?� �!6 3.7.11 �Ær^ P *J p>� �W1<�r���O0�h��/�KOGb℄NL�.�!� 3.7.12 
 P Jj*8VrO;&r^�
 (X,T ) JO0Q�yOZ=� (ΛT , T )J< C(X,X) `OFÆw�K8�℄F8Q[�
(1) (X,T ) ∈ Pf, M (X,T ) ��d*z�{&r^ P OZ=�
(2) z*����J (ΛT , T ) O� OZ=-{&r^ P OZ=��d�
(3) z*{&r^ P l����J (ΛT , T ) � OZ=J[pO�W)�(2) ⇒ (1) ��*�
(1) ⇒ (3) �S (X1, T1) �G P �4eUp (ΛT , T ) IT$��� (X1, T1) o��) (1)(X × X1, T × T1) p�UI�R�4eUp (ΛT , T ) IT$�D�>A 3.7.7, SN

π1 : (X ×X1, T × T1)→ (X,T ) p:�~w~I�6x (X1, T1) po�I�
(3)⇒ (2) ��.$	���S (X1, T1) p�UI�4eUp (ΛT , T ) T$I�P�S

(X2, T2) �G P , ;x (X1 ×X2, T1 × T2) Wx�UI��.^Q^~? (X1, T1) I�o�It�?��GL� P , )60yt�?4eUp (ΛT , T ) IT$�1	 (3) W�\��p (X1×X2, T1×T2)Wx�UI�1	.[ X1×X2 I~?.jD�:,1 U1×U2I{AWI?1 X ′. S T ′ p T1 × T2 [ X ′ FI"� N�S q : X ′ → X1 : h : X ′ → X2pS� N[ X ′ FI"��)6 h(X ′) pAWII�.j U2, ) (X2, T2) �U (�p4�G P ) � h pD��S H ′ p`Q 3.7.10  Q^I 2X
′ IAWI?1�� ĥ : (H ′, T ′∗)→ (X2, T2) pw�I:�~w~D��)6 P pL/L��1	 (H ′, T ′∗)x /L� P . ~ H = q∗(H ′),a4p

2X1 IAWI?1���4pt�?��pw0� A ∈ H ′,A 6= ∅,1	w0� B ∈ H,B 6= ∅.



` v f _ � Q . � S 89 zU�C Rd�zs. Ellis �x�6 §3.8 mT.[ y ∈ U2 lG A = h−1(y) ∈ H ′, 6x A ⊇ U1 × {y} � B = q(A) ⊇ U1. xr ∨
(H) p

X1 .j U1 IAWI?1�)6 (X1, T1)�U�1	 ∨
(H) = X1, 6 H pt�?��p

(H,T1∗) p (H ′, T ′∗) �?	4 P pL/L��4x /L� P .N���.�Q�: H �o�64��a�/w0� A ∈ H ′ �\ q(A) = X1. S
x2 ∈ TransT2 , .[ A ∈ H ′ lG ĥ(A) = x2. D��Q 3.7.3, �./ A ⊆ h−1(x2), 6
A ⊆ X1×{x2}. )�.IJS�A = X1×{x2}. �p x2 p T2 I�UW�1	.j AIN7I T1 × T2 WII?1�x X1 ×X2 8V��p A ⊆ X ′, 1	 X ′ .j X1 ×X2, "z�

�v 3.7.13 
 (Γ, g) J�Æ<}OFÆw� (X,T ) J�Æ�N (ΛT , T ) - (Γ, g) <�OO0Q�yZ=�
(a) �℄�F8Q[��lA<7x℄>F8OFÆw (Γ, g) �

(1) z*����J (Γ, g) � OGiZ=J[pO�
(2) z*����J (Γ, g) � OZ={&�^X�
(3) Z= (X,T ) J��O�
(4) z*����J (Γ, g) � O8VZ=J��O�

(b) �℄�F8Q[��l7x (a) OZ=�\7x℄>F8�
(1) z*����J (Γ, g) � O&bZ=J[pO�
(2) z* (Γ, g) L&bwO�y<4J[pO�
(3) z*����J (Γ, g) � OZ=OgaXJ�^X�
(4) Z= (X,T ) JGv8VO�
(5) z*����J (Γ, g) � O8VZ=JGv8VO�W)�AH>AIMLL)F>AWLGC��lvA���G (a) I8[(I.[L)

Glasner[Glasner1998] GC� �v 3.7.14 A<��H���?+OZ=�W)��p:�MnbYI?�{�PCo�Æ�A��1	)\� 3.7.13 �/v�� �	 l 3.7

1. T��P 3.7.3.

2. T�[� 3.7.6.

3. �9 ∗ : C(X1, X2)→ C(2X1 , 2X2) oL!H�
4. �9V-Z�n�H>�z�9�LmaXH�O�

§3.8 aew6MnbYL: distal I��N\/1WqIx Ellis I~�rHT [Ellis1953,

Ellis1957, Ellis1958, Ellis1960, Ellis-Gottschalk1960, Ellis1969]. [$h� Ellis �&[_u



` v f _ � Q . � S 90 zU�C Rd�zs. Ellis �x�6 §3.8 mTe^�P� �:o5�I��\\o Ellis *(Q��Gp8�I��MnbY:
distal `�Ix Furstenberg [ 1963 UIHT [Furstenberg1963]. 2IHT��-7 distal �PhCFx)o��PI=1MnbYD�GCI�xxxY6-7�IR~?vQ`Q�4I��N"��oY6-7�vQ`Q~�r� [Ellis1969, Ellis1973, Ellis1978,

Ellis etc.1975, Glasner1976, Glasner2000, McMahon1976, Veech1977, Woude1982, Vries1993],x:O6�p�3e^�PINpX6I℄��Y6:�MnbY�4I��x(,<
UEw6��83X:����I�x5I�i-uaJ6 Auslander, Akin, Berg, GlasnervWeissM.IHT�eV [Akin etc.1996,

Akin etc.1998, Akin-Glasner2001, Auslander-Yorke1980, Glasner-Weiss1993]M�:� distalI-Wx BlanchardM.[ [Blanchard etc.2002] ?�I��* distal) AkinM[ [Akin etc.]?��8m Y6:�MnbYI�Q-u�a6 [Akin etc.1996, Akin-Glasner2001] M�Y6AM distal LI6��a6 [Akin etc.]. Y6 Ellis *(IO64	eVF5?CIz ��.R�r I�Qp�A [Huang etc.2003]. R�r Furstenberg IvQ`Q��.[xTC�Ix) Bronstein C�IPÆ�:��G~?Gx�N� Glasner, Megrelishvili v Uspenskij C�o Ellis *(4nlÆI��CuHY [Glasner etc.]. x?HY::�MnbYL0Æ&Y�



�dQ mDMsl[R~:R�m ��.��l�oU|&uI Z+ I?1L�IJ�[8m �.���PIC�/YJI~:-WR���4:e^�PIY`�*�S$4w?WeL�I��[R~r��.C�Y6JI~:&8-W:�s�[R�r��.)��ÆoJ[e^�P I�$�[R�r��.S$JIZWC�~:&u`QIQ^L�:�[R�r��.�:J���I�Uv�{I-W�C�4.I~:6��[N�~r�.:�J�{4w℄L�[x~r�.C�oJ�UI~?&u`Q� Weiss-

Akin-Glasner �Q�
§4.1 Furstenberg lS (X,T )pe^�P�[�5�.��-C (X,T )p_u�UI=��=w X I0��:,1 U, V �#eN1 N(U, V )p�"1�(X,T ) p?�{I=��=w X I0��:,1 U, V �#eN1 N(U, V ) p thick 1� (X,T ) p��{I=��=w X I0��:,1 U, V �#eN1 N(U, V ) p/"71�)$�.4	-�w {N(U, V ) : U, V p

X I�:,1 } x~ Z+ I?1JI6Æ4	^FÆ-W\\[P~IZW
��|b[6�WI�#LIe���.-Cw0��#W x 	4}0�u= U , eN1 N(x,U): IP 10Æ&Y��hCFx?eN1 N(x,U) IL�x	�o�#WI�#�n�Z8=4ip syndetic1e��#WhCF���po-7W�~$I�w6�e^�P�g�8fQ�Æ&I!�1{:1{�W:1{
NIY��^w��ox�PIe^^L8/-3,0��[x
 �JI��o�Y&uIT$�JI-WN\4	9ÆC[~$_u^:�Q�. �?Il$�;x$$JIZWE��PIe^^L�I�+��)GottschalkvHedlund(1955)�:I [Gottschalk-Hedlund1955].
�/U|�^HTvi<x~���Io/��I:��;{�GC�p℄3x[
Furstenberg4}{Tv� �2[}�X/T [Furstenberg1981] ^x~�+�IoX6�kmIoÆ�2IHT^_ue^�P:KV�I�$X6IÆ:L{��: RamseyQ�
 �w&�I�^��/<_��XII�-�[N
:U Furstenberg I9,v.D�x~+�[A?&Yz=�Io'/�8I� [Akin1997, Bergelson1996,

Bergelson-McCutcheon2000, Hindman1979]. =PP� Akin [_ue^�Px~
��[}4/ [Akin1997]  �PEvv�io Furstenberg JI��2IHTWN6�.I-u
�[6-nI~$L��3L:�PL��.	�l$I-Wv?sx-u{T
Akin Ix84/�)6�.[8z 3|����O4COBe^�P�6�.IT$*(x Z+, 1	pG:X6Qx�.�:� Z+ FI?1J��^ Z+ �p~$T$($*( Ge�	�I:�*xM�I�[8r ��.��}K~:N&8I-W:L��*��P:�~:rVIJ	44.I&�Y��N��.�:o Fip MJp�?�[xr �

91



` v f _ � Q . � S 92 zU)C z.��e §4.1 Furstenberg z.&8(/O40ye^�PIO6�J:e^�PIY�^[�~r,ni,�S P p Z+ I#C?1Q�I1{�8f P I?1 F  /��1FL�6= F1 ⊂ F2� F1 ∈ F a F2 ∈ F , H$�.�~ F p Furstenberg l $lP~p l. J F ~p Sl, 8f4x P I{?1�64A�:14Wp P. )��1FL� F p{J=��=
∅ 6∈ P � Z+ ∈ F .~?{J F 8fw1{IeS)�A�a~
p �h,68 F1, F2 ∈ F a/ F1∩F2 ∈
F . *? P I?1 A *4[�~?J�

[A] = {F ∈ P : ∃A ∈ A s.t. A ⊆ F}.�V [A] x.j A IN7IJ�8f [A] p�?�H$�.~ A p �h\.8f F pJ�a4I .1
kF = {F ∈ P : F ∩ F1 6= ∅ w1/IF1 ∈ F�\}xpJ��= F p{?Ja kF xp{?J�WL�:�

kF = {F ∈ P : Z+ \ F 6∈ F}.

P IN3I{?Jp) Z+ I1/�:?1Q�IJ P+, 4Iw℄J kP+ pN7I{?J {Z+}. [8� �.-ux$ F∗ ENrJ F Iw℄J�;x)68ru0	Y6JIA$S)�$e$�s kF uGH��:��[ 4.1.1 
 F , Fα JJy��
(1) k(kF) = F ;

(2) F1 ⊂ F2 ⇒ kF2 ⊂ kF1;

(3) k(
⋃
αFα) =

⋂
α kFα; k(

⋂
α Fα) =

⋃
α kFα.W)��:WL��lvA�� �S F1 : F2 pJ�`�S) F1 · F2 = {F1 ∩ F2 : F1 ∈ F1, F2 ∈ F2}. )`��V

F1 ∪ F2 ⊂ F1 · F2;F1 · F2 = F2 · F1; F1 ⊆ F2 ⇒ F1 · F ⊆ F2 · F MM�+m 4.1.2 
 F , F1, F2 Jy��
(1) F1 · F2 JJOIlpI F2 ⊂ kF1. �|O�U;&� F1 · F2 ⊆ F IlpI

F1 · kF ⊆ kF2.

(2) F �3rIlpI F = F · F . l} F �3r�� F ⊂ F · kF = kF .

(3) } F JJry�� k(F · kF) J�#< F ∩ kF `O3r�l>3rJ7x�Z
F1 · F ⊆ F O.& F1 `|BOy�W)�(1) ��:�/ Z+ ∈ F1 · F2, 6x F1 · F2 p{I=��= ∅ 6∈ F1 · F2. 6/�w0� F1 ∈ F1 40� F2 ∈ F2,F1 ∩ F2 6= ∅ �\�)$p4w℄I`��F�/ F1 · F2 p{I=��= F1 ⊆ kF2 =��= F2 ⊆ kF1.
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(F1 · kF) · F2 = (F1 · F2) · kF ⊆ F · kF .6x (F1 · kF) · F2 p{I�)F��v��/ F1 · kF ⊆ kF2. 	
S F1 · kF ⊆ kF2, )F��v��/ (F1 · F2) · kF p{I�D�Y$~&Fv��/ F1 · F2 ⊆ k(kF) = F .

(2) ��3�C F · F ⊆ F ML6 F · F = F . 8 F p�?�a F · F = F . ) (1) �.�GC F ⊆ kF 	4 F · kF ⊆ kF .

(3) ~ F̃ = k(F · kF), a F · kF = kF̃ . ) (1),F · F̃ ⊆ F .SJ F1 �G F1 · F ⊆ F , a F1 · F · kF ⊆ F · kF . 4) (1) �.GC F1 · F̃ ⊆ F̃ . 1	
F1 ⊆ F1 · F̃ ⊆ F̃ . '}= F1 = F̃ e�/ F̃ · F̃ ⊆ F̃ . 1	 F̃ p�?�)6 F ∪ kF ⊆ F · kF , 1	 k(F · kF) ⊆ k(F ∪ kF) = kF ∩ F . �~ Finf p Z+ I#C�"?1L�IJ , H$�V4Iw℄J kFinf = Fcf p#C/"71L�IJ�J F ~p $� x�4p{IR��G F · kF ⊆ Finf . )>A 4.1.2-(1)��FpML6 Fcf · F ⊆ F . )`�� Finf v Fcf p�I�R� F p�I=��= kF p�I�~?�IJ F 4�G�

Fcf ⊆ Fcf · F = F ⊆ F · kF ⊆ Finf . (4.1.1)8f F p�?��G Fcf ⊆ F , a) Fcf · F ⊆ F · F ⊆ F ��$e F p�I�w i ∈ Z+ `� gi : Z+ → Z+ lG gi(j) = i + j. w F ∈ P, `� g−i(F ) = {j ∈ Z+ :

i + j ∈ F}. ~J F p V34rm�, 8fw*? i ∈ Z+, / gi(F) ⊆ F ; ~J F p =34rm�, 8fw*? i ∈ Z+, g−i(F) ⊆ F ; ~J F p 34rm�, 8fw*? i ∈ Z+, /
F ∈ F ⇔ g−i(F ) ∈ F .~J F p thick l x�w0� F ∈ F 4/"1 i1, i2, · · · , ik ∈ Z+ �./ g−i1(F ) ∩
g−i2(F ) ∩ · · · ∩ g−ik(F ) ∈ F . �wJ F , �.Q`�~?: F &YI thick J τF :

τF = {F ∈ F :w0~/"1i1, i2, · · · , ik ∈ Z+/g−i1(F ) ∩ g−i2(F ) ∩ · · · ∩ g−ik(F ) ∈ F}.J τF p.j6J F  IN3I thick J�)`���J F p thick J=��= τF = F .8f kF p�?�H$J F ~p�h.1. w6�?w℄4I&uL[64/ RamseyL��+m 4.1.3 y F J3rhTIlpI1& Ramsey r^�M} F1 ∪ F2 ∈ F , �& F1 ∈ FB F2 ∈ F ,��W)�S F p�?w℄�8f F1 6∈ F � F2 6∈ F ,a F c1 ∈ kF � F c2 ∈ kF . 6x F c1 ∩F c2 ∈ kF ,1	 (F1 ∪ F2)
c ∈ kF , D� F1 ∪ F2 6∈ F .	
�w0� F1, F2 ∈ kF , )`�/ F c1 6∈ F 4 F c2 6∈ F . 1	 F c1 ∪ F c2 6∈ F , 6

(F1 ∩ F2)
c 6∈ F . )� F1 ∩ F2 ∈ kF . �



` v f _ � Q . � S 94 zU)C z.��e §4.1 Furstenberg z�?w℄x~H&uIL���x)6xHL�lGJ[ Ramsey Q� /<=�IT$�	��.}K~:&uIJ����.$ k : τ j?)?) Finf ��Q^~:rVIJ�
(1) ��x kFinf = Fcf , D�`�6�4x1//"71I#C��V Finf pN3I{o�WIJ�� Fcf pN7I{o�WIJ�
(2))`������1{ F [ τFinf  =��=4.jo0�tI�Ns�6w0� n ∈ N,.[ an ∈ F lG [an, an+n] ⊆ F . 1	 F p thickI�6 τFinf = Ft. �?1 F ′ [}w℄ kτFinf  =��=.[A*� N lGw0� i ∈ Z+�\ {i, i+1, · · · , i+N}∩F ′ 6= ∅,

N ~p F IN"�1	 F ′ p syndetic I�6 kτFinf = Fs.

(3) τkτFinf  B~p replete � $ thickly syndetic �. F ∈ τkτFinf =��=w0��� N ,{n : [n, n+N ] ⊆ F}p syndeticI�}w℄1 kτkτFinf  B~p �� $ piecewise

syndetic �. F ∈ kτkτFinf =��=4pD? thick1vD? syndetic1Ie1�pG��.? Fts = τkτFinf , Fps = kτkτFinf .	FA1p$ k : τ j?)?) Finf ��1QQ^I1/J�4.ixo�WII�� Fcf : Fts p�? (Tp�A).|~M&uIJ:0n/Y����.��~:`��S Ap Z+ $ ZI?1�4ISe Banach &( `�p� BD∗(A) = lim sup|I|→∞
|A∩I|
|I| , } I p Z+ $ Z I�Ns�� | · |Nr1{I&��1{ AIS&( `�p� d̄(A) = lim supN→∞

|A∩{0,1,··· ,N−1}|
N . (8

A p Z ?1�a`�+p d̄(A) = lim supN→∞
|A∩{−N,−N+1,··· ,N}|

2N+1 ). NQ`� �e Banach&( BD∗(A) v �&( d(A). 8f d̄(A) = d(A), H$~ A / &(d(A).�[ 4.1.4 
 E,F J Z+ B Z rI��
(1) BD∗(E) ≤ d(E) ≤ d̄(E) ≤ BD∗(E);

(2) BD∗(E ∪ F ) ≤ BD∗(E) + BD∗(F ); }" E ∩ F = ∅, � BD∗(E ∪ F ) ≥ BD∗(E) +

BD∗(F ).  BD∗, BD∗ ;J d̄, d i5{,��
(3) d(E) = 1− d(Ec); BD∗(E) = 1−BD∗(Ec).W)��T�A� ��.? Fd1 = {A : d(A) = 1} = {A : d(A) = 1} 4 Flbd1 = {A : BD∗(A) = 1}, 4.p�?�R��./

F∗d1 = kFd1 = {A : Ac 6∈ Fd1} = {A : d(Ac) < 1} = {A : d(A) > 0}.NQGC F∗lbd1 = kFlbd1 = {A : BD∗(A) > 0}. �.x? Fpubd = F∗lbd1 4 Fpud = F∗d1. |b3� Ft = {A : BD∗(A) = 1}.S E ⊆ Z+, �.? E − E = {a − b : a ≥ b, a, b ∈ E}, ~
p E �|b $ ∆ b. w
F , �.`�JIm1p ∆(F) = [{F − F : F ∈ F}], R?}w℄p ∆∗(F) = k(∆(F)). �V
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∆(F∗lbd1) = ∆(F∗d1);∆(Fs) = ∆(Fps); ∆(Ft) = {Z+} M�= F = Finf e��.^�?s F ,?}p ∆inf , �~ ∆∗inf  B"p ∆∗ b.+m 4.1.5 :Æ thick IJ IP I�l:Æ IP I�#$HÆ#I��l:Æ ∆∗ IJ IP∗I�l:Æ IP∗ IJ syndetic O�W)�S S p thick 1��.^aJI`�Wr {pn} ⊆ S lG FS({pn}∞n=1) ⊆ S.��0�� p1 ∈ S. )6 S p thick, .[tn36 p1 I�Ns�[$�Ns � p2lG p1 +p2 x[$�Ns �JS�.���q p1, p2, · · · , pn lG FS({pi}ni=1) ⊆ S. )6
S p thickI�1	.[tn36 p1 +p2 + · · ·+pn I�Ns�� pn+1 p$�NsN7IH?��a�p p1+p2+ · · ·+pn+pn+1 4[$�Ns ��./ pi1 +pi2 + · · ·+pik +pn+1,∀1 ≤
i1 < i2 < · · · < ik ≤ n [$�Ns �6x�/ FS({pi}n+1

i=1 ) ⊆ S. )$aJ`�o {pn}∞n=1lG FS({pn}∞n=1) ⊆ S.S F = FS({pn}∞n=1) p IP 1�~ sn = p1 + p2 + · · · + pn. a sn − sm ∈ F,∀n > m, 6� F .jo~?m1� �	F.jY�p{.jÆ�lvC� CI	Z��6
Ft $ Fip $ ∆, � ∆∗ $ F∗ip $ Fs.�5�.�:#C IP∗ 1L�IJ F∗ip x�?�? G p N #C�:/"?1L�I1{�a (G,∪) p*(�w α, β ∈ G, 8f max{i :

i ∈ α} < min{i : i ∈ β}, a�.`� α < β. w�W&eIWr {αi}∞i=1 ⊆ G, `�
FU({αn}∞n=1) = {

⋃

i∈β
αi : β ∈ G}~
p IP U.w {pn}∞n=1 	4 α ∈ G, ~ pα =

∑
i∈α pi. a FS({pn}∞n=1) = {pα}α∈G .9� 4.1.6 
 F J IP I�hz� m ∈ N, A< F O IP rI F ′ �N F ′ ⊆ mN.W)�S F = FS({pn}∞n=1). �p? m IN7M/"�1	�.WÆS pn ≡ a(mod m).S {αn}∞n=1 ⊆ G p�W&eI~?Wr�R�*? αn p) m ?B1L�I1{�xr

F ′ = FS({pαn}∞n=1) p1�I IP ?1� �!� 4.1.7 
 G = C1 ∪ C2 ∪ · · · ∪ Cr, �A< Cj �#$�Æ IP 9�W)�w α = {l1, l2, · · · , lk} ∈ F , `� φ(α) = 2l1−1 + 2l2−1 + · · · + 2lk−1. a φ \\o G :
N I~~w����GCos� N = φ(C1) ∪ φ(C2) ∪ · · · φ(Cr). D� Hindman `Q�.[
1 ≤ j ≤ r lG φ(Cj) .jo~? IP 1 Q.��3�C�5Iv��w0� x1, x2, · · · , xt,Q(x1, x2, · · · , xt) = {y : xi + y ∈ Q, i =

1, 2, · · · , t} .jo~? IP 1��5�.,nQ^ IP ����0� α1 ∈ Cj 4 m1 = 2n1 >

φ(α1). � α2 lG φ(α2) ∈ Q(φ(α1))∩m1N,a α2∩α1 = ∅, α2 ∈ φ−1(Q) ⊆ Cj 	4 α1∪α2 ∈ CjÆ�p α1 ∩ α2 = ∅, 1	 φ(α1 ∪ α2) = φ(α1) + φ(α2) ∈ Q. �� α1 ∪ α2 ∈ Cj). aJI�



` v f _ � Q . � S 96 zU)C z.��e §4.1 Furstenberg zJS α1, α2 · · · , αn−1 ���`�� αn lG φ(αn) 4	6 2 IGR3&2�����lG
αn We6 α1, α2 · · · , αn−1. R��.4	u� φ(αn) ∈ Q(FU({αi}n−1

i=1 )), ��lGw0�
1 ≤ i1 < i2 < · · · < ik ≤ n− 1 / φ(αi1 ∪αi2 ∪ · · ·αik ∪αn) = φ(αi1 ∪αi2 ∪ · · ·αik) +φ(αn) ∈ Q.xr�.GCWeWr {αn}∞n=1 lG FU({αn}∞n=1) ⊆ Cj. �!� 4.1.8 
 Q J IP I�l Q = C1 ∪ C2 ∪ · · · ∪ Cr, �A< Cj {�#$�Æ IP I�W)�S Q = {pα}α∈G ,a) Q = C1∪C2∪· · ·∪Cr GC G Is� G = D1∪D2∪· · ·∪Dr,} 
Di = {α : pα ∈ Ci}. )`Q 4.1.7, .[ Dj .jo~? IP � FU({αn}∞n=1). a FS({pαn}∞n=1)p.j[ Cj  I IP 1� �D�x?\�	4>A 4.1.3, �./+m 4.1.9 y F∗ip J3r�J ∆∗ xx�?�4I�:�F6 Ramsey !� �S A p�"1{�aw0�C`I r, k 4 Ar I0� k +C�A  C.[�"?1 B lG Br [ Ar I+C�pNCI�+m 4.1.10 ∆∗ J3r�W)��.�Q�: ∆  / Ramsey L64�S {si}∞i=1 pUdI� S = {si − sj : 1 ≤ j <
i <∞}. ~ S = S1 ∪ S2 4

Pl = {(i, j) : sj − si ∈ Sl}, l = 1, 2.6x) P1, P2 GC1{ P = {(i, j) : 1 ≤ j < i <∞} I~?s��D� Ramsey `Q�.[
{in}∞n=1 lG1/ (im, in), m < n $i[ P1  �$i[ P2  �6x {sin}∞n=1 −{sin}∞n=1 .j[ S1 $ S2  �6 ∆  / Ramsey L� �	 l 4.1

1. R F , F1, F2 oz>I�`
(1) ττF = τF ;

(2) F1 ⊆ F2 ⇒ τF1 ⊆ τF2;

(3) (τF1) · (τF2) = τ((τF1) · (τF2)) ⊆ τ(F1 · F2). &|7e F1, F2 o thick I�` F1 · F2 wo thick H�
2. R F oÆ>�`

(1) F o%n�VHH<��< F o thick H�
(2) τF 9 τkτkτF )oÆ>�� τF ⊆ τkτkτF . �}Z�.

τkτkτkτF = τkτF .

(3) 7e F �on�VHH�`3o thick H��( (2) . F ⊆ τkτkF . {a��[�
τkτkF · τkF = τkF

τkτkF = k(τkF · kτkF).
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3. �9 Fts � Fd1 9 Flbd1 hoÆ>�
4. ~�9 Finf ,Fcf ,Ft,Fs,Fts,Fps o( k 9 τ i>(>( Finf ��0PP℄H0.I� [>q��9 τFinf = τkτkτFinf .]

5. 7e}>Æ>Z-iX�w>)V�,2�`}	o ~�g. ( Zorn �P�)>Æ>-iZC>vÆ>��R F oÆ>��9��LK�
(1) F ovÆ>�
(2) F = kF ;

(3) F oÆ>v\�
(4) v/Æ F ⊆ Z+, t# F ∈ F , t# F c ∈ F .

6. �9o>� Ft $ Fip $ ∆.

7. �9K� 4.1.4

8. �9_P 4.1.7 9 Hindman _PwLKH�
§4.2 0�}hlC#��sF~r�.��}KoJI&8-W:L��x�o=1rVIJ�[x~r�.[�z:�A C�3lIZ?�:J:e^�PI0Æ`��} U|v��.��[R~mvR�m >Vh�;xpod��.�xC�v�IzÆ���x syndetic1�xx?:-7L0Æ&YI-W��.&Æ�5?CI Gottschalk-

Hedlund `Q (`Q 1.3.5) �!� 4.2.1 
 (X,T ) JZ=��X x ∈ X JGiOIlpIh x Oz�'/ U ,N(x,U)J syndetic O�:�#WI�#eN10Æ&YIx IP 1� Hindman `Q��� Fip  / RamseyL�6w0~ IP 1I/"s��C/}~s�B4p IP 1 (eV`Q 4.1.8). |L+3x?`QhCFML6�5?CI Auslander-Ellis `Q (`Q 3.3.15): e^�P 0yWIE *4qC~?-7W:
 proximal.+m 4.2.2 Hindman \�Q[* Auslander-Ellis \��W)�Auslander-Ellis `QUj Hindman `Qx?uh)`Q 3.3.16 I�:��GC��
Hindman `QUj Auslander-Ellis I�:eVR 3 r`Q 4.3.4 I�:� �

IP 1x:2MB (�zp idempotent) 0Æ&Y�xx Furstenberg M.^4�<p
IP 1IH)� Furstenberg �� (`Q 1.2.13) �!� 4.2.3 (Furstenberg) 
 (X,T ) J^�Z=�}" x ∈ X J<}X�K8h x z�'/
U ,N(x,U) = {n ∈ Z+ : T nx ∈ U} J IP I�qS�} R J IP I��A<8VZ= (X,T ),8VO x ∈ X �K x O�Æ'/ U �N N(x,U) ⊆ R.
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U)C z.��e §4.2 �l&`z._�[>�.^ F∗ip  IB"~p IP∗ b. 8f~?W x I�#eN1p IP∗ 1�H$) IP∗1Cp syndetic I� x p-7W�uhF�.Q�GG|���~?W~p distal Wx�4IEA. �/A;:} proximal.!� 4.2.4 (Furstenberg) 
 (X,T ) J^�Z=� x ∈ X. � x J IP∗ <}OIlpI1J
distal X�W)�eV`Q 3.4.7. �E ∆∗ �#/YI-Wp:�A�L�S (X,T ) p4Te^�P� x ∈ X ~p dPi^� x�w0�Wr ni ⊆ Z, 8f T nix→ x′, aC/ T−nix′ → x.!� 4.2.5 
 (X,T ) J�O^�Z=� x ∈ X. �X x J ∆∗ <}OIlpI1JO0t!X�W)�S x p:�A�I���4p ∆∗ �#I�6u�w x I0�u= V 	40�Wr {nk} ⊆ Z, .[ k > j lG T nk−njx ∈ V . �.WÆS T nkx �d� T nkx→ x′. a)4p:�A�I��/ T−nkx′ → x. � j lG T−njx′ ∈ V . 4�p T nk → x′, 1	� k ��3�/ T−nj(T nkx) ∈ V .	
�S x p ∆∗ �#I�S T nkx → x′ � T−nkx′ → x′′. 8f x 6= x′′, a.[�O4.Iu= V1 v V2. )6 N(x, V1) p ∆∗ I�4: {nk − nj : k > j} Iep ∆ 1�R�GCI ∆ 1) {nk} I?r {n′k} &`��p T nkx → x′ � T−nkx′ → x′′, 1	A*4/
T n

′
kx→ x′ � T−n

′
kx′ → x′′. .[ j lG T−n

′
jx′ ∈ V2. 4�p T n

′
kx→ x′, 1	� k > j ��3lG T−n

′
j (T n

′
kx) ∈ V2. D� {n′k} I`�� T n

′
k−n′

jx ∈ V1, x: V1 ∩ V2 = ∅ "z�1	
x = x′′, 6 x p:�A�I� �ae 4.2.6 O0t!r���t%e�O^�}r^�}"�ÆZ=&0<OO0t!X�K8*SJ dPi^�s. Veech OC$I�Z={&t%&Oi���ÆGiZ=JO0t!OIlpI1JGiQ�yZ=OO0�h��/ [Veech1965].

Furstenberg `�W x p regular � x�.[WIin µ lG x p µ I generic W�R�w xI0�u= U / µ(U) > 0[Furstenberg1961]. w6:M0n1����.)`�WL\��!� 4.2.7 
 (X,T ) JZ=�� x ∈ X J regular XIlpIh x Oz�'/ U ,N(x,U)JM�<I�W)��p�A� ��5x/<I Furstenberg w�`Q (} (II) V`Q 2.5.3) �!� 4.2.8 S G J Z+ v9&bIOI+��
I 1. 
 E ⊆ Z+ J piecewise syndetic I+��A<GiZ= (X,T ) �Kt��I U �N

{α ∈ G :
⋂

n∈α
T−nU 6= ∅} ⊆ {α ∈ G :

⋂

n∈α
(E − n) 6= ∅}.
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2. hz�GiZ= (X,T ), A< syndetic rI E �N

{α ∈ G :
⋂

n∈α
(E − n) 6= ∅} ⊆ {α ∈ G :

⋂

n∈α
T−nU 6= ∅}.

II 1. }" E ⊆ Z+ l BD∗(E) > 0, �A<�!Z= (X,A, µ, T ) �K A ∈ A �N
µ(A) = BD∗(E) lhz� α ∈ G ,�

BD∗(
⋂

n∈α
(E − n)) ≥ µ(

⋂

n∈α
(T−nA)).

2. 
 (X,A, µ, T ) J�!Z=�A ∈ A l µ(A) > 0. �A< E ⊆ Z+ �N d(E) ≥ µ(A)l
{α ∈ G :

⋂

n∈α
(E − n)) 6= ∅} ⊆ {α ∈ G : µ(

⋂

n∈α
(T−nA) > 0}.

Furstenberg �:o2I|&�#`Q�S (X,A, µ, T ) p4T1i�P� A ∈ A �
µ(A) > 0, aw0� k ∈ N .[ n ∈ N lG

µ(A ∩ T−nA ∩ T−2nA ∩ · · · ∩ T−kn) > 0.

(eV [Furstenberg1961, Furstenberg1981, Furstenberg-Katznelson1978, Furstenberg etc.1982])6xD�F5I Furstenberg w�`Q�GC/<I Szemerédi !� �0y�F Banach0n1.jo0�tI)�7�r�x:O6�.�[R�m )�:�h� Fursten-

bergY6 Szemerédi `QIKV�:,�oe^�PI~?h?I1�KV Ramsey Q���[x;Q� /<U|X6�/��Iv��3D�Ilv4	eV [Bergelson1996,

Bergelson-McCutcheon2000, Bergelson-Leibman1996, Furstenberg1981, Furstenberg-Katznelson1991,

McCutcheon1999] M��.~ A p van der Waerden b x�4.jo0�tI)�7�r��.?#C
van der Waerden 1p Fvdw. 6x Szemerédi`Q�x�0��F Banach 0n1p van der

Waerden 1�6 Fpubd ⊆ Fvdw.N��.��j?:�#L/YIJ�!6 4.2.9 (1) I+ R *JÆw6�X<b �W�hz�^�Z= (X,T ), z� ǫ > 0, A< x ∈ X K n ∈ R �N d(T nx, x) < ǫ. v9<}ISJ RT . Q[O� R J<}IIlpIhz�GiZ= (X,T ) �K X Oz�t��I U , A< n ∈ R �N U ∩ T−nU 6= ∅.
(2) I+ R *J Poincaré $� B z(X<b �Whz��!Z= (X,A, µ, T ) �Kz�7x µ(A) > 0 O A ∈ A, A< n ∈ R �N µ(A ∩ T−nA) > 0. v9 Poincaré w%SJ RM .D�`Q 1.3.13 4`Q 2.5.4 /�+m 4.2.10 (1) R ∈ RM IlpIhz�7x BD∗(E) > 0 O E ,� R ∩ (E −E) 6= ∅.
(2) R ∈ RT IlpIhz� Fps I E ,� R ∩ (E − E) 6= ∅.



` v f _ � Q . � S 100 zU)C z.��e §4.2 �l&`z._�[>D��5I�s�F>A6p� RM = ∆∗(Fpubd); RT = ∆∗(Fps). )6-71Cp E�P�1	 Poincaré WrCp�#1� Kriz[ 1987 U�:o.[�#1;Wx PoincaréWrIZ?�6 RM $ RT [Katznelson2001, Weiss2000b].N��.aJ�.F5GCIJ�4./8�Y� (} Fcen p)#C B1L�IJ) �
Fcf ⊆ F∗vdw ⊆ Flbd1 ⊆ Fts ⊆ Ft ⊆ Fcen ⊆ Fip ⊆ ∆ ⊆ RM = ∆∗(Fpubd) ⊆ RT = ∆∗(Fps) ⊆ Finf .

Fcf ⊆ ∆(Fps) ⊆ ∆(Fpubd) ⊆ ∆∗ ⊆ F∗ip ⊆ Fcen
∗ ⊆ Fs ⊆ Fps ⊆ Fpubd ⊆ Fvdw ⊆ Finf .	 l 4.2

1. �_P 4.2.8-(I) H�9�
2. �97qM�0qH-iX��
3. �9 RM 9 RT ). Ramsey K�
4. �9��0zo Poincaré Vq�

(1) �E) Banach /mo 1 0�
(2) aN;

(3) E − E, |� E o�!0�
(4) IP 0�

5. vI F , _� pF = {A : (∃F ∈ F)(∀N ∈ N)(∃aN ∈ N)s.t.aN + (F ∩ [1, N ]) ⊆ A}, } pF �A!o5+ F a. 
U p(Fs) = Fps; �r�E/m0o�E Bananch /m0�R F ⊆ Z+, �9�
(1) F o�r IP 0H<��<v/xd℄�O (X,T ) 3 x ∈ X Z TFx �.�"V�
(2) F ∈ Fps H<��<v/xd℄�O (X,T ) 3 x ∈ X Z TFx �.,6V�
(3) F o�E) Banach /mH<��<v/xd℄�O (X,T ) 3 x ∈ X Z TFx �-Z

regular V�5Z TFx �-Z%v5CVHhm µ H generic V y, ��F y ∈ suppµ.

6. R X o��mk9M� {xα}α∈G o X �H G Vq�7ev5 IP � F , ,! IP − lim
α∈F

xα = x w��v5 x Ht< U , -Z β ∈ G kF/Æ�F α > β H α ∈ G . xα ∈ U .�9�v5/Æ X � G Vq {xα}α∈G �3/Æ IP � F , -Z IP >� F ′ ⊆ F 3 x ∈ X kF IP − lim
α∈F ′

xα = x �[�Q�9E=�9 Hindman _PLK�
7. R Y o)'��-}}> G Vq_�n}> IP 
r w�v/Æ α = {i1, i2, · · · , ik} ∈ F , �-. yα = yi1yi2 · · · yik

. IP �O3�|o)'H}#[^�
U�7e α∩β = ∅, �. yα∪β = yαyβ.7e {Tα}α∈G o C(X,X) �H IP �O��-�q�k} {Tα}α∈G o9M X EH IP �O�Y7�v5/x IP 0 {nα}α∈G , Tα = T nα �_�n}> IP �O�R {Tα}α∈G o9MX EH IP�O��9�-Z x, y ∈ X 3 IP� F kF IP−limα∈F Tαx = y,Q� IP − limα∈F Tαy = y.
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8. R A w Z >0I�}	o 45UM� �v Z /Æ.!r��B.|�r�A-i A �A��9�7e A on�VHH�G#3or��`H<��<)> syndetic 0-in A �A!�7e A on�VHH�|�A!).!�G#3or��`H<��<)> piecewise

syndetic 0-in A �A!�
9. R A w Z >0I�}	o %'UM� �v/Æ�.�E/mH0z)-i A �CA��9�

(1) /x/m�`H>0Ior��`H�
(2) 7e A on�VHH�|�A!).!�G#3o/m�`H<��<)>�.�E

Banach /mH0z-in A �A!�
(3) R A _�o� F ∈ A <��< F oC IP 0Hn���9w>0zIor��`:Vw/m�`H�>q�} E =

⋃∞
k=0(k + 3k+2Z) 3 F = (−E ∪ E)c. �9 d̄(F ) ≥ 2/3 �V-i/x A �A�)

10. �9� R o�"0<��<v/Æ.!r� Z =
⋃r

i=1 Ci, -Zr�A Ci kF R∩ (Ci −Ci) 6= ∅.

11. �9� (a) R o�"0<��<0zI A = {(a, a+ r) : a ∈ Z, r ∈ R} or��`H�
(b) R o Poincaré Vq<��<0zI A = {(a, a+ r) : a ∈ Z, r ∈ R} o/m�`H�

12. �A0%7_P�R S o N H�A0�3 m > 1 o/Æ���G#v Zm �/Æ IP �O {vα}α∈G , -Z IP � F (1) �3 IP �O {hα}α∈F(1) ⊆ N kF h
m

α + vα ∈ Sm, ∀F (1), |�
Sm = S × S × · · · × S︸ ︷︷ ︸

m% �3 h
m

= (h, h, · · · , h) ∈ Nm.

§4.3 0�!��HL�W)[8r ��.p�C�~:&uv�IQ^L�:�} .Bw0yWiQ[}EA. qC-7WlG:} proximal Mv��x:`Q�.[�5$ Ellis *(MH ��Ch�:��.I�:�l$Q^LIp�~5xpoC�JIT$�|~5�ixrRQw`Q/GpX6IQx�9� 4.3.1 
 (X,T ) J^�Z=�
 x ∈ Rec(T ) l {Vi}∞i=1 J x O�{'/�K8A<HÆ IP I+ FS({pi}∞i=1) �N FS({pi}∞i=n) ⊂ Vn h:Æ n ∈ N ,��W)�:`Q 1.2.13 �:M���lvA�� �w Z+ I?1 F v x ∈ X, `� TF (x) = {T i(x) : i ∈ F}9� 4.3.2 
 (X,T ) J^�Z=K Q = FS({pi}∞i=1). hz� x ∈ X, A<H y ∈ TQx ∩
Rec(T ) �K {pni

}∞i=1 ⊆ {pi}∞i=1 �Nh y Oz�'/ U , A<H j �N FS({pni
}∞i=j) ⊆

N(y, U) l (x, y) ∈ P (X,T ).W)�S K1 = TQx, P1 = Q 	4 pni
∈ {pi}∞i=1. H$

P1 ∩ (P1 − pn1) ⊇ FS({pi}i6=n1).6x
K1 ∩ T−pn1K1 ⊇ TP1∩(P1−pn1)x.
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⋃r1
i=1K1,i, } K1,i p��I� diamK1,i <

1
2 . 6x�./

P1 ∩ (P1 − pn1) =

r1⋃

i=1

{n ∈ P1 ∩ (P1 − pn1) : T nx ∈ K1,i}.D� Hindman `Q�.[ j lG P2 = {n ∈ P1 ∩ (P1 − pn1) : T nx ∈ K1,j} p P1 ∩ (P1 − pn1)I IP ?1�~ K2 = K1,j. �V K2 ⊆ K1, diamK2 <
1
2 , T pn1K2 ⊆ K1 � TP2x ⊆ K2.aJP��.GC {pni

} ⊆ {pi}, IP 1 P1 ⊇ P2 ⊇ · · · 	4�?1 K1 ⊇ K2 ⊇ · · · lG
diamKj <

1
j , pnj

∈ Pj , T pnjKj+1 ⊆ Kj � TPjx ⊆ Kj . ~ y ∈ ⋂∞
i=1Ki. 6�n�4�GHY� �+m 4.3.3 
 (X,T ) J^�Z=�}" z ∈ Rec(T ), K8hz� x ∈ X A<H y ∈ orb(x)�N (z, y) J X ×X O<}X�W)�S {Vn}∞n=1p zIu=&�)�Q 4.3.1.[D IP1{ FS({pi}∞i=1)lG FS({pi}∞i=n) ⊂

Vn w0� n ∈ N �\�S y p8�Q 4.3.2  1GCI�#W�H$w z, y I0�u=
U, V , �./

N((z, y), U × V ) = N(z, U) ∩N(y, V ) 6= ∅.

�!� 4.3.4 (Auslander-Ellis) 
 (X,T ) J^�Z=��hz� x ∈ X A<HGiX y ∈
orb(x) �N (x, y) J proximal O�W)��� orb(x)  .[-71{ Y , V`Q 1.3.3.�.^qC~? thick 1{ A lG TAx \ TAx ⊆ Y �\�6x8[ A  �D IP ?1
Q, )�Q 4.3.2 .[D y ∈ TQx ∩R(X) lG (x, y) ∈ P (X,T ). )6 y ∈ TQx \ TQx ⊆ Y , yp-7W�xr�.�d�o�.I�:�S Vn = {z ∈ X : d(z, Y ) < 1

n}, a {Vn}∞n=1 p Y Iu=&�~ δn > 0 lG=
d(x′, x′′) < δn e/ d(T ix′, T ix′′) < 1

n , i = 0, 1, · · · , n− 1 �\��p Y ⊆ orb(x), 1	.[D
in lG d(T inx, Y ) < δn. �p Y pWI1�1	 d(T in+jx, Y ) < 1

n , j = 0, 1, · · · , n − 1. S
A =

∞⋃
n=1
{in + j}n−1

j=0 . )F5IQ^��./ TAx \ TAx ⊆ Y . �ae 4.3.5 �> Auslander-Ellis \�OOC L$ Hindman \��l\� 3.3.16 OOCÆ* Ellis �w�5� 	 l 4.3

1. �9�P 4.3.1.

§4.4 l���ClZO�!6 4.4.1 
y F ⊂ Finf , Z= (X,T ) *J F �� O�Wh X Oz�t��I U K
V ,N(U, V ) ∈ F ,��* (X,T ) J F ZO O�W (X ×X,T × T ) J F 8VO�



` v f _ � Q . � S 103 zU)C z.��e §4.4 z9Ws.z�,s= F � Finf e� F �U6p�UL�� F �{6p?�{�= F � Fcf e� F �U: F �{xN~-W�6p��{�SJ F ⊂ Finf ,�P (X,T )~p F \��x�w0� X I�:,1 U �\ N(U, V ) ∈
F . �.�r$�`QEbP F �UL�+m 4.4.2 
 F JJO�[���Oy�K8Z= (X,T ) J F 8VOIlpI1J8VO�lJ F `nO�W)�)6 F p{I�o�WII�1	 F ⊆ Finf . 6x�8f (X,T ) p F �UI�H$4p�UI�)`��4p F  Bx�*I�	
�8f U, V p X I�:,1�H$)�UL�.[ i ∈ Z+lG W = U∩T−iV 6= ∅.�n��

N(U, V ) ⊇ N(W,W ) + i.6x) (X,T ) p F  BI	4 F po�WII�/ N(U, V ) ∈ F , 6 (X,T ) p F �UI� �~M&uIJ�U�Pp�5?CI_uKVL� ~?�P (X,T ) ~p w6n�� x�4p syndetic �UI�6 Fs �UI�P?p TE I�)\� 3.2.7 I�:��./
E �PÆ)� M �P�p_uKVI�)6 syndetic J: thick J�pw℄J�1	0y_uKV�P:?�{�PI�*�Pp�UI�[C�~$IJ�{6�
���.�&Æ�5Y6?�{I=16�ÆeV`Q
1.4.5 ��!� 4.4.3 
 (X,T ) J^�Z=���℄F8Q[�

(1) (X,T ) J�?+O�M (X ×X,T × T ) 8V�
(2) h X Oz�t��I U, V & N(U,U) ∩N(U, V ) ∈ Finf .

(3) h X Oz�t��I U1, U2, V1, V2, A<t��I U, V �N N(U, V ) ⊂ N(U1, V1)∩
N(U2, V2).

(4) {N(U, V )|U, V J X t��I} Æ,�Æ3r�
(5) (X,T ) J Ft 8VO�)F`Q��.�WLGCJ�{I6��!� 4.4.4 
 (X,T ) J^�Z=� F J7Oy���℄F8Q[�
(1) (X,T ) J F ?+O�
(2) (X,T ) J τF 8VO�
(3) (X,T ) J F 8VlJ�?+O�
(4) A<[���O3r F ′ ⊂ F �N (X,T ) J F ′ 8VO�W)�(1) ⇒ (3): �*�
(3)⇒ (4): )F`Q (4), ) {N(U, V )|U, Vp X �:,?1} [�I�?6p1��
(4)⇒ (1): S F ′ p�?�6x N(U1 × U2, V1 × V2) = N(U1, V1) ∩N(U2, V2) ∈ F ′. xr

(X ×X,T × T ) p F ′ �UI��� (X,T ) p F �{I�
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(4)⇒ (2): o�WII�?p thick I�1	 F ′ = τF ′ ⊂ τF .

(2)⇒ (3): )6 τF ⊂ F , (X,T )p F �UI�� τF ⊂ τFinf ,6x)`Q 4.4.3-(5),(X,T )p?�{I� �v 4.4.5 
 (X,T )J^�Z=l F J7Oy�}" (X,T )J F ?+O��hz� n ∈ N,

(Xn, T (n)) J F ?+O�"��?+Z=JGv8VO����?�{b�~$&uI�{Lp mild �{� Y6 mild �{�.[R~mR
4 r��)�:�h��.�[xT�V~�4I~:L�����~?e^�P (X,T )p mild �{Ix�4?We60y�U�P�)`��mild �{�P?We6A;�6xCp?�{I��p��{p Fcf �U�1	?We61/�U�P�6xCp mild�{I�Y6 mild �{b<}6��?�{
N��.^[R mC� CZ?�x4eV�5I3? 4.5.6.�5`Q 1.4.11 C�o mild �{I�#eN1�!� 4.4.6 
 (X,T ) J^�Z=�� (X,T ) J mild ?+OIlpI (X,T ) J ∆∗(Fip) 8VO��5�.6�DBv�DB�PI�#eN1�����.��4.I`���.~�P (X,T ) p �Q� x��4?We61/-7�P�� B�Q x�4?We6#C E �P��p-7�Pp E �P�1	�DB�PpDBI�!� 4.4.7 
 (X,T ) J^�Z=���℄F8Q[�
1. (X,T ) Jj��Z=�
2. h X O:ht��I U, V , N(U, V ) ∈ ∆∗(Fupbd);
3. h X O:ht��I U, V , N(U, V ) J Poincaré w%�W)�)`Q 2.5.4 $>A 4.2.10, �.� 2. v 3. ML��� 2. Um 1.. JSw X I*w�:,1 U, V v*?�F* Banach 0n1 S ⊂ Z+/ N(U, V ) ∩ (S − S) 6= ∅ �\��* N(U, V ) p�"1�xr (X,T ) p�U�P�S

(Y,W ) p E �P� U1, V1 p Y I�:,1�JS y p V1  I�UW�H$.[ n0 ∈ NlG y ∈ V1 � W n0(y) ∈ U1. �$.[ y I,u= Q ⊂ V1 �G W n0(Q) ⊂ U1. x�:
N(V1, U1) ⊃ N(Q,Q) + n0, N(Q,Q) = N(y,Q) − N(y,Q). )`Q 2.6.2,N(y,Q) p�F*
Banach 0n1�xr)JS� N(U, T−n0(V )) ∩ N(Q,Q) 6= ∅, �$ (n0 + N(U, T−n0(V ))) ∩ (n0 +

N(Q,Q)) 6= ∅. 3�C N(U, T−n0(V )) ⊂ N(U, V ) − n0, �./ N(U, V ) ∩ N(U1, V1) 6= ∅.)� N(U × U1, V × V1) = N(U, V ) ∩N(U1, V1) 6= ∅, 6 (X,T ) p�DB�P��[�: 1. Um 2.. JS (X,T ) p�DB�P�8f (Y,W ) p E �P��./
N(U × B,V × B) = N(U, V ) ∩N(B,B) 6= ∅, } U, V p X I�:,1� B p Y I�:,1�wC`�F* Banach 0n1 S ⊂ Z+, �.`� x ∈ Σ = {0, 1}N lG xi = 1 =��= i ∈ S, �.! x ~p S [ {0, 1}N I�ro��~ Y1 p x [6� σ �IEA.�
A(1) = {y ∈ Y : y(0) = 1}. �[D�`Q 2.5.3, .[ σ WIin µ �G µ(A(1)) > 0. )K



` v f _ � Q . � S 105 zU)C z.��e §4.4 z9Ws.z�,sV�x`Q�.[KVin ν lG ν(A(1)) > 0. ~ Y p ν I�|� B = Y ∩ A(1). 3�C B p Y I,1��./
S − S ⊃ {n ∈ Z+ : ν(σ−n(B) ∩B) > 0} ⊃ N(B,B).� (Y,W ) p E �P� N(U, V ) ∩N(B,B) 6= ∅, �� N(U, V ) ∩ (S − S) 6= ∅. �M�6`Q 4.4.7, DB�PI�#eN1/8�6��!� 4.4.8 
 (X,T ) J^�Z=���℄F8Q[�

1. (X,T ) J��Z=�
2. h X O:ht��I U, V ,N(U, V ) ∈ ∆∗(Fps) = ∆∗(Fs);

3. h X O:ht��I U, V , N(U, V ) J<}I�W)�)`Q 1.3.13 $>A 4.2.10, �.� 2. v 3. ML��� 2. Um 1.. JSw X I*w�:,1 U, V v*? syndetic 1 S ⊂ Z+ /
N(U, V )∩ (S − S) 6= ∅ �\�S (Y,W ) p-7�P�)`Q 1.3.5, 8f y ∈ Y v Q p y Iu=�a N(y,Q) p syndetic 1��$M�6`Q 4.4.7 �:IR~℄��w X I*w�:,1 U, V v Y I*w�:,1 U1, V1 �./ N(U ×U1, V × V1) 6= ∅ �\�6 (X,T ) pDB�P�N���.�: 1. Um 2.. JS (X,T ) pDB�P�H$8f (Y,W ) p-7�P�a�./ N(U × B,V × B) = N(U, V ) ∩N(B,B) 6= ∅, } U, V p X I�:,1� B p
Y I�:,1�S S ⊂ Z+ p syndetic 1�R� x p4[ {0, 1}N I�ro��~ Y p xEA. I-71� B = {y ∈ Y : y(0) = 1}. S p syndetic 1x~uhUj< B �:�
N(B,B) ⊂ S−S. � (Y,W )p-7�P�N(U, V )∩N(B,B) 6= ∅,�� N(U, V )∩(S−S) 6= ∅.

�	 l 4.4

1. F �TK9�zKoK.K��5Z�>0�H�9�}v}C
0��3S,!�0�H�
2. R (X,T ) od℄�O� (2X , T ) o%�Hv9M�O� F o full I�`��LK�

(a) (X,T ) o F �zH�
(b) (2X , T ) o F �zH�
(c) (2X , T ) o F �TH�

3. R W ⊂ Z+, 7ev)>LmaX�O (Y, ρ, T ) u ǫ > 0 -Z y0 ∈ Y u n ∈ W \ {0} kF
ρ(T n(y0), y0) < ǫ �[�`} W ⊂ Z+ o �-�F(b�W;#�.�O}o K�P� w�390.,6LmaX�O>Vd�R (X,T ) od℄�O��9��=�LK�
(a) (X,T ) o>CA�O�
(b) N(U, V )∩ (S − S) 6= ∅ v X H)v�9+0 U, V u)>�.Fo S = N(y0, B) �[�|�

(Y, S) o,6LmaX�O� y0 ∈ Y , B o y0 Ht<�
(c) v X H)v�9+0 U, V , N(U, V ) o%v5'Z5H�"Vq�
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§4.5 Lrk�C.1�[ 1967 U Furstenberg[Furstenberg1967] $M�6j?��"I-W[KV�:_ue^�P �:oj?�P�We	I-W	��j?�PIe^^L�x�&m|3�G� Peleg[Peleg1972] �:�?I-W�?WeL	��[��[KVQ��x[_ue^�P �We:?WeI�+��GC-3I�i:�$ [Auslander1988, Glasner2003, Rudolph1990].�.[F~r��)~: CIZ?�o?WeL:�P�#eN1I`���[x~r�.^GpX:I�?WeL�-u:�w℄L���.^[R�m)�:�WeL�R[HTC�WeL:?WeLIY��~j?�Pp Lrk� x�4.I�*�Pp�UI� 8�P (X,T ) : (Y, g) ?We�.�?
p (X,T ) f (Y, g). S F p�IJ�H$)w℄I`��0y F �UI�P: kF �UI�Pp?WeI�S P pe^^L���.	 (X,T ) ∈ P E?�P (X,T ) /L� P , 6�.x$ PNr /L� P I1/e^�P#C��.? Pf p:1/ /L� P �P?WeI�P#C����./	�L�Æ�T�A���[ 4.5.1 
 P Jj*8VrOr^��

(1) P1 ⊂ P2 =⇒ Pf

2 ⊂ Pf

1 ;

(2) (Pf)f ⊃ P ;

(3) Pf = ((Pf)f)f.j?e^^L� P1 4 P2 ~p Q~.1� x��G Pf

1 = P2 � Pf

2 = P1. 6x8f
P p�6�ULIL���/ Pf : Pff �x�pw℄I�~$�g�u6� Pf RWx~Y6�Iu��GW$�&`�G Pff = P I P . �5�.^ P "�p F �UE0	x:�A��.) Weiss-Akin-Glasner `Q,n�.I:��x?`Q��) WeissC�?�{I���� Akin 4 Glasner C��Gp�!� 4.5.2 (Weiss-Akin-Glasner \�) 
 F JJO�[���O thick y���Æ^�Z=J kF 8VOIlpI1��d*.& F 8VOZ=��:�F6�5I Weiss-Akin-Glasner �Q�!� 4.5.3 (Weiss-Akin-Glasner ��) 
 F JJO�[���O thick yl
 A ∈ F . �A<H F 8VOZ= (X,T ) K X O�rI U 7x N(U,U) = A ∪ {0}.W)�����.�:~:�s� P ~p~?"x��P p Z+ I~?/"?1� 0 ∈ P .~ |P | = max{t : t ∈ P} + 1 p P Itn�~ γ(P ) = {t1 − t2 : t1 ≥ t2, t1, t2 ∈ P} p PIN=�1��*� γ(P ) p~?"�4	^ P : {0, 1} �sI~?tnp |P | /""
(x0x1 · · · x|P |−1) MN}
� xk = 1 ⇔ k ∈ P . �V8f P ��[�"Wr x ∈ {0, 1}Z+  e�H$} � 1 	
NIN=�1�x γ(P ), R�[6� N��x?N=�1xWII�
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PαQ = P ∪ {t+ α+ |P | : t ∈ Q}. (4.5.1)��

γ(PαQ) = γ(P ) ∪ γ(Q) ∪ {α+ t2 + (|P | − t1) : t1 ∈ P, t2 ∈ Q}. (4.5.2)" PαQ &=6[" P �HF α ? 0, YHF Q GCI�8f α = 0, a? PQ = PαQ.S gi : Z+ → Z+,gi(j) = i+ j. 6x gi(A) = {j ∈ Z+ : i+ j ∈ A}. w" P 4 A ⊆ Z+ `�
g−P (A) =

⋂

t∈P
g−t(A) = {s ∈ Z+ : s+ t ∈ A,∀t ∈ P}. (4.5.3))6 F p thick I�8f A ∈ F , H$w0�" P �\ g−P (A) ∈ F .6�n��w" P ,Q 	4 A ⊆ Z+ /ug�

γ(P ) ∪ γ(Q) ⊆ A�α ∈ g−γ(PQ)(A)⇒ γ(PαQ) ⊆ A. (4.5.4)=PP�= P = Q e��./� γ(P ) ⊆ A 	4 α ∈ g−γ(PP )(A) Uj γ(PαP ) ⊆ A.�[�.,nQ^ (X,T ). S A ∈ F � 0 6∈ A. 	��.aJ`� B0 ⊆ B1 ⊆ · · · ⊆
Bn ⊆ · · · 	4 Z+ I?1r A0 ⊇ A1 ⊇ · · · �u� γ(Bn) ⊆ A.��~ B0 = {0},A0 = g−γ(B0B0)(A) = g−1(A) = {α0

i : i = 0, 1, · · · }. ~ B1 = B0α
0
0B0 =

{0, α0
0+1},a γ(B1) = {α0

0+1} ⊆ A. JS��`�qo B0 ⊆ B1 ⊆ · · · ⊆ Bn�/ γ(Bi) ⊆ A,

i = 1, 2, · · · , n. aw n > 0, ~
An = g−γ(BnBn)(A) = {αni : i = 0, 1, 2, · · · } (4.5.5)$��.JS αni �Ud�W^r�`� Bn+1 p�

Bn+1 = (Bnα
0
0Bn)β

n
n−1(Bn−1α

n−1
1 Bn−1)β

n
n−2 · · · βn2 (B2α

2
n−2B2)β

n
1 (B1α

1
n−1B1)β

n
0 (B0α

0
nB0)

(4.5.6)�\_e� βn0 , β
n
1 , · · · , βnn−1 lG

γ(Bn+1) ⊆ A. (4.5.7)���pw i = 0, 1, · · · , n,αin−i ∈ Ai 	4aJJS γ(Bi) ⊆ A, D� 4.5.4 / γ(Biα
i
n−iBi) ⊆

A. �5,n\_ βni , i = 0, 1 · · · , n − 1. ~ C0 = B0α
0
nB0,Di = Biα

i
n−iBi,i = 1, 2, · · · , n. �

βn0 ∈ g−γ(D1C0)(A), `� C1 = D1β
n
0C0. a) (4.5.4) / γ(C1) ⊆ A. �$p�.,?`�

Ci, 68�`� Ci lG γ(Ci) ⊆ A,H$\� βni ∈ g−γ(Di+1Ci)(A), Y`� Ci+1 = Di+1β
n
i Ci.Nr) (4.5.4) /�

γ(Ci+1) ⊆ A. (4.5.8)N��.� Bn+1 p�$`�GCI Cn.
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|Bn| → ∞, n→∞. (4.5.9)�.`� x ∈ {0, 1}Z+ p1/ Bn IR�6

xi = 1⇔wD?n, i ∈ Bn. (4.5.10)1FML6� i ∈ Bn w�G i ≤ |Bn| I1/ n �\�[ {0, 1}Z+  �.`�,1ÆxpA1��
U(Bn) = {y : ∀i ≤ |Bn|, yi = 1⇔ i ∈ Bn}. (4.5.11)} �M36 |Bn| I�I\�x0�I��V/

U(B0) % U(B1) % U(B2) % · · · .6x ∞⋂
i=1

U(Bn) = {x}, R� {U(Bn) : n = 0, 1, 2, · · · } p x I~Lu=&�~ X = orb(g, x), } g 8�`� (g [ {0, 1}Z+ FT$6pQ6� N). )6*?
Bn w�I"[ x  �"&���x�: x p�#W�8fS T = g|X , H$ (X,T ) p~?	 x p�UWI�U�P�pG��5�.4^ X I,1 U(Bn) ∩X ?p U(Bn). �./

N(U(Bn), U(Bn)) = {t1 − t2 : t1 ≥ t2 ∈ N(x,U(Bn))} (4.5.12)xx�p g−t(U(Bn)) ∩ U(Bn) 6= ∅ =��=.[ t2 lG gt2(x) ∈ g−t(U(Bn)) ∩ U(Bn).[ x  �" Bn �&Wu����5�.Zk4.IN=��) (4.5.6),Bnα
n
i Bn [

Bn+i+1  ���6x αni + |Bn|,i = 0, 1, · · · p x  Bn : Bn IN=��`{ (4.5.7) p/
g|Bn|(An) ∪ {0} ⊆ N(U(Bn), U(Bn)) ⊆ A ∪ {0}. (4.5.13)'} n = 0 e��p A0 = g−1(A) v 0 6∈ A, �./ g|B0| = g1(g−1(A)) = A. ) (4.5.13) 6/

N(U(B0), U(B0)) = A ∪ {0}. (4.5.14)�p (X,T ) p�UI� F po�WII�6xu�: (X,T ) p F �UI��Q�:4p F  BI64�)6 g|Bn|(An) = g|Bn|−γ(BnBn)(A) ∈ F 	4 F pJ�D� (4.5.13)�/ N(U(Bn), U(Bn)) ∈ F . 6x (X,T ) p F  BI���xp F �UI� �

Weiss-Akin-Glasner !��W)��.�Q�:8 (X,T ) Wp kF �U�a.[ F �U�P (Y,G) lG (X,T ) : (Y,G) Wp?WeI�)6 (X,T ) Wp kF �U�.[�:,1 U ⊂ X lG NT (U,U) /∈ kF . 1	 A =

Z+ \ NT (U,U) ∈ F . 6x) Weiss-Akin-Glasner �Q.[ F �U�P (Y,G) 4�:,1
V ⊂ Y lGNG(V, V ) = A∪{0}. 6xNT×G(U×V,U×V ) = NT (U,U)∩NG(V, V ) = {0} /∈ Finf .$6 (X,T ) : (Y, g) Wp?We� �



` v f _ � Q . � S 109 zU)C z.��e §4.5 ��es.iUsS WM p?�{�P#C� TE p_uKV�P#C�H$) Weiss-Akin-Glasner`Q�./�
WMf = TE.+m 4.5.4 
 P J^�}r^��

(1) �A<r^ P �N P = Pf.

(2) } Pf ⊂ P , � Pf ⊂WM .W)��� (2). S (X,T ) ∈ Pf. S (X,T ) ?We61//L� P I�P�'}/
(X,T ) f (X,T ). 1	 (2) �\��SL� P �G P = Pf, a�./ P ⊂WM . ) Weiss-Akin-Glasner `Q/

WM ⊃ P = Pf ⊃WMf = TE,;.[�o�IMnbYI-7�P�4x TE ;W WM I�xvFp"z� �+m 4.5.5 Z= (X,T ) J8VOIlpI1-.&j?+Z=J��dO�H��d*.&8VZ=OZ=��\Jj?+O�W)��~?>A) Weiss-Akin-Glasner `Q6G��~?>A)`Q 4.4.64Weiss-Akin-

Glasner �Q�G� �ae 4.5.6 �z�>OF8�K Weiss-Akin-Glasner����V�U;�tN�(C mild?+��m*j��?+S\�>A 4.5.5 �: (Pf)f ⊃ P ~$WQ�Ms��5�.C�~?�pw℄I�UL��!� 4.5.7 1. �ÆZ=J�?+OD℄��Z=IlpI1J Fts 8VO�
2. Fps 8V = (Fts8V)

f

;

3. (Fps8V)
f

= Fts 8V�W)�1. )`� Fts �U�Pp?�{I_uKV�P�|~5�S (X,T ) p?�{I_uKV�P�)`Q 4.4.4 4p Fts �UI�
2. �p Fts po�WII thick +�xr) Weiss-Akin-Glasner `Q� 2. �\�
3. �.$ P Nr Fps �UL��?�{�P /L� P , D� Weiss-Akin-Glasner `Q�./

Pf ⊂ (?�{L)
f

=_uKVL ⊂ P.x�:8f (X,T ) ∈ Pf, H$ (X,T ) p_uKVI� (X × X,T × T ) p�UI���
(X,T ) p?�{I_uKV�P�6 Fts �UI� �	 l 4.5

1. �9K� 4.5.1.

2. ~B� Weiss-Akin-Glasner _PHF{H�#�
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3. ~�9 mild �za;|5
�>�z	M�

§4.6 aeJI�[e^�PI�$N\G6 [Gottschalk-Hedlund1955]. �P}KJI�I4// [Furstenberg1981, Akin1997], �vC�ox$�IN&8I�+�=I�r�.:a���v	-nI�P:�3/~�
UEJI�[e^�P� LEL&u�4	eV [Glanser2004, Glasner-Weiss2004, Huang-Ye2002b, Huang-Ye2004b, Huang etc.2004c,

Huang etc.2005, Shao-Ye2004] M�R~rY6JI-W:&8L�I�Q-u�A [Akin1997], �Y6 F∗ip �?LI�:MO6�A [Furstenberg1981]. R�r U|v�I�~[�4	eV [Furstenberg1981,

Glasner1980] M�R�rIO6x?I�R�r �Y6J�U:J�{I�~[:�4	eV [Akin1997, Glanser2004, Huang etc.2004c, Huang-Ye2002b]. R�r Weiss-Akin-

Glasner `QI�:�A [Akin-Glasner2001], x4eV [Weiss2000a]. Y6w℄LIO64	eV [Huang-Ye2002b, Shao-Ye2004].



��Q xin:NFI`I-Wx) Kolmogorov [ 1958 UC�I�
� AdlerM.[_u:NF�:o_u`I`��4xF�p���I~?&uIO}WIl�RGC_��X:P��8m-uO4`I�XQ�� CE��[8mIR~��7r�.^C�in`v_u`I`�R�4.I&8
L�R�7r�.^}Kin Pinsker σ 5�v`I Pinsker Mp�[R�7r���.^�:in Kolmogorov �P�*��}&8
LR�: Rohlin-Sinai `Q�
§5.1 w6w[87r��.^}K_ue^�P ~?&uIWIl —-_u`�4x) Adler,

Konheim v McAndrew[Adler etc.1965] [ 1965 U���:I��E Dinabury[Dinaburg1971] v
Bowen[Bowen1971] l$�O1vo�1C�o~??IML`��_u`[_ue^�PO^�M 'ko&=&uIgC�	 o_ue^�PI#WL�n�S X p~�:1{��.Lr$�=BE U�V MENr X I 0�S U�V p X Ij? 0�U v V I k U ∨V `�p)1/G8 U ∩V I�:1{G�I X I 0�} U ∈ U v V ∈ V.M�P�.4	`�/"? 0 U1 �U2 �· · · �Un Ik U1∨· · ·∨Un.!6 5.1.1 
 X J�t�I+� T : X → X J��� U J X Oz��U;\�

T−1U = {T−1U : U ∈ U}._y T−1U {J X Oz���|(�h"Æt�L% m,n (n ≥ m) U;��\�
Unm =

∨n
j=m T

−jU , 5�Sh n ≥ 1

Un−1
0 = U ∨ T−1U ∨ · · · ∨ T−(n−1)U .S U ,V p X Ij? 0�8fw*? V ∈ V,�.QqCD? U ∈ U lG V ⊂ U , a~ V p U I fÆ, ?p V � U $ U � V. =PP�8f V I*?B"*p U  IB"�a~ V p U I h:A, �*$e V � U .!6 5.1.2 }" U Jt�I+ X Oz��U; N(U) �� U O.&rz�`{&|�1+Æ%Orz�O1+Æ%�I U 9&&brz���U;5\ N(U) = +∞.�V= X p�nl:N	4 U p X I, 0e� N(U) p/"��pG�V�w 0 U �.? H(U) = logN(U).9� 5.1.3 
 X J�t�I+� U�V J X O"Æz���

1. H(U) ≥ 0.

2. }" V � U , � H(V) ≥ H(U).

3. H(U ∨ V) ≤ H(U) +H(V).

4. hz��� T : X → X, U;& H(U) ≥ H(T−1U); qlI T J7��� H(U) =

H(T−1U).

111



` v f _ � Q . � S 112 zUWC � §5.1 E^�W)�)`� (1)�(2) v (4) x:��\P�w6 (3), = H(U) = +∞ $ H(V) = +∞ e�4x:��\P��JS {U1, · · · , UN(U)} v {V1, · · · , VN(V)} �Pp U v V  /NHB"?�I? 0�a {Ui ∩ Vj : 1 ≤ i ≤ N(U), 1 ≤ j ≤ N(V)} p U ∩ V I? 0�)�
N(U ∨ V) ≤ N(U)N(V). �9� 5.1.4 
 X J�t�I+� T : X → X J��� U J X Oz���t�w%
an = H(Un−1

0 ) {&?�Yr�M am+n ≤ am + an,∀m,n ≥ 1. qlGb limn→∞ 1
nH(Un−1

0 )A<lQ* infn≥1
1
nH(Un−1

0 ), U;�Gb*J U dh* T O nOw, SJ hc(T,U).I (X,T ) J^�Z=�K U J X O�z�����s�\�O hc(T,U) *J U dh* T O w6w, SJ htop(T,U).W)�w m,n ≥ 1, )�Q 5.1.3 IL� (3) v (4) �./
am+n = H(

∨m+n−1
i=0 T−iU)

≤ H(
∨n−1
i=0 T

−iU) +H(T−n(
∨m−1
j=0 T−jU))

≤ an + amx�: {an} p&4H�&Wr�S a = infn≥1
an

n . W` ℓ ≥ 1, w*? m ∈ N .[ km ∈ Z+v rm ∈ {0, 1, · · · , ℓ−1}lG m = kmℓ+rm.X$ {an}I&4HL4G am

m ≤
kmaℓ+arm

kmℓ+rm
,Y,

m→ +∞GG lim supm→∞
am

m ≤
aℓ

ℓ . �[) ℓI0�L��./ lim supm→∞
am

m ≤ infℓ≥1
aℓ

ℓ .�&	1IWMpx:��\I�x�d�o�QI�:� �)�Q 5.1.3 v 5.1.4, �.WLGC9� 5.1.5 
 X J�t�I+( T : X → X J����h X Oz�"Æz� U ,V, U;&
1. H(U) ≥ hc(T,U) ≥ 0.

2. }" V � U , � hc(T,V) ≥ hc(T,U).

3. hc(T,U ∨ V) ≤ hc(T,U) + hc(T,V).

4. hc(T,U) ≥ hc(T, T−1U); qlI T J7��� hc(T,U) = hc(T, T
−1U).!6 5.1.6 h^�Z= (X,T ), U; CoX ���\ X Ov9�z��+

htop(T ) = sup
U∈Co

X

htop(T,U),U;{ htop(T ) *JZ= (X,T ) O w6w (u�7KS�<I��N3` htop(T ) J +∞Omp). <����Jj[�\ X U;	�SJ htop(T,X).+m 5.1.7 1. }" (Y, T ) J (X,T ) OrZ=�� htop(T,X) ≥ htop(T, Y ).

2. }" π : (X,T )→ (Y, S) J�r���� htop(T ) ≥ htop(S).

3. }" (X,T ) J�OZ=�� htop(T ) = htop(T−1).W)�)`� 5.1.6 v�Q 5.1.3, (1) x:��\P� (2)EA6	�uh�w0� U ∈ CoY ,

htop(T, π−1(U)) = htop(S,U). N�� (2) Uj< (3). �



` v f _ � Q . � S 113 zUWC � §5.1 E^�ae 5.1.8 #F8 5.1.7 Or^ (2), }" π : (X,T ) → (Y, S) JD℄���� htop(T ) =

htop(S). I(C��Z=OD℄����#�~$E���PI_u`x&=W6�=)I�;w6~:=��P�.4*/m4`�	 5.1.9 
 T = id : X → X J-<����h X z�O�z� U = {U1, . . . , Uk} U;& T−iU = U h.& i ∈ Z+ ,���>A< k �N Un−1
0 = Uk−1

0 , n ≥ k. I(C
H(Un−1

0 ) = H(Uk−1
0 ), n ≥ k. �>

htop(T,U) = lim
n→∞

1

n
H(Un−1

0 ) = lim
n→∞

1

n
H(Uk−1

0 ) = 0.ql# U Oz�r�U;NL htop(T ) = 0.�5I�Q?KC�.~?&wE�G�6fTI=)`I��9� 5.1.10 
 (X,T ) J{&# d O^�Z=�}" {Ui}∞i=1 J X 7x diam(Un) =

sup{diam(U) : U ∈ Un} → 0 O�z�w%�� limn→∞ htop(T,Un) = htop(T ).W)�S V p X I0~, 0� δ p V I Lebesgue � (6w6 X I*?�76M6
δ I?1 A, .[ V ∈ V .jo A). aw�G diam(Un) < δ I n �g��./ Un � V, �� lim inf

n→+∞
htop(T,Un) ≥ htop(T,V). Y) V I0�L��.GC lim inf

n→+∞
htop(T,Un) ≥ htop(T ).Ne�)6 lim sup

n→+∞
htop(T,Un) ≤ htop(T ) x:��\P�v��\� �9� 5.1.11 
 (X,T ) J^�Z=�h X O:Æ�z� U ( n ∈ N, U;&

htop(T,Un0 ) = htop(T,U).W)�3�C
htop(T,U) ≤ htop(T,Un0 ) = lim

k→+∞
1

k
H((Un0 )k−1

0 ) = lim
k→+∞

1

k
H(Un+k−1

0 )

= lim
k→+∞

n+ k

k

1

n+ k
H(Un+k−1

0 ) = htop(T,U),�QG�� �ae 5.1.12 I (X,T ) J�O^�Z=��h X O:Æ�z� U ( n ∈ N U;&
htop(T,Un−n) = htop(T,U).+m 5.1.13 (Abramov \�) 
 (X,T ) J^�Z=l m ∈ N, �
htop(Tm) = m htop(T ).W)���w*? U ∈ CoX , �.WLGC

htop(Tm,Um−1
0 ) = lim

k→∞
1
kH(

k−1∨
i=0

T−imUm−1
0 ) = lim

k→∞
1
kH(Ukm−1

0 ) = mhtop(T,U).
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htop(Tm) = supU∈Co

X
htop(Tm,Um−1

0 ) = m supU∈Co
X
htop(T,U) = m htop(T ).F5R~?vN�~?MsI�\)`�11�� �ae 5.1.14 I (X,T ) J�O^�Z=l m ∈ Z ��U;& htop(Tm) = |m|htop(T ).	 5.1.15 
 Ω = {1, · · · , L}Z+ ( (Ω, σ) JFO L y'vn��h (Ω, σ) OrZ=

(X,σ), U;\�1OC�kpI [j] = {x ∈ X : x0 = j}, 1 ≤ j ≤ L ( X OC�\u
U = {[j] : 1 ≤ j ≤ L}. 
 un = N(Un−1

0 ), � un = Card(Un−1
0 ).h*rn� (X,σ), htop(σ,X) = lim

n→+∞
1
n log un. 5�SI X = Ω ��U;&

htop(σ) = logL.W)�:�PWr {Un−1
0 }∞n=1 �G�Q 5.1.10 IHY��$X$�Q 5.1.10 �./
htop(σ,X) = lim

n→+∞
htop(σ,Un−1

0 ) = htop(σ,U)

= lim
k→+∞

1
k logN(Uk−1

0 ) = lim
k→+∞

1
k log uk.= X = Ω e� uk = Lk. �$�.GC htop(σ,Ω) = lim

k→+∞
1
k logLk = logL. �	��.}Kj$_u`IML`��w&=|I�P�gxj$`�l�.G6�=)}_u`�= (X,T ) pe^�P� d p X F:_u&6Inl	4 n ∈ N e�w

x, x′ ∈ X �.`�
dn(x, x

′) = max
0≤k≤n−1

d(T kx, T kx′).a dn xp X F:_u&6Inl�!6 5.1.16 
 (X,T ) J{&# d O^�Z=�
1. h n ≥ 1 ( ǫ > 0, U;*&bI A ⊂ X J�Æ (n, ǫ) 6�b, }"h A `z�"Æ�<OX x, y ~& dn(x, y) ≥ ǫ ,��U; sr(n, ǫ, T ) �� (X,T ) {&|j1+Æ%O (n, ǫ) u�IO1+Æ%�
2. h n ≥ 1 ( ǫ > 0, U;*&bI A ⊂ X J�Æ (n, ǫ) R�b, }"h X Oz�X xA< y ∈ A �N dn(x, y) < ǫ; U; sp(n, ǫ, T ) �� (X,T ) {&|�1+Æ%O (n, ǫ)D,IO1+Æ%�)6:N X x�I� sr(n, ǫ, T ) v sp(n, ǫ, T ) *p/"���[�.`�

sr(ǫ, T ) = lim sup
n→+∞

1
n log sr(n, ǫ, T ),

sp(ǫ, T ) = lim sup
n→+∞

1
n log sp(n, ǫ, T ).�V= ǫ→ 0+ e� sr(ǫ, T ) v sp(ǫ, T ) Y6 ǫ 8[F℄��$-"

sr(d, T ) = lim
ǫ→0+

sr(ǫ, T ) v sp(d, T ) = lim
ǫ→0+

sp(ǫ, T ).[.
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1. sp(n, ǫ, T ) ≤ sr(n, ǫ, T ) ≤ sp(n, ǫ2 , T );

2. sp(ǫ, T ) ≤ sr(ǫ, T ) ≤ sp( ǫ2 , T );

3. sp(d, T ) = sr(d, T ).W)�)6 (1)⇒ (2)⇒ (3) x:��\I��.�Q�: (1). �* X I~? /N|B"?�I (n, ǫ) �O1xp (n, ǫ) o�1�1	 sp(n, ǫ, T ) ≤ sr(n, ǫ, T ). &	P�8f A p /NHB"?�I (n, ǫ2) o�1	4 E p0� (n, ǫ) �O1�aw*? x ∈ E .[W
φ(x) ∈ AlG dn(x, φ(x)) < ǫ

2 .� E p0� (n, ǫ)�O1�φ p~~w��x�: |A| ≥ |E|,�� sr(n, ǫ, T ) ≤ sp(n, ǫ2 , T ). �	�>A�:Lh�O1vo�14C�_u`IML`��+m 5.1.18 
 (X,T ) J^�Z=�� htop(T ) = sp(d, T ) = sr(d, T ). 5�S� sp(d, T ) =

sr(d, T ) �Æ*d|# d O|s�W)����.W`~? ǫ > 0 v n ∈ N. S U p / Lebesque � 2ǫ I, 0	4 E p /NHB"?�I (n, ǫ) o�1�6 |E| = sp(n, ǫ, T ). ) sp(n, ǫ, T ) I`��
⋃

x∈E

n−1⋂

i=0

T−iBǫ(T
ix) = X.�[w*? x ∈ E v 1 ≤ i ≤ n, Bǫ(T

ix) .j[ 0 U ID?B" �)$4V
N(

∨n
i=1 T

−iU) ≤ sp(n, ǫ, T ).� V p X I�G diam(V) < ǫ I, 0�S A p /N|B"?�I (n, ǫ) �O1�6 |A| = sr(n, ǫ, T ). 3�C ∨n−1
i=0 T

−iV *?B" �|j/ A  ~?W�)$4V
sr(n, ǫ, T ) ≤ N(

∨n−1
i=0 T

−iV).)	F��
N(

∨n−1
i=0 T

−iU) ≤ sp(n, ǫ, T ) ≤ sr(n, ǫ, T ) ≤ N(
∨n−1
i=0 T

−iV), �$
1
nN(

∨n−1
i=0 T

−iU) ≤ 1
nsp(n, ǫ, T ) ≤ 1

nsr(n, ǫ, T ) ≤ 1
nN(

∨n−1
i=0 T

−iV).
(5.1.1)Y, n→∞ �.�GC

htop(T,U) ≤ sp(ǫ, T ) ≤ sr(ǫ, T ) ≤ htop(T,V).*�, ǫ ց 0, Neu� diam(U) ց 0(xr V x�G diam(V) ց 0), X$�Q 5.1.10 4G
htop(T ) = sp(d, T ) = sr(d, T ). �)Mp (5.1.1) �.Ne!Go8�I\��v 5.1.19 


sr(ǫ, T ) = lim infn→∞ 1
n log sr(n, ǫ, T ),

sp(ǫ, T ) = lim infn→∞ 1
n log sp(n, ǫ, T ).��Gb sr(d, T ) = lim

ǫ→0+
sr(ǫ, T ) ( sp(d, T ) = lim

ǫ→0+
sp(ǫ, T ) A<�l

htop(T ) = sp(d, T ) = sr(d, T ).



` v f _ � Q . � S 116 zUWC � §5.2 "d�ae 5.1.20 h�Æ#�\ XÆ��\oZ��O�Z�y�� T �KoZrI K, U;���*S\�dh* K OD℄� h(T,K). ��OC1�Æ#O|s��lI XoZ� h(T,X) = htop(T )(�_ [Walters1982]).	 l 5.1

1. RX o�90z�T : X → X o�M�U oX H.!�/��9�v l ∈ N. hc(T,U) ≥ 1
l
hc(T

l,U).

2. R (X,σ) o7EH L �r"5� (Ω, σ) H>�O� htop(σ,X) = logL, �9 X = Ω.

3. R T : T→ T �F T (z) = ze2πiα, |� T o"n4H7wE(u α ∈ R, ` htop(T ) = 0.

4. R (X,T ) u (Y, S) oi>d℄�O��9�
htop(T × S,X × Y ) = htop(T,X) + htop(S, Y ).

5. R (X,T ) od℄�O�IR X = X1 ∪X2 ∪ · · · ∪Xn, |� X1, X2, · · · , Xn o X H}9�V%d�HVH0��9� htop(T,X) = max1≤i≤n htop(T |Xi
, Xi).

6. R (X,T ) od℄�O� Ω(T ) o|�*>V0��9� htop(T,X) = htop(T |Ω(T ),Ω(T )).

§5.2 z(w
1958 U Kolmogorov[Kolmogorov1958] {T Shannon[Shannon1948] C�� W&`LI6Æ[KV� �:oin`I-W�in`x&uINQWIl�4	 o1i�PI���n�S (X,B, µ) p-:N��.! B  IB"~p X I {zb, x�x� X I?1 A p4i1=��= A ∈ B. ) X I/"?�W&eI4i1Q�I X I 0��.~}p X I >�{z56. &ÆP�� α = {A1, A2, · · · , An} x X I/"4is��8f Ai ∈ B, Ai ∩Aj = ∅ w0� 1 ≤ i 6= j ≤ n �\� ⋃n

i=1Ai = X.w X I~?/"4is� α = {A1, A2, · · · , An}, �.^ α I ��K` `�p
I(α)(x) =

n∑

j=1

−1Aj
(x) log µ(Aj),} 1Aj

(x) p Aj I=~o���~[��.0	o� φ : [0, 1]→ [0,+∞),

φ(t) =

{
−t log t, t > 0

0, t = 0
.�.WL-�o� φ xb<Vo��6w�G ∑k

i=1 pi = 1 I pi ≥ 0 v ti ∈ [0, 1], �./ φ(
∑k

i=1 piti) ≥
∑k

i=1 piφ(ti), } Ms�\=��=w1/�G pi 6= 0 I ti x>$&MI�~
Hµ(α) =

n∑

j=1

φ(µ(Aj)) =
n∑

j=1

−µ(Aj) log µ(Aj).



` v f _ � Q . � S 117 zUWC � §5.2 "d��.^� Hµ(α) ~p4is� α I w, �* Hµ(α) ∈ [0,+∞).G~$P�w B IC`I? σ 5� F , 4is� α &w6 F I oi��K` v oiw �P`�p
IF (α)(x) =

∑n
j=1−1Aj

(x) log E(1Aj
|F)(x) v

Hµ(α|F) =
∫
X I
F (α)(x)dµ(x)

=
∑n

j=1

∫
X −1Aj

(x) log E(1Aj
|F)dµ(x),[xT E(1Aj

|F) po� 1Aj
&w6 F I�^zi�)6

E(IF (α)|F) =
∑n

j=1−E(1Aj
|F) log E(1Aj

|F) =
∑n

j=1 φ(E(1Aj
|F)),�$

Hµ(α|F) =
∫
X I
F (α)(x)dµ(x) =

∫
X E(IF (α)|F)dµ(x)

=
∑n

j=1

∫
X φ(E(1Aj

|F))dµ(x).
(5.2.1)S N = {∅,X} p B Io�? σ 5���* IN (α) = I(α) � Hµ(α) = Hµ(α|N ). =

F = B e�w60�I A ∈ B �./ E(1A|F) = 1A, �� IF (α) = 0 � Hµ(α|F) = 0.w X I/"4is� β, �.$ F(β) Nr) β [�I σ 5��w X Is� α, β, 8f α ⊂ F(β), �.�� β p α I fÆ, ?p β � α $ α � β. w B Ij?? σ 5� F1,F2,�.$ F1 ∨ F2 Nr B INe.j F1,F2 IN7? σ 5��pG�V��.4*�l$ β !Nr F(β), $ α ∨ F !Nr F(α) ∨ F .w6 X I/"4is� α = {A1, A2, · · · , An} v β = {B1, B2, · · · , Bm} 6�n�
Iβ(α) =

∑n
i=1

∑m
j=1−1Ai∩Bj

(x) log
µ(Ai∩Bj)
µ(Bj ) . (5.2.2)

X I/"4is� α v β I kα ∨ β `�p {A ∩B : A ∈ α,B ∈ β}, �* α ∨ β 4p
X I/"4is�R� F(α ∨ β) = F(α) ∨ F(β). )Mp (5.2.2), w X I/"4is� α,

β v γ 6�n�
Iγ(α ∨ β) = Iγ(α) + Iα∨γ(β) (5.2.3)	��.^FÆMp (5.2.3) ~$Æ�+m 5.2.1 
 (X,B, µ) J�2�\� α, β J X O&b�!\u�K F J B Or σ D%��h µ-a.e. x & IF (α ∨ β)(x) = IF (α)(x) + Iα∨F (β)(x) ,��W)����.�:w B ∈ β, Tp L1(X,α ∨ F , µ) o��g

E(1B |α ∨ F)(x) =
∑

A∈α
1A(x)

E(1B∩A|F)(x)

E(1A|F)(x)
�\. (5.2.4)



` v f _ � Q . � S 118 zUWC � §5.2 "d�p$FI�S A′ ∈ α, F ∈ F , ^=~o� 1A′∩F : (5.2.4) I1F.&��Y*��./
∫
X 1A′∩F (x) · (∑A∈α 1A(x)E(1B∩A |F)(x)

E(1A |F)(x) )dµ(x) =
∫
F 1A′(x)

E(1B∩A′ |F)(x)
E(1A′ |F)(x) dµ(x)

=
∫
F E(1A′

E(1B∩A′ |F)
E(1A′ |F) |F)(x)dµ(x) =

∫
F E(1A′ |F)(x) · E(

E(1B∩A′ |F)
E(1A′ |F) |F)(x)dµ(x)

=
∫
X 1F (x)E(1B∩A′ |F)(x)dµ(x) =

∫
X E(1F · 1B∩A′ |F)(x)dµ(x)

=
∫
X 1F (x) · 1B∩A′(x)dµ(x) =

∫
A′∩F 1B(x)dµ(x) =

∫
A′∩F E(1B |α ∨ F)(x)dµ(x)

=
∫
X 1A′∩F (x) · E(1B |α ∨ F)(x)dµ(x).� A′, F x0�I�)ziI`��.!G (5.2.4). �[[Mp (5.2.4) jF�w�6G

log(E(1B |α ∨ F)(x)) =
∑

A∈α
1A(x) (log(E(1B∩A|F)(x)) − log(E(1A|F)(x))) ,�$

IF (α ∨ β)(x) = −
∑

A∈α

∑

B∈β
1A∩B(x) log E(1A∩B |F)(x)

= −
∑

A∈α

∑

B∈β
1A(x)1B(x) log(E(1A|F)(x)) −

∑

B∈β
1B(x) log(E(1B |α ∨ F)(x))

= −
∑

A∈α
1A(x) log(E(1A|F)(x)) −

∑

B∈β
1B(x) log(E(1B |α ∨ F)(x))

= IF (α)(x) + Iα∨F (β)(x),x�d�o>AI�:� �X$FÆ>A�.4	�:4is� α IHY` /	�L��+m 5.2.2 
 (X,B, µ) J�2�\�h X O&b! α, β �K B Or σ D% F ,F1,F2,U;&
1. }" α = {A1, A2, · · · , Ak}, � Hµ(α|F) ≤ log k lQ',�IlpI E(1Ai

|F) ≡ 1
k h:Æ i ∈ {1, 2, · · · , k}. 5�S Hµ(α) ≤ log k lQ',�IlpI µ(Ai) = 1

k h:Æ
i ∈ {1, 2, · · · , k};

2. Hµ(α ∨ β|F) = Hµ(α|F) +Hµ(β|α ∨ F). 5�S Hµ(α ∨ β) = Hµ(α) +Hµ(β|α);

3. Hµ(α|F) = 0 ,�IlpI α J F �!O�5�S Hµ(α|β) = 0 ,�IlpI α � β;

4. F1 ⊂ F2 ⇒ Hµ(α|F1) ≥ Hµ(α|F2);

5. α � β ⇒ Hµ(α|F) ≤ Hµ(β|F). 5�S Hµ(α) ≤ Hµ(β);

6. Hµ(α ∨ β|F) ≤ Hµ(α|F) +Hµ(β|F). 5�S Hµ(α ∨ β) ≤ Hµ(α) +Hµ(β);

7. 
 T : (X,B)→ (X,B) J�!���� Hµ(T
−1α|T−1F) = HTµ(α|F); }" (X,B, µ, T )J�!Z=�� Hµ(T

−1α|T−1F) = Hµ(α|F).
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Hµ(α|F) =

∫

X

k∑

j=1

φ(E(1Aj
|F))dµ(x)

≤
∫

X
kφ(

k∑

j=1

1

k
E(1Aj

|F))dµ(x)

=

∫

X
log kdµ(x) = log k.�Ms�\=��= E(1Ai

|F) ≡ 1
k *? i ∈ {1, 2, · · · , k}. x��:o (1).

(ii) )>A 5.2.1 �w µ-a.e. x / IF (α ∨ β)(x) = IF (α)(x) + Iα∨F (β)(x) �\�wFpjF*�6G Hµ(α ∨ β|F) = Hµ(α|F) +Hµ(β|α ∨ F). x��:o (2). �[) (2) �.GC (5) v (6).

(iii) w6 (3), 3�C α p F 4iI=��= IF (α) = 0, )Mp (5.2.1) 6G�
(v) S α = {A1, A2, · · · , Ak}. a
Hµ(α|F1) =

k∑

i=1

∫

X
φ(E(1Ai

|F1)(x))dµ(x) =

k∑

i=1

∫

X
φ(E(E(1Ai

|F2))|F1)(x))dµ(x)

≥
k∑

i=1

∫

X
E(φ(E(1Ai

|F2))|F1)(x))dµ(x) (Jensen WMp)

=
k∑

i=1

∫

X
φ(E(1Ai

|F2)(x))dµ(x) = Hµ(α|F2).x��:o (4).

(vi) (7) EA6	�uh�w4io� f , �./ E(f ◦ T |T−1F)(x) = E(f |F)(Tx) w
µ-a.e. x ∈ X �\� �+m 5.2.3 
 (X,B, µ, T ) J�!Z=( α, β J X O"Æ&b�!\u���℄r^�>Q[�
1. α a�* β(M µ(A ∩B) = µ(A)µ(B) h A ∈ α ( B ∈ β, >�S α ⊥µ β);

2. Hµ(α ∨ β) = Hµ(α) +Hµ(β);

3. Hµ(α|β) = Hµ(α).W)�)>A 5.2.2 (2), �.� (2) ML6 (3). 	��: (1) ML6 (3). ��JS (1) �\�6 α ⊥µ β. �$w0� A ∈ α, B ∈ β, µ(A ∩B) = µ(A)µ(B), ��
Iβ(α)(x) =

∑

A∈α,B∈β
−1A∩B(x) log

µ(A ∩B)

µ(B)
=

∑

A∈α,B∈β
−1A∩B(x) log µ(A) = I(α)(x).x��: Hµ(α|β) = Hµ(α).
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�JS Hµ(α|β) = Hµ(α). l$ (5.2.2), wVo� φ(t) = −t log t �./
0 =

∑

A∈α
φ(µ(A)) −

∑

A∈α

∑

B∈β
µ(B)φ(

µ(A ∩B)

µ(B)
). (5.2.5)� φ xb<VI�w*? A ∈ α �./

φ(µ(A)) ≥
∑

B∈β
µ(B)φ(

µ(A ∩B)

µ(B)
), (5.2.6)�Ms�\=��= µ(A∩B)

µ(B) = µ(A) w B ∈ β, µ(B) > 0 �\��[v{ (5.2.5) v (5.2.6), w A ∈ β �.GC
φ(µ(A)) =

∑

B∈β
µ(B)φ(

µ(A ∩B)

µ(B)
).Y3�C (5.2.6) WMp�\HY�w B ∈ β, µ(B) > 0 �./ µ(A∩B)

µ(B) = µ(A). x��:
α ⊥µ β. �S (X,B, µ, T ) p1i�P� α p X I/"4is��pP8�V�w�&��
m,n (n ≥ m) �.?

αnm =

n∨

i=m

T−iα 	4 α− =

+∞∨

n=1

T−nα,} ∨+∞
n=1 T

−nα Nr B I.j {T−nα : n ≥ 1} IN7? σ 5��+m 5.2.4 
 (X,B, µ, T ) J�!Z=�h X O&b�!\u α w% Hµ(α
n−1
0 ) J?�Yt�w%�qlGb limn→+∞ 1

nHµ(α
n−1
0 ) A<lQ* infn∈N

1
nHµ(α

n−1
0 ).W)�Wr an I&4HLEA6	�WMp

an+m = Hµ(α ∨ T−1α ∨ · · · ∨ T−(n+m−1)α)

≤ Hµ(α ∨ T−1α ∨ · · · ∨ T−(n−1)α) +Hµ(T
−n(α ∨ T−1α ∨ · · · ∨ T−(m−1)α))

= an + am.

(5.2.7)�[d#M�6�Q 5.1.4 4	�: limn→+∞ 1
nHµ(α

n−1
0 ) = infn∈N

1
nHµ(α

n−1
0 ). �!6 5.2.5 
 (X,B, µ, T ) J�!Z=�h X O&b�!\u α, U; hµ(T, α) ��Gb limn→+∞ 1

nHµ(α
n−1
0 ) l* hµ(T, α) J 56 α �.A T �w.[$�.}Kj?�/$I�Xvf —-Martingale�d`Qv Martingale`Q (e- [Glasner2003, §14.3])!� 5.2.6 (Martingale � \�) �
 (X,B, µ) J�2�\� f ∈ Lp(X,B, µ), 1 ≤ p <∞.

1. }" {Fn}∞n=1 J B VAOr σ D%l7x Fn ր F , � limn→+∞ E(f |Fn) = E(f |F) <
Lp(µ) ( µ-a.e. ��℄<�,��

2. }" {Fn}∞n=1 J B V^Or σ D%l7x Fn ց F , � limn→+∞ E(f |Fn) = E(f |F) <
Lp(µ) ( µ-a.e. ��℄<�,��
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 (X,B, µ) J�2�\� α J X O&b�!\u�
1. }" {Fn}∞n=1 J B VAOr σ D%l7x Fn ր F , � IFn(α) → IF (α) < L1(µ) (
µ-a.e. ��℄<�,��ql Hµ(α|Fn)ց Hµ(α|F);

2. }" {Fn}∞n=1 J B V^Or σ D%l7x Fn ց F , � IFn(α) → IF (α) < L1(µ) (
µ-a.e. ��℄<�,��ql Hµ(α|Fn)ր Hµ(α|F).+m 5.2.8 
 (X,B, µ, T ) J�!Z=�h X O&b�!\u α, hµ(T, α) = Hµ(α|α−). 5�S hµ(T, α) ≤ Hµ(α).W)�)6 lim

n→∞
Hµ(α|

∨n−1
i=1 T

−iα) = Hµ(α|α−) (eV`Q 5.2.7 I (1)), �./
hµ(T, α) = lim

n→∞
1
nHµ(α ∨ T−1α ∨ · · · ∨ T−(n−1)α)

= lim
n→∞

1
n(Hµ(α) +Hµ(α|T−1α) + · · ·+Hµ(α|

∨n−1
i=1 T

−iα))

= lim
n→∞

Hµ(α|
∨n−1
i=1 T

−iα)

= Hµ(α|α−).

�!6 5.2.9 
 (X,B, µ, T ) J�!Z=�U;* hµ(T ) = supα hµ(T, α) J �s (X,B, µ, T )�w, ` α s� X O&b�!\u�ae 5.2.10 
 π : (X,B, µ, T )→ (Y,D, ν, S) J�r���h Y O&b�!\u α, U;|��3 hν(S,α) = hµ(T, π
−1α). ql�\� 5.2.9 U;R hµ(T ) ≥ hν(S). 5�S�I π J!<��� hµ(T ) = hν(S). I(C!��!<���#�8N[_u`I�G (V�Q 5.1.10), �.Qu~:G�6fTI�!=)in`��5I`Q 5.2.11 	4 Kolmogorov-Sinai `QC�.~$�6fTI=)in`I+��!� 5.2.11 
 (X,B, µ, T ) J�!Z=�}" X O&b�!\uw% {αn}∞n=1 7x α1 �

α2 � · · · l F(αn)ր B, �
hµ(T ) = lim

n→∞
hµ(T, αn).W)�w X I*?/"4is� β v n ∈ N,

hµ(T, β) ≤ hµ(T, β ∨ αn) = lim
m→∞

1
mHµ(

∨m−1
i=0 T−i(β ∨ αn))

= lim
m→∞

1
m(Hµ(

∨m−1
i=0 T−iαn) +Hµ(

∨m−1
i=0 T−iβ|∨m−1

i=0 T−iαn))

≤ lim
m→∞

1
m(Hµ(

∨m−1
i=0 T−iαn) +

∑m−1
i=0 Hµ(T

−iβ|T−iαn))
= lim

m→∞
1
m(Hµ(

∨m−1
i=0 T−iαn) +mHµ(β|αn)) (X$>A 5.2.1 (7))

= hµ(T, αn) +Hµ(β|αn),

(5.2.8)

[F5WMp ~ n→∞ RX$ Martingale `Q�.GC
hµ(T, β) ≤ lim

n→∞
hµ(T, αn) +Hµ(β|B) = lim

n→∞
hµ(T, αn).N�) β I0�L� hµ(T ) = limn→∞ hµ(T, αn). �
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 (X,B, µ, T ) J�!Z=�}"&b�!\u α 7x ∨∞
i=0 T

−iα = B (}>O α *J X�h), � hµ(T ) = hµ(T, α).W)���w k ∈ N �./
hµ(T, α

k−1
0 ) = lim

n→+∞
1

n
Hµ((α

k−1
0 )n−1

0 ) = lim
n→+∞

1

n
Hµ(α

k+n−1
0 )

= lim
n→+∞

k + n

n

1

k + n
Hµ(α

k+n−1
0 ) = hµ(T, α).M�6WMp (5.2.8), w X I*?/"4is� β v n ∈ N �./

hµ(T, β) ≤ hµ(T, αn−1
0 ) +Hµ(β|αn−1

0 ) = hµ(T, α) +Hµ(β|αn−1
0 ).[Fp ~ n→ +∞,X$ Martingale`Q�./ hµ(T, β) ≤ hµ(T, α)+Hµ(β|B) = hµ(T, α).N��� β x0�I� hµ(T ) = hµ(T, α). �ae 5.2.13 I�!Z= (X,B, µ, T ) �O��U;{7x ∨+∞

i=−∞ T
−iα = B O&b�!\u α *J X�h. >��U;<���OC�}"&b�!\u α J�O�!Z=

(X,B, µ, T ) OÆ,r�� hµ(T ) = hµ(T, α). U;|��3{&Æ,rO�!Z=!��\&b�-Sh�O�� 1970 P W. Krieger[Krieger1970] OC$:Æ{&&b�O���!Z=`A<Æ,r�	 5.2.14 
 Ω = {1, 2, · · · , L}Z(L ≥ 2), (Ω, σ) J'O L y'vn��hL% m ≤ n (u w = (w0, w1, · · · , wn−m) ∈ {1, 2, · · · , L}n+1−m, U;S
[w]nm = {x ∈ Ω : xm+j = wj ; 0 ≤ j ≤ n−m}.U; [w]nm *J Ω OkpI��}� [01]10 = {x ∈ Ω : x0 = 0, x1 = 1}. Ω ��Æ σ �� Borel �2! µ �&1< Ω O.&kpI�OsU µ([w]nm) I�}\O��l��

[w]nm → µ([w]nm) 7x�
a) 0 ≤ µ([w]nm) ≤ 1; b) µ(Ω) = 1; c) µ([w]k1) =

∑L
j=1 µ([wj]k+1

1 ) �K d) µ([w]nm) = µ([w]n+1
m+1).qS��\�Æ7x a)− d) O�� [w]nm → µ([w]nm) 	\�$ Ω ��Æ σ �� Borel�2! µ. `<�U; M(Ω, σ) �� Ω � σ �� Borel �2!v9� B(Ω) \�

Ω O Borel σ D%�h:Æ µ ∈ M(Ω, σ), (Ω,B(Ω), µ, σ) J�!Z=�}>OZ=*J 8L�s B h4, {1, 2, · · · , L} *J�Z=O di}g.�\�Æ�2g# −→p = (p1, p2, · · · , pL), M pi > 0, 1 ≤ i ≤ L ( ∑L
i=1 pi = 1. `<�� µ([w]nm) = pwmpwm+1 · · · pwn \�$�Æd�* −→p O Bernoulli z( −→p Z, M µ Q*-F! −→p Z. U;{}>O�!Z= (Ω,B(Ω), µ, σ) *J Bernoulli �s, S� B(−→p ) =

B(p1, p2, · · · , pL). �℄U;R, µ = B(p1, · · · , pL) O!��
 α = {[j]00 : 1 ≤ j ≤ L}. � α J (Ω, µ, σ) O&b�!\ul ∨∞
i=−∞ T

−iα = B(Ω). #* α
(n−1)
0 ⊥µ T−nα (hz� n ∈ N ,��� F8 5.2.3 U;&

hµ(T, α) = lim
n→+∞

1

n
Hµ(α

n−1
0 ) = Hµ(α) = −

L∑

j=1

pj log pj .
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j=1 pj log pj.+m 5.2.15 h�!Z= (X,B, µ, T ) (:Æ m ∈ N, U;& hµ(T

m) = mhµ(T ).W)���w X *?4is� α, �.WL)G
hµ(T

m, αm−1
0 ) = lim

k→∞
1
kHµ(

k−1∨
i=0

T−imαm−1
0 ) = lim

k→∞
1
kHµ(α

km−1
0 ) = mhµ(T, α).�$)`��.4/

hµ(T
m) = supα hµ(T

m, αm−1
0 ) = m supα hµ(T, α) = mhµ(T ).} α �K X I1//"4is�� �ae 5.2.16 I�!Z= (X,B, µ, T ) �O��U;��(Ch X O:Æ�!\u α &

hµ(T, α) = hµ(T
−1, α) ,��qlh m ∈ Z & hµ(T

m) = |m|hµ(T ) ,��!� 5.2.17 
 (X,B, µ, T ) ( (Y,D, ν, S) J"Æ�!Z=��
hµ×ν(T × S) = hµ(T ) + hν(S).W)��P� X v Y IUd/"4is�Wr {αn}∞n=1 v {βn}∞n=1 lG F(αn) ր B �

F(βn)ր D. a {αn×βn}∞n=1p X×Y UdI/"4is�Wr��G F(αn×βn)ր B×D.X$`Q 5.2.11, �./
hµ×ν(T × S) = lim

n→∞
hµ×ν(T × S,αn × βn)

= lim
n→∞

lim
m→∞

1
mHµ×ν(

∨m−1
i=0 (T × S)−iαn × βn)

= lim
n→∞

lim
m→∞

1
m(Hµ(

∨m−1
i=0 T−iαn) +Hν(

∨m−1
i=0 S−iβn))

= lim
n→∞

(hµ(T, αn) + hν(S, βn))

= hµ(T ) + hν(S).

�	 l 5.2

1. �9Lo (5.2.3).

2. R (X,B, µ, T ) o0h�O α, α o X H.!3hr���9� 1
n
Hµ(αn

0 ) X5 n 7ZTQ��#
hµ(T, α) = lim

n→∞

1
n
Hµ(αn

0 ).

3. R (X,B, µ, T ) o0h�O�7e α o X H.!3hr��` hµ(T, α) ≤ |α|µ, |� |α|µ =

Card{A ∈ α : µ(A) > 0}.

4. �92> 5.2.16.

5. R (X,B, µ, T )o0h�O�7e-Z.!3hr� α �F α− = B (7#H α }o AW�g), `
hµ(T ) = 0.

6. R T o"n47wE( T EH�PZ5� λ o T EH Lebesgue hm��9� hλ(T ) = 0.
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§5.3 Pinsker σ �`	��.}K~?&uI-W� Pinsker σ 5��~?1i�PI Pinsker σ 5�4	2px*�P /x`IN3I? σ 5�� Pinsker σ 5�[`I�� x~?W4$HIH �S (X,B, µ, T ) p1i�P�~ Pµ(T ) = {A ∈ B : hµ(T, {A,Ac}) = 0}, [(/�5I����.r^ Pµ(T ) P?p Pµ.!� 5.3.1 
 (X,B, µ, T ) J�!Z=��

1. Pµ(T ) J B Or σ D%�
2. &b�!\u α ⊂ Pµ(T ) IlpI hµ(T, α) = Hµ(α|α−) = 0 IlpI α ⊆ α−;

3. T−1Pµ(T ) = Pµ(T )( mod µ);

4. h k ≥ 1, Pµ(T ) = Pµ(T
k). }" T )��OO�� Pµ(T ) = Pµ(T

−1).W)�1. �* ∅,X ∈ Pµ(T ). S A,B ∈ Pµ(T ). � (Ac)c = A, Ac ∈ Pµ(T ). 3�C {A,Ac} ∨
{B,Bc} � {A ∪B, (A ∪B)c}, �./

hµ(T, {A ∪B, (A ∪B)c}) ≤ hµ(T, {A,Ac} ∨ {B,Bc})
≤ hµ(T, {A,Ac}) + hµ(T, {B,Bc}) = 0.�$ A ∪B ∈ Pµ(T ).S Ai ∈ Pµ(T ), i ∈ N, �[�w k ∈ N �./

hµ(T, {∪∞i=1Ai, (∪∞i=1Ai)
c}) ≤ hµ(T,

k∨

i=1

{Ai, Aci}) +Hµ({∪∞i=1Ai, (∪∞i=1Ai)
c}|

k∨

i=1

{Ai, Aci})

≤
k∑

i=1

hµ(T, {Ai, Aci}) +Hµ({∪∞i=1Ai, (∪∞i=1Ai)
c}|

k∨

i=1

{Ai, Aci})

= Hµ({∪∞i=1Ai, (∪∞i=1Ai)
c}|

k∨

i=1

{Ai, Aci}).[FÆWMp ~ k → +∞ RX$ Martingale `Q�./
hµ(T, {∪∞i=1Ai, (∪∞i=1Ai)

c}) ≤ Hµ({∪∞i=1Ai, (∪∞i=1Ai)
c}|

∞∨

i=1

{Ai, Aci}) = 0.�$ ∪∞i=1Ai ∈ Pµ(T ). DF1Æ�.� Pµ(T ) p B I? σ 5��
2. S α = {A1, A2, · · · , Ak}. 3�C ∨kj=1{Aj , Acj} � α � {Ai, Aci}, �./ α ⊆ Pµ(T ) =��= hµ(T, α) = Hµ(α|α−) = 0 =��= α ⊆ α−.

3. )6w A ∈ B,

hµ(T, {A,Ac}) = hµ(T, T
−1{A,Ac}) = hµ(T, {T−1A, (T−1(A))c}),
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�S A ∈ Pµ(T )v α = {A,Ac}.a α ⊂ α−.� α ⊂ Pµ(T ),�./ T−iα ⊂ T−iPµ(T ) ⊆ T−(i−1)Pµ(T ) ⊂ · · · ⊂ T−1Pµ(T )w*? i ∈ N�\�� Pµ(T )p
B I? σ 5�� T−1Pµ(T )xp B I? σ 5��Y3�C α− p B I.j1/ T−iα, i ∈ NIN7I? σ 5�� α− ⊂ T−1Pµ(T ). x���: A ∈ α ⊂ α− ⊂ T−1Pµ(T ). � A x0�I� Pµ(T ) ⊆ T−1Pµ(T ).

4. w X I0�/"4is� αv k ∈ N,���./ hµ(T
k, αk−1

0 ) = khµ(T, α)(eV>A 5.2.15 I�:). ���.WL)G 1
khµ(T, α) ≤ hµ(T k, α) ≤ khµ(T, α). x�: α ⊂ Pµ(T )=��= α ⊂ Pµ(T

k). �$ Pµ(T ) = Pµ(T
k). N�)3? 5.2.16, �./ Pµ(T ) = Pµ(T

−1).

��.^ σ 5� Pµ ~p (X,B, µ, T ) I Pinsker σ �`. = (X,B, µ, T ) p4T Lebsegue�Pe�) Pµ 4	&` (X,B, µ, T ) I�?�P π : (X,B, µ, T ) → (Z,Z, ν, S)(6 Pµ =

π−1(Z)), �.~ Lebesgue �P (Z,Z, ν, S) p (X,B, µ, T ) I Pinsker 8h.!6 5.3.2 �Æ�!Z= (X,B, µ, T ) *J zDVw�s, }" Pµ(T ) = {∅,X}. IQ[*
(X,B, µ, T ) O:Æt[p�rZ=&M��S α = {A1, A2, · · · , An} p (X,B, µ, T ) I4is��8fw*? i ∈ N / µ(Ai) < 1,a~ α p z(433�56. �.WL-�+m 5.3.3 (X,B, µ, T ) J�!Z=���℄r^�>Q[�
1. (X,B, µ, T ) JGvM�Z=�
2. X O:Æ#"Æ1+�,O!t[pO\u&M��
3. X O:Æ!t[pO&b\u&M��9� 5.3.4 
 (X,B, µ, T ) J�O�!Z=� α, β, γ J X O&b�!\u��
1. }" β � α B α � β, K8 limn→∞ 1

nHµ(
∨n−1
i=0 T

iα|β−) = Hµ(α|α−);

2. }" α � β, K8 limn→∞Hµ(α|β− ∨ T−nγ−) = Hµ(α|β−).W)�(i). ��JS β � α.a T−n(β−∨∨n−1
i=0 T

iα)ր α−,�$ Hµ(α|T−n(β−∨
∨n−1
i=0 T

iα))→
Hµ(α|α−). 3�C

Hµ(
∨n−1
i=0 T

iα|β−) = Hµ(α|β−) +Hµ(Tα|α ∨ β−) + · · ·+Hµ(T
n−1α|∨n−2

i=0 T
iα ∨ β−)

= Hµ(α|β−) +Hµ(α|T−1(α ∨ β−)) + · · ·
+Hµ(α|T−(n−1)(

∨n−2
i=0 T

iα ∨ β−)) ()>A 5.2.2 (6)),�$ 1
nHµ(

∨n−1
i=0 T

iα|β−)→ Hµ(α|α−).

(ii) }&�JS α � β. a~5
1

n
Hµ(

n−1∨

i=0

T iα|β−) ≤ 1

n
Hµ(

n−1∨

i=0

T iα|α−)→ Hµ(α|α−) () (i)).|~5�
1

n
Hµ(

n−1∨

i=0

T iα|β−) =
1

n
Hµ(

n−1∨

i=0

T iβ|β−)− 1

n
Hµ(

n−1∨

i=0

T iβ|
n−1∨

i=0

T iα ∨ β−).
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limn→∞ 1

nHµ(
∨n−1
i=0 T

iα|β−)

≥ Hµ(β|β−)− limn→∞ 1
nHµ(

∨n−1
i=0 T

iβ|∨n−1
i=0 T

iα ∨ α−)

= limn→∞
(

1
nHµ(

∨n−1
i=0 T

iβ|α−)− 1
nHµ(

∨n−1
i=0 T

iβ|∨n−1
i=0 T

iα ∨ α−)
)

= limn→∞ 1
nHµ(

∨n−1
i=0 T

iα|α−) = Hµ(α|α−).

(iii) 	��.�: (2), JS α � β. ��
Hµ(α|β− ∨ T−nγ−) = Hµ(β|β− ∨ T−nγ−)−Hµ(β|α ∨ β− ∨ T−nγ−). (5.3.1)Y0	Mp
Hµ(

∨n−1
i=0 T

iβ|β− ∨ γ−) = Hµ(β|β− ∨ γ−) +Hµ(Tβ|Tβ− ∨ γ−)

+ · · ·+Hµ(T
nβ|T nβ− ∨ γ−)

= Hµ(β|β− ∨ γ−) +Hµ(β|β− ∨ T−1γ−)

+ · · ·+Hµ(β|β− ∨ T−nγ−) ()>A 5.2.2 (6)).[Fp , n→∞ RX$�5I:���.GC
Hµ(β|β−) = lim

n→∞
1

n
Hµ(

n−1∨

i=0

T iβ|β− ∨ γ−) = lim
n→∞

Hµ(β|β− ∨ T−nγ−).^$�$CMp (5.3.1) 4G
lim
n→∞

Hµ(α|β− ∨ T−nγ−) = Hµ(β|β−)− lim
n→∞

Hµ(β|α ∨ β− ∨ T−nγ−)

≥ Hµ(β|β−)−Hµ(β|α ∨ β−) = Hµ(α|β−).	1IWMpx:�P� �!� 5.3.5 (Pinsker��) 
 (X,B, µ, T )J�OO�!Z=�α, β J X O&b�!\u��
hµ(T, α ∨ β) = hµ(T, β) +Hµ(α|βT ∨ α−),` βT =

∨∞
n=−∞ T

−nβ.W)����./
1
nHµ(

∨n−1
i=0 T

i(α ∨ β)|α− ∨ β−)

= 1
n{Hµ(

∨n−1
i=0 T

iβ|α− ∨ β−) +Hµ(
∨n−1
i=0 T

iα|α− ∨ β− ∨∨n−1
i=0 T

iβ)}
= 1

n{Hµ(
∨n−1
i=0 T

iβ|α− ∨ β−) +
∑n−1

k=0 Hµ(α|α− ∨ β− ∨
∨k−1
i=0 T

iβ)}.[Fp , n→∞, X$�Q 5.3.4 IL� (1) v`Q 5.2.7 I (1) �.4G
hµ(T, α ∨ β) = hµ(T, β) +Hµ(α|βT ∨ α−).
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��.WLGC�Q 5.3.4 v`Q 5.3.5 &w6~?b< T WII? σ 5�I&wÆ&8�Z8�!� 5.3.6 (dhO Pinsker ��) 
 (X,B, µ, T ) J�OO�!Z=� α, β J X O&b�!\u( A J B �� T ��Or σ D% (M T−1A = A), �

Hµ(α ∨ β|α− ∨ β− ∨ A) = Hµ(β|β− ∨ A) +Hµ(α|α− ∨ βT ∨ A).S (X,B, µ, T ) p1i�P��.$ PX Nr X I#C/"4is��!� 5.3.7 
 (X,B, µ, T ) J�O�!Z=�� Pµ(T ) =
∨
β∈PX

⋂∞
n=0 T

−nβ−.W)�\� X UdI/"s�Wr ξk ր Pµ(T ).� hµ(T, ξk) = Hµ(ξk|ξ−k ) = 0,1	 ξk ⊂ ξ−k .��
ξk ⊂ ξ−k =

∞⋂

n=0

T−nξ−k ⊂
∨

β∈PX

∞⋂

n=0

T−nβ−.6 Pµ(T ) =
∨+∞
k=1 ξk ⊂

∨+∞
k=1

⋂+∞
n=0 T

−nξ−k ⊂
∨
β∈PX

⋂∞
n=1 T

−nβ−.|~5�W` ξ ∈ PX , S η ∈ PX �G η ⊂ ⋂+∞
n=0 T

−nξ−, a ηT ⊂ ξ− �
Hµ(ξ ∨ η|ξ− ∨ η−) ≤ Hµ(ξ ∨ η|ξ−) = Hµ(ξ|ξ−),

Hµ(ξ ∨ η|ξ− ∨ η−) = hµ(T, ξ ∨ η) = hµ(T, ξ) +Hµ(η|ξT ∨ η−)

≥ hµ(T, ξ) = Hµ(ξ|ξ−).v{F5j?WMp��./
Hµ(ξ ∨ η|ξ− ∨ η−) = Hµ(ξ|ξ−) = Hµ(ξ|ξ− ∨ ηT ) +Hµ(η|η−)

= Hµ(ξ|ξ−) +Hµ(η|η−).x�: Hµ(η|η−) = 0, 6 η ⊂ Pµ(T ). )�w*? ξ ∈ PX �./ Pµ(T ) ⊃ ⋂+∞
n=0 T

−nξ−, x�\G Pµ(T ) =
∨
ξ∈PX

⋂+∞
n=0 T

−nξ−. �!� 5.3.8 
 (X,B, µ, T ) J�O�!Z=� ξ ∈ PX ( A J B �� T ��Or σ D%�� Hµ(ξ|ξ− ∨ A) = Hµ(ξ|ξ− ∨ Pµ(T ) ∨ A). 5�S�
hµ(T, ξ) = Hµ(ξ|ξ−) = Hµ(ξ|ξ− ∨ Pµ(T )).W)�0�/"4is� η ⊂ Pµ(T ), a)`Q 5.3.6 4G

Hµ(ξ ∨ η|ξ− ∨ η− ∨ A) = Hµ(η|η− ∨ ξT ∨ A) +Hµ(ξ|ξ− ∨ A)

= Hµ(ξ|ξ− ∨ η− ∨ A) +Hµ(η|ξ ∨ ξ− ∨ η− ∨A).6
Hµ(ξ|ξ− ∨ η− ∨ A) = Hµ(ξ|ξ− ∨ A).
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Hµ(ξ|ξ− ∨ Pµ(T ) ∨ A) = Hµ(ξ|ξ− ∨ A).

�!� 5.3.9 
 (X,B, µ, T ) J�O�!Z=� ξ ∈ PX . � limk→∞ hµ(T k, ξ) = Hµ(ξ|Pµ(T )).W)�l$`Q 5.3.1 (4) v`Q 5.3.8, ~5
lim sup
k→∞

hµ(T
k, ξ) = lim sup

k→∞
Hµ(ξ|

+∞∨

j=1

T−kjξ ∨ Pµ(T )) ≤ Hµ(ξ|Pµ(T )).|~5��./
lim infk→∞ hµ(T k, ξ) = lim infk→∞Hµ(ξ|

∨+∞
j=1 T

−kjξ) ≥ lim infk→∞Hµ(ξ|T−kξ−)

≥ Hµ(ξ|
⋂+∞
k=1 T

−kξ−) ≥ Hµ(ξ|Pµ(T )) ()`Q 5.3.7).

�	 l 5.3

1. R (X,B, µ, T ) o0h�O��9�7e T−1B 6= B( mod µ), ` hµ(T ) > 0.

2. R (X,B, µ, T ) o0h�O�7e α, β o X Hi>.!3hr��`
hµ(T, α) ≤ hµ(T, β) +Hµ(α|β ∨ Pµ(T )).

3. R T o"n4H7wE(� p > 1, Tp : T → T �F Tp(z) = zp �3 λ o T EH Haar hm��9� hλ(Tp) > 0(gBE hλ(Tp) = log p).

4. R (X,B, µ, T ) o"�_�O�`3wJU�O�< (X,B, µ, T ) Von��Od� µ({x}) = 0v x ∈ X .

5. �9%vH Pinsker Lo – _P 5.3.6.

6. R (X,B, µ, T ) o3SH0h�O� α o X H.!3hr��3 A o B H> σ 4���9�7e T−1A ⊂ A, ` Hµ(α|α− ∨ Pµ(T ) ∨ A) = Hµ(α|α− ∨ A).

§5.4 z( K �s87r��.^}K~M&uI�`1i�P�4x 1958U Kolmogorov[Kolmogorov1958]���:I� Rohlin v Sinai[Rohlin-Sinai1967] ^xM1i�P~p Kolmogorov �P�!6 5.4.1 
 (X,B, µ, T ) J�O�!Z=�}"A< B Or σ D% K �N�
K ⊂ TK,

+∞∨

n=0

T nK = B l ∞⋂

n=0

T−nK = {∅,X}.�* (X,B, µ, T ) J Kolmogorov �s B℄*J K �s.
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µ({x}) = 0 h x ∈ X.W)�S A ∈ B p T - WI� ǫ > 0 v m ∈ N. a.[ n0 ≥ 0 v?1 B ∈ T n0K lG
µ(A∆B) < ǫ. )� T−(n0+m)B ∈ T−mK R� µ(A∆T−(m+n0)B) < ǫ. �xw0� ǫ > 0 �\��./ A ∈ T−mK.��Y) mI0�L� A ∈ ∩∞n=0T

−nK = {∅,X}.x�: (X,B, µ, T )pKV�P��*= (X,B, µ, T ) Wpo��Pe� (X,B, µ, T ) :/"�PWinNQ��$ µ({x}) = 0 w x ∈ X. �[Z 5.2.14  �.}Ko Bernoulli 6��P B(−→p ). [$��.0	~$GpFI
Bernoulli �P�S (Y,D, ν) p~?-:N��.0	*:N X = Y Z, *in µ = νZ v* σ 5� B = DZ. �.`� X I6� N σ 8�� (σ(x))n = xn+1 w x = (xi)i∈Z ∈ X.1i�P (X,B, µ, σ) ~p Bernoulli �s.+m 5.4.3 :Æ Bernoulli Z=J! K Z=�W)�S (Y,D, ν) p~?-:N� (X,B, µ, σ) x) (Y,D, ν) [�I Bernoulli �P�w A ∈ D, S X(A) = {x ∈ X : x0 ∈ A} � F = {X(A) : A ∈ D}. �* F ⊂ B. �[� K =

∨∞
j=0 σ

−jF . 	�n� K �G K ⊂ σK,
∨+∞
n=0 σ

nK = B 	4 ∩∞n=0σ
−nK = {∅,X}.�� K ⊂ σK,

∨+∞
n=0 σ

nK = B x:��\I��.�[�: ∩∞n=0σ
−nK = {∅,X}. �`

A ∈ ∩∞n=0σ
−nK. w*? k ∈ Z v B ∈ ∨∞

j=k σ
jF , �./ A ⊥µ B, 6 µ(A ∩ B) = µ(A)µ(B).� ∨

k∈Z

∨∞
j=k σ

jF = B, A ⊥µ B w0� B ∈ B �\�=PI A ⊥µ A. �$ µ(A) = 0 $ 1,6 A ∈ {∅,X}. �ae 5.4.4 � 1958 PL 1969 Pa\��w:Æ! Kolmogorov Z=�\J Bernoulli Z=�TJ��OT8� 1970 P Ornstein[Ornstein1970]  ^�=$�Æ Lebesgue �\�Ot Bernoulli O Kolmogorov Z=��lk}$I�T8 (	��_ [Ornstein-Shields1973]);

Katok[Katok1980] �=$�3Ot Bernoulli O Kolmogorov Z=� 1982 P Kalikow[Kalikow1982]�3$�Æ�|��OO�r��.^	��Q�T�A�9� 5.4.5 
 (X,B, µ, T ) J�!Z=� k ∈ N. �hz� ǫ > 0 A< δ = δ(ǫ, k) > 0 �N}"�!\u α = {A1, A2, · · · , Ak} ( β = {B1, B2, · · · , Bk} 7x ∑k
j=1 µ(Aj∆Bj) < δ, K8

Hµ(α|β) +Hµ(β|α) < ǫ. ql |hµ(T, α) − hµ(T, β)| ≤ Hµ(α|β) +Hµ(β|α) < ǫ.!� 5.4.6 
 (X,B, µ, T ) J�O�!Z=� A J B Or σ D%�}" T−1A ⊆ A l
limn→+∞ T nA ր B, � Pµ(T ) ⊆ A−∞, ` A−∞ =

⋂∞
n=1 T

−nA.W)�����./8�ug�,,�w*?/"4is� ξ �./ Hµ(ξ|Pµ(T ) ∨ A−∞) = Hµ(ξ|A−∞).ugI�:���JS ξ ⊂ A, a
Hµ(ξ|Pµ(T ) ∨ A−∞) ≥ limp→∞Hµ(ξ|

∨∞
i=1 T

−piξ ∨ Pµ(T ) ∨ A−∞)

= limp→∞Hµ(ξ|
∨∞
i=1 T

−piξ ∨A−∞) ()`Q 5.3.8)

≥ limp→∞Hµ(ξ|T−pA) = Hµ(ξ|A−∞).
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UWC � §5.4 "d K [>}&w0�I n ∈ Nv/"4is� ξ ⊂ T nA,�.4	�INrI:��N�w XI0y~?/"4is� ξ = {A1, A2, · · · , Ak}v ǫ > 0.\ δ = δ(ǫ, k) > 0�G�Q 5.4.5IHY�3�C limn→+∞ T nA ր B,�.QqC n ∈ Nv/"4is� β = {B1, B2, · · · , Bk} ⊂ T nAlG ∑k
i=1 µ(Ai∆Bi) < δ, �� Hµ(ξ|β) +Hµ(β|ξ) < ǫ. �[
Hµ(ξ|A−∞) ≤ Hµ(ξ ∨ β|A−∞) ≤ Hµ(β|A−∞) +Hµ(ξ|β)

≤ Hµ(β|A−∞ ∨ Pµ(T )) + ǫ ≤ Hµ(ξ ∨ β|A−∞ ∨ Pµ(T )) + ǫ

≤ Hµ(ξ|A−∞ ∨ Pµ(T )) +Hµ(β|ξ) + ǫ ≤ Hµ(ξ|A−∞ ∨ Pµ(T )) + 2ǫ.Y� ǫ x0�I��./ Hµ(ξ|A−∞) ≤ Hµ(ξ|A−∞ ∨ Pµ(T )), �&	1IWMpx:��\P�x�d�ugI�:��[)ug�.�E�8f/"4is� ξ �G ξ ⊂ Pµ(T )∨A−∞, a ξ ⊂ A−∞.�$
Pµ(T ) ⊆ A−∞. �!� 5.4.7 (Rohlin-Sinai \�) 
 (X,B, µ, T ) J�O�!Z=��A< B Or σ D% K�N K ⊂ TK,

∨+∞
n=0 T

nK = B ( ∩∞n=0T
−nK = Pµ. 5�S� (X,B, µ, T ) J K Z=IlpI (X,B, µ, T ) JGvM�Z=�W)��/"4is� ξn ր B, aJP`� ηp = ηp−1 ∨ T−npξp, } Wr np ∈ N(X$�Q 5.3.4 I (2)) �Gw*? q ≥ 2 /	�~LWMp�\

Hµ(ηp|η−q−1)−Hµ(ηp|η−q ) < (
1

p
)

1

2q−p
, p = 1, 2, · · · , q − 1.�[W` p, Yw q = p+ 1, p + 2, · · · , n �v64GC

Hµ(ηp|η−p )−Hµ(ηp|η−n ) <
1

p
w1/ n > p �\.S E p/"5� {ηn} [�I σ 5��a η−n →
∨∞
n=1 T

−iE . YS K =
∨∞
n=1 T

−iE . �./
Hµ(ηp|η−p )−Hµ(ηp|K) ≤ 1

p .�* T−1K ⊂ K, T nK ր B � limp→∞(Hµ(ηp|η−p )−Hµ(ηp|K)) = 0.S ξ p/"4is�� ξ ⊂ ⋂∞
n=0 T

−nK, H$ ξT ⊂ ⋂∞
n=0 T

−nK. �$
Hµ(ξ|ξ−) = Hµ(ηp ∨ ξ|η−p ∨ ξ−)−Hµ(ηp|η−p ∨ ξT )

≤ Hµ(ηp|η−p ) +Hµ(ξ|η−p )−Hµ(ηp|K)

= Hµ(ξ|η−p ) + (Hµ(ηp|η−p )−Hµ(ηp|K)).~ p→∞,3�C limp→∞Hµ(ξ|η−p ) = Hµ(ξ|K) = 0	4 limp→∞
(
Hµ(ηp|η−p )−Hµ(ηp|K)

)
= 0�.�GC

hµ(T, ξ) = Hµ(ξ|ξ−) = 0.�$8f ξ ⊂ ⋂∞
n=0 T

−nK, a ξ ⊂ Pµ(T ), x�: ⋂∞
n=0 T

−nK ⊆ Pµ(T ). 3�C K �G`Q 5.4.6 IHY��./ ⋂∞
n=0 T

−nK ⊇ Pµ(T ). `QG�� �



` v f _ � Q . � S 131 zUWC � §5.4 "d K [>!� 5.4.8 
 (X,B, µ, T ) ( (Y,D, ν, S) J"Æ�O�!Z=��
Pµ×ν(T × S) = Pµ(T )× Pν(S).5�S�"Æ! K Z=O-F{J! K Z=�W)�X$ Rohlin-Sinai `Q.[ B I σ ?5� K(T ) v D I σ ?5� K(S) �G

T nK(T )ր B, T−nK(T )ց Pµ(T ), SnK(S)ր D v S−nK(S)ց Pν(S). �$
(T × S)nK(T )×K(S)ր B ×D.)`Q 5.4.6 �.GC

Pµ×ν(T × S) ⊂ ⋂∞
n=1[(T × S)−nK(T )×K(S)]

⊂ ⋂∞
n=1[T

−nK(T )×D] = Pµ(T )×D.NQ Pµ×ν(T × S) ⊂ B × Pν(S). x�GC Pµ×ν(T × S) ⊂ Pµ(T )× Pν(S). �&	I.jY�x�*�\P�)�`QG�� �~?1i�P (X,B, µ, T ) ~p $ k BZO�, 8fw0� A0, A1, · · · , Ak ∈ B,

lim
n1,n2,··· ,nk→+∞

µ(A0 ∩ T−n1A1 ∩ · · · ∩ T−(n1+n2+···+nk)Ak) = µ(A0)µ(A1) · · · µ(Ak). (5.4.1)8fw*? k ∈ N, (X,B, µ, T ) *pW k ��{I�a~ (X,B, µ, T ) p zDBZO �P� �*W 1 ��{LML6��{L�[KVQ� N/<IM,�A
~x	�I Rohlin �m: x���{Ujd#��{�	��.^�:in K �Ppd#��{�P�p$�.�Qu|b:?�Q����.^	� Pinsker WMp �ClvRpg��9� 5.4.9 (Pinsker �Q�) 
 pi, qi > 0, i = 1, 2, · · · , l 7x ∑l
i=1 pi = 1 ( ∑l

i=1 qi ≤ 1. �
l∑

i=1

pi log(
pi
qi

) ≥ (
∑l

i=1 |pi − qi|)2
2

log 2.9� 5.4.10 
 (X,B, µ, T ) J�!Z=� α, β J X O"Æ&b�!\u�K ǫ > 0. }"
Hµ(α) −Hµ(α|β) < ǫ2

2 log 2, � ∑
B∈β

∑
A∈α |µ(A ∩B)− µ(A)µ(B)| < ǫ.W)�) Pinsker WMp�

Hµ(α)−Hµ(α|β) = −∑
A∈α µ(A) log µ(A) +

∑
B∈β

∑
A∈α µ(A ∩B) log µ(A∩B)

µ(B)

=
∑

B∈β
∑

A∈α µ(A ∩B) log µ(A∩B)
µ(A)µ(B)

≥ (1
2 log 2) · (∑B∈β

∑
A∈α |µ(A ∩B)− µ(A)µ(B)|)2x�: ∑

B∈β
∑

A∈α |µ(A ∩B)− µ(A)µ(B)| < ǫ. �!� 5.4.11 ! K Z=JGvj?+�
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K ⊂ TK,

+∞∨

n=0

T nK = B � ∞⋂

n=0

T−nK = {∅,X}.� ∨+∞
n=0 T

nK = B, p�: (X,B, µ, T ) pd#��{I��.�Q�:w0� k ∈ N v
A0, A1, · · · , Ak ∈

⋃+∞
n=0 T

nK, (5.4.1) �\��S A0, A1, · · · , Ak ∈
⋃+∞
n=0 T

nK, a.[ m0 ∈ N lG A0, A1, · · · , Ak ∈ Tm0K. W`
ǫ > 0. � ∩∞n=0T

−nK = {∅,X} v T−(n+1)K ⊂ T−nK w n ∈ Z+,

lim
n→+∞

Hµ({Ai, Aci}|T−nK) = Hµ({Ai, Aci})w*?i ∈ {0, 1, · · · , k}�\.�$.[ N ∈ N lG= n ≥ N e
Hµ({Ai, Aci})−Hµ({Ai, Aci}|T−nK) <

ǫ2

2
log 2w*?i ∈ {0, 1, · · · , k}�\.=PP�w0� n ≥ N v B ∈ T−nK, Hµ({Ai, Aci}) −Hµ({Ai, Aci}|{B,Bc}) < ǫ2

2 log 2 w*? i ∈ {0, 1, · · · , k} �\�)�Q 5.4.10, w0� n ≥ N v B ∈ T−nK �./
|µ(Ai ∩B)− µ(Ai)µ(B)| < ǫwi ∈ {0, 1, · · · , k}�\� (5.4.2)= n1, n2, n3, · · · , nk ≥ N +m0 e�l$ (5.4.2) vuh� A0, A1 · · · , Ak ∈ Tm0K, �./

|µ(Ak−1 ∩ T−nkAk)− µ(Ak−1)µ(Ak)| < ǫ

|µ(Ak−2 ∩ T−nk−1(Ak−1 ∩ T−nkAk))− µ(Ak2)µ(Ak−1 ∩ T−nkAk)| < ǫ

· · · · · · · · · · · · · · ·
|µ(A0 ∩ T−n1(A1 ∩ T−n2(A2 · · · ∩ T−nkAk · · · )))− µ(A0)µ(A1 ∩ T−n2(A2 · · · ∩ T−nkAk · · · ))| < ǫ)F5I~LWMp�.6�\G�= n1, n2, n3, · · · , nk ≥ N +m0 e�
|µ(A0 ∩ T−n1(A1) ∩ T−(n1+n2)A2 ∩ · · · ∩ T−(n1+···+nk)Ak)− µ(A0)µ(A1) · · · µ(Ak)| < kǫ.� ǫ > 0 x0�I�

lim
n1,n2,··· ,nk→+∞

µ(A0∩T−n1A1∩T−(n1+n2)A2∩· · ·∩T−(n1+n2+···+nk)Ak) = µ(A0)µ(A1) · · · µ(Ak).x�d�o�:� �	 l 5.4

1. R (X,B, µ, T ) o K �O��9� (X,B, µ, T k)(k 6= 0) wo K �O�
2. �9 Kolmogorov	Kv�>���
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3. �9�P 5.4.5 u�P 5.4.9.

4. R T o"n4H7wE(� p > 1, Tp : T → T �F Tp(z) = zp �3 λ o T EH Haar hm��9� (T,B(T), λ, Tp) o Bernoulli �O�
5. R (X,B, µ, T ) o3S0h�O� α o X H}>.!3hr��`v/ÆH ǫ > 0, -Z K ∈ NkFv/Æ K �NH�9.!0 E ⊂ Z, �-.

| 1

|E|Hµ(
∨

i∈E

T−iα|Pµ(T ))−Hµ(α|Pµ(T ))| < ǫ,ZwS Z H>0}o K �N�7e3H/Æi>VMA!	lH'v�25 K.

§5.5 ae8mIO6x`I�XQ��R~��j7r-ue0v{To	�/T�[Glasner2003],

[Walters1982], M. Denker, [Denker etc.1976] 	4 [Petersen1983]. R���j7r-uEG6 W. Parry I4/ [Parry1981] v E. Glanser I4/ [Glasner2003]. Y6 Rohlin �A� B.

Hostw&w6 Lebesguein~�Iin�:o��{LML6d#��{L [Host1991]; S.

Kalikow wnp 1 I1i�P�:o��{LML6d#��{L [Kalikow1984], ,�� V.

Ryzhikov ^ Kalikow Ivf\_C/"n1i�P�G [Ryzhikov1992]; Ledrappier Q^o~? Z2 T$��W 5 ��{Iin��{�P [Ledrappier1978].
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L�po�in Kolmogorov �PI_uw�� Blanchard M.[_ue^�P �:o~��`vd#�`I-W�Lh^`I-W�℄Æ�..4	GC_u Pinsker �?I.[L�[8m ��.-u}KN
|UEY6`I�℄ÆQ��I�f�=Px_u K �P�`I�℄I�DQv`�I-W	4}&8L�� CE��[R~7r�.^�:in Kolmogorov �PI_uw��_u K �P�[R�7r�.���℄Æ_u`I-W�:_u`��*�Lh�:_u`� /?℄L�!�:*?e^�P.[N3Ix`�?�[R�7r��.^w4i 0�:j$in`R�}&8
L���C� Glasner v Weiss Y6, 0I_u`vin`O[Y�I~?`Q�[R�7r�.���℄Æin`I-W�:in`�R�}&8
L�*�Lh�:in`� /?℄L�!�:*?1i�P.[N3Ix`�?�[R�7r�.^\\&w6, 0I`I�℄I�DQ�N�[R�7r�.!Goj$`�II�Y��
§6.1 w6 K �s[�5Imr��.��-C_ue^�PvKV�P/<U|oI
��Z8�KVQ� IKVL�?�{Lv��{L[_ue^�P /�UL�_u?�{Lv_u��{L:
&w��in Kolmogorov �PxKVQ� ~M�r&uI�P�[KVQ� ~?4T1i�Ppin Kolmogorov �P=��=4 /	�
L
~� 1.4pd#�`�P�60��o�I�?�P/�`� 2. *?)j?in�o�IB"Q�Is�/�`� 3. *?)/"?in�o�IB"Q�Is�/�`�[87r)in Kolmogorov �PIFÆ�?ML
L:���.^�:v�in Kolmogorov �PI_uw���d#�`�P� n ~��`�Pv_u Kolmogorov �P�!6 6.1.1 
 (X,T ) J^�Z=( n ≥ 2. }" X O:Æ# n Æt0<�I�,O�z�~{&MD℄���* (X,T ) J n 0ZVw�s; }"h:Æ n ≥ 2, (X,T ) ~J n �ZM�Z=�K8* (X,T ) J zD0ZVw�s B w6 K �s.�V (X,T ) pd#~��`�P=��= X I*?)/"?��0,1Q�I, 0 /�_u`�= n = 2 e��.^ 2 ~��`�PP~p 0ZVw�s ; |b�8fe^�P (X,T ) I0��o��?i /�_u`�a~}p zDVw�s. WL-� n ~��`�d#~��`vd#�`
L*w�?1	�*?~��`�P /d#�`
L�[87r�5I℄��.^��:.[�~��`Id#�`�P�Qu��Ix�)�.I`�E��o��PApd#~��`�P4pd#�`�P�!6 6.1.2 
 (X,T ) J^�Z=�

1. 
 U1, U2, · · · , Un J X O nÆt�rI (n ≥ 2). U;* (X,T )dh* U1, U2, · · · , Un {& _� Pn, }"A< N > 0 �N�hz� k ≥ 2 ( s = (s(1), . . . , s(k)) ∈ {1, 2, · · · , n}k,

134



` v f _ � Q . � S 135 zU/C �.y�7 §6.1 E^ K [>A< y ∈ X 7x y ∈ Us(1), . . . , T (k−1)N (y) ∈ Us(k).
2. h n ≥ 2, U;* (X,T ) {& _� Pn, }"h X Oz� n Æt��I U1, U2, · · · , Un,

(X,T ) dh* U1, U2, · · · , Un {&"r Pn.

3. U;* (X,T ) {& _� P , }"h:Æ n ≥ 2, (X,T ) {&"r Pn.�**? Bernolli �P /
L P , 	4*? /
L P �Pp_u?�{I�9� 6.1.3 Z
^�Z= (X,T ) dh* n Æt�rI U1, U2, · · · , Un (n ≥ 2) {&"r Pnl ⋂n
i=1 Ui = ∅. }" X O�z� V = {V1, V2, · · · , Vn} 7x Ui ⊂ V c

i , i = 1, 2, · · · , n, �
htop(T,V) > 0.W)�� (X,T ) &w6 U1, U2, · · · , Un  /
L Pn, 1	.[ N > 0 lGw0� k ≥ 2v s = (s(1), . . . , s(k)) ∈ {1, 2, · · · , n}k �.QqC zk(s) ∈ ⋂k−1

i=0 T
−iNUs(i+1). xr�w0� k ≥ 2, S Xk = {zk(s) : s ∈ {1, 2, · · · , n}k}. )6 Ui ⊂ V c
i , i = 1, 2, · · · , n,w0� t ∈ {1, 2, · · · , n}k �./ |⋂k−1

i=0 T
−iNVt(i+1) ∩ Xk| ≤ (n − 1)k. v{x~uhv

|Xk| = nk, �.4G N(
∨kN−1
i=0 T−iV) ≥ N(

∨k−1
i=0 T

−iNV) ≥ nk

(n−1)k . �$ htop(T,V) =

limk→+∞ 1
kNH(

∨kN−1
i=0 T−iV) ≥ 1

N log( n
n−1) > 0. �Tp�Q 6.1.3 Il�$�./9� 6.1.4 :Æ{&"r P O^�Z=JGv�ZM�Z=�5�S�:Æ Bernolli Z=JGv�ZM�Z=�9� 6.1.5 :Æ�ZM�Z=J�?+Z=�W)�JS (X,T ) Wx?�{�P�)`Q 1.4.5 (2) �.�E.[ X Ij?�:,1

U, V lG N(U,U) ∩N(U, V ) = ∅. �* U ∩ V = ∅. �.� /�:O℄IA?1 U1, V1 lG U1 ⊆ U v V1 ⊆ V .)6w*? n ∈ Z+ �.*/ U1 ∩ T−nU1 = ∅ $ U1 ∩ T−nV1 = ∅ �\�6x.[Wr
{Wn}n∈Z+ lG U1 ⊆ T−nWn w*? n ∈ Z+ �\�xT Wn = U c1 $ V c

1 .S V = {U c1 , V c
1 }, a V p X I~?)��0,1Q�I, 0�w*? x ∈ X v

n ∈ N �.0	R~?lG T ix ∈ U1 I i ∈ {0, 1, 2, · · · , n− 1}(8fxrI i .[I�). �n� ∨n−1
i=0 T

−iV /~?)8�?1Q�I? 0�
U c1 ∩ · · · ∩ T−(i−1)U c1 ∩ T−iW0 ∩ T−(i+1)W1 ∩ · · · ∩ T−(n−1)Wn−1−i, i = 0, 1, · · · , n− 1	4 n−1⋂
i=0

T−iU c1 . x�:w1/ n ∈ N �.*/ N(
∨n−1
i=0 T

−iV) ≤ n+ 1. �$ htop(T,V) = 0,1	 (X,T ) Wp~��`�P� �[�5�QI�: �.�l$`II�DQ (eV`Q 6.5.2).9� 6.1.6 
 (X,T ) JGvM�Z=��A< µ ∈M(X,T ) �N supp(µ) = X.W)�S supp(X) =
⋃
θ∈M(X,T ) supp(θ), a.[ µ ∈ M(X,T ) lG supp(µ) = supp(X). 	��: supp(µ) = X. 8=W*� supp(µ) 6= X, �.^ T WIIA?1 supp(µ) �.�~?WeW p, �.GC (X,T ) I~?�o�I�?�P�?p (Y, S). )6M(Y, S) = {δp},



` v f _ � Q . � S 136 zU/C �.y�7 §6.1 E^ K [>l$`II�DQ (eV`Q 6.5.2) �.� htop(S) = hδp(S) = 0, x: (X,T ) pd#�`�P"z� �	 6.1.7 
 Ω = {0, 1, 2}Z ( σ : Ω → Ω �~n���1 X = {0, 1}Z ∪ {0, 2}Z ( T = σ|X ,� (X,T ) J^�Z=�#* ({0, 1}Z, σ) ( ({0, 2}Z, σ) J Bernoulli Z=�1;JGvM�Z=�#* {0, 1}Z ( {0, 2}Z &��X (· · · , 0, 0, · · · ), (X,T ) JGvM�Z=�_y�
(X,T ) ��8VZ=��>#�� 6.1.5 R (X,T ) �J�ZM�Z=�<�U;	�L�3 X �9&��O T ��O Borel �2!{&vQ)�	��.^�:8fe^�P (X,T ) /#�|Iin µ ∈M(X,T )lG (X,BX , µ, T )pind#�`�P�a (X,T ) pd#~��`�P�p$�.�Qu	�j?�Q (�T�A):9� 6.1.8 
 X Jo#�\�µ J Borel σD% BX �OV2rO�2!�M µ({x}) =

0 h x ∈ X ,��}" B ∈ BX 7x µ(B) ≥ r > 0, �hz� 0 ≤ θ ≤ r A< Borel I Bθ�N Bθ ⊂ B l µ(Bθ) = θ.S (X,T ) pe^�P�8f α = {A1, A2, · · · , An}p X I/" 0	4 1 ≤ k ≤ n,a
kα = {Ai1 ∪Ai2 · · · ∪Aik : 1 ≤ i1 < i2 < · · · < ik ≤ n}4p X I/" 0�9� 6.1.9 
 (X,T ) J^�Z=��

1. }" αJ X O&bz�l 1 ≤ k ≤ Cardα, K8 N(α) ≤ kN(kα) , �lh:Æ m ∈ Z+,

T−m(kα) = kT−m(α);

2. }" α0, α1, · · · , αl−1 J X O l Æ&b�z��� kα0∨ kα1∨ · · · ∨ kαl−1 J kl(α0∨α1∨
· · · ∨ αl−1) Orz��` 1 ≤ k ≤ min0≤i≤l−1 Cardαi, l

klN(kα0 ∨ kα1 ∨ · · · ∨ kαl−1) ≥ klN(kl(α0 ∨ α1 ∨ · · · ∨ αl−1))

≥ N(α0 ∨ α1 ∨ · · · ∨ αl−1).

3. }" α J X O&bz�l 1 ≤ k ≤ Cardα, � hc(T, kα) ≥ hc(T, α)− log k./o	F;5��[�.Q�:!� 6.1.10 
 (X,T ) J^�Z=�Z
A< µ ∈M(X,T ) �N (X,BX , µ, T ) J!GvM�Z=l supp(µ) = X, � (X,T ) JGv�ZM�Z=�W)�= (X,T ) po��Pe�)`��4pd#~��`�P�	�S (X,T ) p�o��P�� (X,BX , T, µ) pind#�`�P�1	 µx�D?Iin (eV�A 5.3 (4))� Pisker σ 5� Pµ = {X, ∅}. S U = {U1, U2, · · · , Un} p X I, 0�*? Ui [ X  x��0I�� r = min1≤i≤n{µ(U ci )}. )6 supp(µ) = X v*? Ui [ X  x��0I�1	 r > 0. �[\� k ∈ N lG 0 < 1
k < r, k ≥ n + 1. )�Q 6.1.8, .[ X I Borel s�

α = {B1, B2, · · · , Bk} lG Bi ⊂ U ci , i = 1, 2, · · · , n 	4 µ(Bj) = 1
k , w j = 1, 2, . . . , k.



` v f _ � Q . � S 137 zU/C �.y�7 §6.1 E^ K [>� limn→+∞ hµ(T n, α) = Hµ(α|Pµ) = Hµ(α) = log k ()`Q 5.3.9 v Pµ = {X, ∅}),1	.[ l ∈ N �G hµ(T
l, α) > log (k − 1). S V = {Bc

1, B
c
2, · · · , Bc

k}. �V U � V v
V = {⋃i6=1Bi,

⋃
i6=2Bi, · · · ,

⋃
i6=k Bi} = (k − 1)α.)�

htop(T,U) ≥ 1
l htop(T l,U) = 1

l hc(T
l,U) ≥ 1

l hc(T
l,V)

≥ 1
l (hc(T

l, α)− log (k − 1)) ()�Q 6.1.9 I (4))

≥ 1
l (hµ(T

l, α) − log (k − 1)) > 0.�$ (X,T ) pd#~��`�P� �w n ≥ 2, )`��.� n + 1 ~��`�P~`p n ~��`�P�[87rI7�℄���.IFIx�Z�: n ~��`: n + 1 ~��`xWNIe^^L��p$�.��:~:?s�w p ≥ 2, S Λ = {0, 1, . . . , p − 1}  /OB_u� Σ = ΛN /*_uv σ : Σ → Σ pQ6� N�w n ≥ 2 v a = (a1, a2, . . . , an) ∈ Λn (~?tp n I<), �.`� |a| = n, σ(a) = (a2, · · · , an) v P (a) = (a2, . . . , an, a1). �.� a [
x = (x1, x2, . . .) ∈ Σ$ x ∈ Λm, m ≥ n ���8f.[ j ∈ N�G a = (xj , xj+1, . . . , xj+n−1)

($e�P?p a < x). �.$ ti Nr t · · · t(i &�*). w b = (b1, . . . , bm) ∈ Λm, ~
ab = (a1, . . . , an, b1, . . . , bm) ∈ Λn+m. w X ⊂ Σ v A ⊂ X, S Ac = X \ A v

[a1, . . . , an] = {y ∈ X : (y1, . . . , yn) = (a1, . . . , an)}.w X I, 0 U = {U0, U1, . . . , Up−1} v K ⊂ Λn, 8f
X =

⋃

(i0,...,in−1)∈K
Ui0 ∩ σ−1Ui1 ∩ . . . ∩ σ−(n−1)Uin−1 ,�.�� (K,U)  0o X. ���*? w ∈ K ~p~?tp n I U +*.�.^Q^ (Σ, σ) I~?�U?6��P (X,σ) lG x = (x1, x2, . . .) p (X,σ) I�UW��G 1. (X,σ) x 2 ~��`�P� 2. U = {[1]c, [2]c, [3]c}  /x_u`�G&ÆP���./!� 6.1.11 A< 2 �ZM�Ht 3 �ZM�OZ=�W)�S φ : N→ N �G (φ(1), φ(2), . . .) = (1, 1, 2, 1, 2, 3, 1, 2, 3, 4, . . .).� A1 = (00123000), n1 = |A1| v U1 = {A1, σ

φ(1)(A1)0
φ(1)}.S C1

0 = A10
n1 = Aφ(1)0

nφ(1) v C1
1 = σ(A1)0

10n1 = σφ
2(1)(Aφ(1))0

φ2(1)0nφ(1) . JS
{D1

1 . . . D
1
n1
,D1

n1+1 . . . D
1
2n1
, . . . ,D1

n12n1−n1+1 . . . D
1
n12n1} = {C1

0 , C
1
1}n1 .S

A2 = A10
n1D1

1 . . . D
1
n1
D1
n1+1 . . . D

1
2n1

. . . D1
n12n1−n1+1 . . . D

1
n12n1 ,

n2 = |A2| v U2 = {A2, σ
φ(2)(A2)0

φ(2)}.
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Ck0 = Aφ(k)0

nφ(k) v Ck1 = σφ
2(k)(Aφ(k))0

φ2(k)0nφ(k) .JS {Dk
1 . . . D

k
nk
,Dk

nk+1 . . . D
k
2nk

, . . . ,Dk
nk2nk−nk+1 . . . D

k
nk2nk } = {Ck0 , Ck1 }nk . S

Ak+1 = Ak0
nkDk

1 . . . D
k
nk
Dk
nk+1 . . . D

k
2nk

. . . Dk
nk2nk−nk+1 . . . D

k
nk2nk ,

nk+1 = |Ak+1| v Uk+1 = {Ak+1, σ
φ(k+1)(Ak+1)0

φ(k+1)}.a nk+1 = 2nk + 2nφ(k)nk2
nk = 2nk(1 + nφ(k)2

nk). S x = limAk v X = ω(x, σ). �.ug�
(X,σ) p�.1QuI�P����.�: (X,σ) p~��`�P�S {U, V } x X I, 0� U ,V p X I��0?1���:,1 U0, V0 lG U0 ⊆ V c, V0 ⊆ U c. � x p (X,σ) I�UW�.[�&�� r vA*� i lG σrx ∈ U0, σ

r+ix ∈ V0.~ U1 = σ−rU0 v V1 = σ−rV0. a U1 p x Iu=� V1 p σi(x) Iu=�) φ I`��.[ k lG φ(k) = i, U2 = [Ak] ⊂ U1 	4 V2 = [σiAk0
i] ⊂ V1. 3�C Ak 6= σiAk0

i. �$
U2 ∩ V2 = ∅, A*P V2 ⊂ U c2 v U2 ⊂ V c

2 . �V Uk = {Ak, σi(Ak)0i}.) φ I`��.[��|? j lG φ(j) = k. )�
Cj0 = Ak0

nk R� Cj1 = σi(Ak)0
i0nk ,	4

Aj+1 = Aj0
njDj

1 . . . D
j
nj
Dj
nj+1 . . . D

j
2nj

. . . Dj
nj2

nj−nj+1
. . . Dj

nj2
njxT Dj

1+lnj
. . . Dj

(l+1)nj
∈ {Cj0 , Cj1}

nj w l = 0, 1, . . . , 2nj − 1 �\��V (X,σ)&w6 U2, V2  /
L P2,Y)�Q 6.1.3 � htop(σ, {U c2 , V c
2 }) > 0 (S N =

2nk). ��� {U c1 , V c
1 }p {U c2 , V c

2 }IH��1	 htop(σ, {U c1 , V c
1 }) > 0,6 htop(σ, {U c0 , V c

0 }) =

htop(σ, σ−r{U c0 , V c
0 }) > 0. 3�C {U, V } p {U c0 , V c

0 } IH���./ htop(σ, {U, V }) > 0. �$��.���: (X,σ) p~��`�P��[�.�: U = {[1]c, [2]c, [3]c}  /x_u`�S n ∈ N, � x p�UW�1	
X = {y ∈ X : y ∈ [xj . . . xj+n−1],∃ j ∈ N}. w {i0, . . . , in−1} ∈ {1, 2, 3}n ~

α(i0, . . . , in−1) = [i0]
c ∩ σ−1[i1]

c ∩ . . . ∩ σ−(n−1)[in−1]
c.�V [y1, . . . , yn] ⊂ α(i0, . . . , in−1) =��= yj+1 ∈ [ij ]

c w 0 ≤ j ≤ n− 1 �\	4
N(Un−1

0 ) = min{|K| : K ⊂ {1, 2, 3}nv ⋃

i0,...,in−1∈K
α(i0, . . . , in−1) = X}.)6

[1]c = [0] ∪ [2] ∪ [3], [2]c = [0] ∪ [1] ∪ [3], [3]c = [0] ∪ [1] ∪ [2],



` v f _ � Q . � S 139 zU/C �.y�7 §6.2 E^�;.}C)��s1	w*w i, j ∈ {0, 1, 2, 3} .[ k ∈ {1, 2, 3} lG [i] ∪ [j] ⊂ [k]c. �$8f a =

(a1, . . . , an), b = (b1, . . . , bn) ∈ {0, 1, 2, 3}n , a.[ c = (c1, . . . , cn) ∈ {1, 2, 3}n �G
[a1, . . . , an] ∪ [b1, . . . , bn] ⊂ α(c1, . . . , cn).�[W` k ∈ N. w*? i ≤ k, \� (ci1, . . . , c

i
ni

) ∈ {1, 2, 3}ni lG
[Ai] ∪ [σφ(i)Ai0

φ(i)] ⊂ α(ci1, . . . , c
i
ni

).H$�.ug X 6	�~:tp nk I U >< 0�
P j(yi1, . . . , y

i
nk

),

(1jyi1, . . . , y
i
nk−j),

(yij+1, . . . , y
i
nk

1j), 1 ≤ i ≤ k and 1 ≤ j ≤ ni,[$�.?
((ci1, . . . , c

i
ni

1ni)nk/2ni) = (yi1, . . . , y
i
nk

), 1 ≤ i ≤ k − 1v (ck1 , . . . , c
k
nk

) = (yk1 , . . . , y
k
nk

).uhF�8f a p��[ x  tp nk I<�a.[ j ≥ k lG a ��[ Aj  ��$Lhw j ≥ k �IaJ�6��:F5Iug�\��$
N(Unk−1

i=0 ) ≤ Σk
j=13ni ≤ 3knk ≤ 3(nk)

2.x��PUj< htop(σ,U) = 0. �ae 6.1.12 �*S�h:Æ n ≥ 2 U;���=3 n �ZM�Ht n+ 1 �ZM�OZ=� 	 l 6.1

1. �9 n }��_�"}��_u"�_	K)v�>0��
2. �9�P 6.1.8.

3. �9�P 6.1.9.

4. v)> n ≥ 2 P℄� n }��_:� n+ 1 }��_H�O�
§6.2 w6wCo��w8h[87r��.���℄Æ`I-W�:_u`��*�Lh�:_u`� /?℄L�!�:*?e^�P.[N3Ix`�?�S (X,T ) pe^�Pv K ⊆ X. X I/" 0 U = {U1, U2, · · · , Uk} ~p&w6 K{I"�:A, 8fw*? 1 ≤ j ≤ k �.*/ Uj 6⊃ K. M�P�.4	`�&w6 K{I"�56.
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 (X,T )J^�Z=( n ≥ 2. : (xi)
n
1 ∈ Xn *J w6 n w, }" {xi}ni=1 `Y�&"X�d<�lhz�dh* {xi}ni=1 �6vO�z� U {&MD℄��I n = 2��U;	D℄ 2 �:℄*J w6w..w n ≥ 2, �.$ En(X,T ) Nr�P (X,T ) #CI_u n `�� E′n(X,T ) Nr

En(X,T ) [ Xn  IA.�~ ∆n(X) = {(x, x, · · · , x)(n&) : x ∈ X}, ∆(X) = ∆2(X). �V� (X,T ) p n ~��`�P=��= ∆n(X) ∪ En(X,T ) = Xn; (X,T ) pd#~��`�P=��= ∆m(X) ∪ Em(X,T ) = Xm w*? m ≥ 2 �\�+m 6.2.2 
 (X,T )J^�Z=�}" X O�z� U = {U1, U2, · · · , Un}7x htop(T,U) >

0, �A<X xi ∈ U ci , i = 1, 2, · · · , n �N (x1, x2, · · · , xn) JD℄ n �:�W)��.��:.[, 0 U1 = {U1
1 , U

1
2 , · · · , U1

n} �G� htop(T,U1) > 0, U1
i ⊃ Ui �

diam((U1
i )c) ≤ 1

2diam((Ui)
c), i = 1, · · · , n. *�aJPw*? i ∈ {1, 2, · · · , n} �.4	GCURI�:A1Wr {(Umi )c}∞m=1 lG (Umi )c �dCW xi, i = 1, 2, · · · , n� (x1, x2, · · · , xn)p1�_u n `��8f U c1 pkW1��.� U1

1 = U1 64�= U c1 WpkW1e��H[ U c1  .[j?W y, y′ � d(y, y′) > 0. � ǫ1 �G 0 < ǫ1 <
1
4d(y, y

′), *�Q^) Bx6 U c1 �*�p
ǫ1 I,�Q�I U c1 I 0�^}?p ℑ. )6 U c1 p�1��.4	� ℑ I/"? 0
{W1,W2, · · · ,Wk}, �* k ≥ 2. S Fi = U c1 ∩Wi, ) ℑ I\_�.� Fi p U c1 I{?1�)6 ∨k

i=1{F ci , U2, · · · , Un} � U , �./
0 < htop(T,U) ≤ htop(T,

k∨

i=1

{F ci , U2, · · · , Un}) ≤
k∑

i=1

htop(T, {F ci , U2, · · · , Un}).x�:.[ i lG htop(T, {F ci , U2, · · · , Un}) > 0. � U1
1 = F ci . *�w U2 TNrI�Q�.!G U1

2 , �&P�Q^ U1
3 , · · · , U1

n lG, 0 U1 = {U1
1 , U

1
2 , · · · , U1

n} �G htop(T,U1) > 0,

U1
i ⊃ Ui � diam((U1

i )c) ≤ 1
2diam((Ui)

c), i = 1, · · · , n.�"&&#	Fh���.�GCURI�:A1Wr (Umi )c lG (Umi )c �dCW xi, i = 1, 2, · · · , n � htop(T,Um) > 0, xT Um = {Um1 , Um2 , · · · , Umn }. � xi ∈ U ci �⋂n
i=1 U

c
i = ∅, {x1, x2, · · · , xn} �H/j?WNIB"�N���.�: (x1, x2, · · · , xn)p_u n`��w0�&w6 {xi}ni=1 4QUI, 0

V = {V1, V2, · · · , Vl}, .[ ǫ > 0 lG�w*? i ∈ {1, 2, · · · , l} �.QqC ji ∈ {1, 2, · · · , n}�G B(xji , ǫ) ⊂ V c
i , } B(xji , ǫ) x	 xji p B ǫ p*�I,�����3I m lG (Umi )c ⊂ B(xi, ǫ) w*? i ∈ {1, 2, · · · , n}. �~[P�w*? i ∈ {1, 2, · · · , n} / Vi ⊂

B(xji , ǫ)
c ⊂ Umji , 6 V � Um, �)� htop(T,V) ≥ htop(T,Um) > 0. x�: (x1, x2, · · · , xn) p_u n `�� �+m 6.2.3 
 π : (Y, S)→ (X,T ) J�r���U;&

1. }" (x1, x2, · · · , xn) ∈ En(X,T ), �A< (y1, y2, · · · , yn) ∈ En(Y, S) �N π(yi) = xi h:Æ i ∈ {1, 2, · · · , n} ,��
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2. }" (y1, y2, · · · , yn) ∈ En(Y, S) l (π(y1), π(y2), · · · , π(yn)) 6∈ ∆n(X), �U;&

(π(y1), π(y2), · · · , π(yn)) ∈ En(X,T ).W)�(1) S (x1, x2, · · · , xn) ∈ En(X,T ). w m ∈ N v i = 1, 2, · · · , n, 0� xi IAu=
V m
i lG ⋂n

i=1 V
m
i = ∅ � maxni=1 diam(V m

i ) < 1
m . 0	, 0 Um = {(V m

1 )c, · · · , (V m
n )c}, a

htop(S, π−1Um) = htop(T,Um) > 0. )>A 6.2.2 .[ ymi ∈ π−1(V m
i )c lG (ym1 , · · · , ymn ) ∈

En(Y, S). z=I\�?r�.WÆS (ym1 , · · · , ymn ) → (y1, · · · , yn). �* yi ∈ π−1(xi), i =

1, · · · , n � (y1, · · · , yn) ∈ En(Y, S).

(2) S U x&w6 (π(y1), π(y2), · · · , π(yn)) 46UI, 0�a π−1U p&w6
(y1, y2, · · · , yn)46UI, 0��$ htop(S, π−1U) > 0.�� htop(T,U) = htop(S, π−1U) > 0.x�: (π(y1), π(y2), · · · , π(yn)) ∈ En(X,T ). �ae 6.2.4 U;{ (1),(2) ":r^*J kY�[, <�/OBg`U;>0Lvj{&�*7�r^OX:�S (X,T ) pe^�P�� (xi)

n
1 ~p r{G�, 8f= i 6= j e xi 6= xj. w n ≥ 2, �.$ Een(X,T ) Nr#CW4KI_u n `���V En(X,T ) � E′n(X,T ) v Een(X,T ) [

Xn IWM���1	WI�+m 6.2.5 
 (X,T ) J^�Z=�}" htop(T ) > 0, �
1. h:Æ n ≥ 2, Een(X,T ) J Xn Ot�rI�5�S�Z= (X,T ) {&(�IlpI
E2(X,T ) = ∅.

2. En(X,T ) ∪∆n(X) J Xn O T (n) ��O
rIl E′n(X,T ) ⊂ En(X,T ) ∪∆n(X).W)�(1) W` n ≥ 2. � htop(T ) > 0, .[ l ∈ N lG htop(T l) = lhtop(T ) > (n − 1). ~
S = T l, �* Een(X,T ) = Een(X,S). �$�.�Q�: Een(X,S) 6= ∅.�[�, 0 U = {U1, U2, · · · , Uk} l}�G htop(S,U) > log(n − 1). S (n − 1)U =

{⋃n−1
i=1 Uji : 1 ≤ j1 < j2 < · · · < jn−1 ≤ k}. �.WL)G htop(S, (n − 1)U) ≥ htop(S,U) −

log(n − 1) > 0. �$)>A 6.2.2, w*? 1 ≤ j1 < j2 < · · · < jn−1 ≤ k .[ xj1j2···jn−1 ∈
(
⋃n−1
i=1 Uji)

c lG (xj1j2···jn−1)1≤j1<j2<···<jn−1≤k ∈ Em(X,T ), } m = Cn−1
k .S l = Card{xj1j2···jn−1 : 1 ≤ j1 < j2 < · · · < jn−1 ≤ k} 	4 {y1, y2, · · · , yl} =

{xj1j2···jn−1 : 1 ≤ j1 < j2 < · · · < jn−1 ≤ k}. 8f l ≤ n − 1. � U p X I, 0�.[
1 ≤ s1 < s2 < · · · < sn−1 ≤ k lG {y1, y2, · · · , yl} ⊂

⋃n−1
i=1 Usi

. =PP xs1s2···sn−1 ∈
⋃n−1
i=1 Usi

,x: xs1s2···sn−1 ∈ (
⋃n−1
i=1 Usi

)
c &"z�x�: l ≥ n, ��)`�4/ (yi)

n
i=1 ∈ Een(X,T ).

(2) �* ∆n(X) p T (n) WIIA?1�S (xi)
n
i=1 ∈ En(X,T ). 8f T (x1) = T (x2) =

· · · = T (xn),a (T (x1), T (x2), · · · , T (xn)) ∈ ∆n(X).8f T (x1), T (x2), · · · , T (xn)W#&M�S U x&w6 (T (x1), T (x2), · · · , T (xn))46UI, 0�a T−1U p&w6 (x1, x2, · · · , xn)46UI, 0��$ htop(T, T−1U) > 0. �� htop(T,U) = htop(T, T−1U) > 0. x�:
(T (x1), T (x2), · · · , T (xn)) ∈ En(X,T ). )$ En(X,T )

⋃
∆n(X) p Xn I�: T (n) WII?1�Ne�w0�I (xi)

n
i=1 ∈ E′n(X,T ) \∆n(X), .[ {(xmi )ni=1 : m ∈ N} ⊂ En(X,T ) lG
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(xmi )ni=1 → (xi)

n
i=1. � U p&w6 (xi)

n
i=1 I46UI, 0�a)`����w��3I

m ∈ N, U p&w6 (xmi )ni=1 I46UI, 0��� htop(T,U) > 0, � (xi)
n
i=1 ∈ En(X,T ).6� E′n(X,T ) ⊆ En(X,T ) ∪∆n(X). )$�G En(X,T )

⋃
∆n(X) p Xn IA?1� �ae 6.2.6 }" T �O��� F8 6.2.5 U;���3 Een(X,T ) ( En(X,T ) ~J XnO T (n) ��OrI�!� 6.2.7 
 (X,T ) J^�Z=� A(E2(X,T )) ���# E2(X,T ) ∪∆(X) |iO
O

T ×T ��OQ[�Z�π0 : (X,T )→ (X0, T0) ��#Q[�Z A(E2(X,T )) .(KO�r���� (X0, T0) J (X,T ) O(��r�lh (X,T ) Oz�(��rZ= (Y, S), (X0, T0)J (Y, S) O�/�W)�����.�: (X0, T0) px`�P�8f (X0, T0) /�`�a.[ (x1, x2) ∈
E2(X0, T0). )>A 6.2.3 I (1) �.[ (y1, y2) ∈ E2(X,T ) �G π0(yi) = xi, i = 1, 2. )6 (y1, y2) ∈ E2(X,T ), ) π0 I`��./ π0(y1) = π0(y2), xr x1 = x2, "z�S π : (X,T )→ (Y, S) p�?�P� (Y, S)  /x`�)>A 6.2.3 � Rπ ⊃ E2(X,T ),�� Rπ ⊇ Rπ0 = A(E2(X,T )). x��: (X0, T0) p (Y, S) ID�� �ae 6.2.8 U;\� 6.2.7 `O (X0, T0) *J (X,T ) O o��w8h. .��\� 6.2.7U;	N�$J�:Æ^�Z=A<|B(��r�l��r�#�#v9�hO|iO
O T × T ��OQ[�Z.(KO�rZ=�	 l 6.2

1. R (X,T ) od℄�Ou K ⊆ X . �-} K w va, 7ev/Æ%v5 K 3PTH+�/ U �.�^t_��9�
(a) Ko_0<��<v/Æ�F |{k1 , k2, · · · , kn}| ≥ 2H {k1, k2, · · · , kn} ⊂ K. {k1, k2, · · · , kn} ⊆

En(X,T ).

(b) K o_0<��< K o_0�
(c) 7e�-# Es(X,T ) > (X,T ) H"B�_0�℄ En(X,T ) |o Es(X,T ) H>0�`

⋃
n≥2En(X,T ) \ {{x} : x ∈ X} = Es(X,T ).

2. IRW od℄�O (X,T )H T VH�>0��9�En(W,T ) ⊆ En(X,T )� Es(W,T ) ⊆ Es(X,S).

3. R π : (Y, S) → (X,T ) o�>�M��9� π(Es(Y, S)) \ {{x} : x ∈ X} = Es(X,T ). ���_0�.>\K��
§6.3 :A�z(wC Glasner-Weiss !�[87r�.^��w~?4i 0`�j$in`�*�wxj$in`�:* /KV�xL�N�C� Glasner v Weiss Y6, 0in`v_u`Y�I`Q����,�.�:~:-Wv?s�S (X,T ) pe^�P��.!) X F/"?

Borel 1Q�I 0�~p X FI~? Borel :A; 8f}B">$�W&e�a~}p
X I~? Borel 56. �.�P$ PX , CX v CoX Nr X I#C Borel s��#C Borel  



` v f _ � Q . � S 143 zU/C �.y�7 §6.3 {�P"d�. Glasner-Weiss ℄�0	4#C/", 0��.$ M(X) Nr1/`�[ B(X) I-in�$ M(X,T )NrM(X)  T WIin#C	4$ Me(X,T )NrM(X)  T WIIKVin#C�[? * _u�� M(X) vM(X,T ) �pVI�nl:N�[ [Romagnoli2003], Romagnoliw 0�:oj$in`I-W�4.[\\`I�℄ÆQ� �C&uIT$��[�.EC� C`��S (X,T ) pe^�P� µ ∈ M(X),w U ∈ CX �.`�
Hµ(U) = inf

α∈PX :α�U
Hµ(α).WL-� Hµ(α) IU|
L4	A*PD�C Hµ(U).9� 6.3.1 
 (X,T ) J^�Z=� µ ∈M(X). }" U ,V ∈ CX , �

1. 0 ≤ Hµ(U) ≤ logN(U).

2. }" U � V, � Hµ(U) ≥ Hµ(V).

3. Hµ(U ∨ V) ≤ Hµ(U) +Hµ(V).

4. Hµ(T
−1U) ≤ HTµ(U); I T �O�� Hµ(T

−1U) = HTµ(U).= µ ∈M(X,T ) v U ∈ CX , �V Hµ(Un−1
0 ) xY6 n ∈ N I�&&4Ho���$)�Q 6.3.1 I (3) v (4), �.4	^ U �.A µ �z(w `�8��

hµ(T,U) = lim
n→+∞

1

n
Hµ(Un−1

0 ) = inf
n≥1

1

n
Hµ(Un−1

0 ). (6.3.1)|b��.`�
h+
µ (T,U) = inf

α∈PX :α�U
hµ(T, α) (6.3.2)�.~ h+

µ (T,U) p :A U �.A µ �Bz(w. [�5I�Q ��.-BoFÆj$ 0in`I~:&8L� (x:L�I�:x6�I):9� 6.3.2 
 (X,T ) J^�Z=� µ ∈M(X) ( U ,V ∈ CX . �
1. hµ(T,U) = 1

M hµ(T
M ,UM−1

0 ) h:Æ M ≥ 1 ,��
2. h+

µ (T,U) ≥ 1
M h

+
µ (TM ,UM−1

0 ) h:Æ M ≥ 1 ,��
3. hµ(T,U) = lim

M→∞
1
M h

+
µ (TM ,UM−1

0 ) = infM≥1
1
M h

+
µ (TM ,UM−1

0 );

4. hµ(T,U) ≤ h+
µ (T,U);

5. h+
µ (T,U ∨ V) ≤ h+

µ (T,U) + h+
µ (T,V) l hµ(T,U ∨ V) ≤ hµ(T,U) + hµ(T,V);

6. }" U � V � hµ(T,U) ≥ hµ(T,V);

7. }" U ∈ CoX , � hµ(T,U) ≤ htop(T,U).3�C X I~?s� αxx~? 0� hµ(T, α) = h+
µ (T, α). )in`I`��.�V hµ(T ) = supU∈CX hµ(T,U) = supU∈CX h

+
µ (T,U). �~[��./!� 6.3.3 
 (X,T ) J^�Z=l µ ∈M(X,T ). K8

hµ(T ) = sup
U∈C0

X

hµ(T,U) = sup
U∈Co

X

h+
µ (T,U).
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X ,S αx) U [�I Borels��a α � U ,�$ hµ(T,X) ≥ hµ(T, α) ≥

h+
µ (T,U). x�: hµ(T,X) ≥ supU∈C0X h

+
µ (T,U). �� hµ(T ) ≤ supU∈C0X hµ(T,U).w X I*? Borel s� α = {A1, A2, · · · , Ak} 	4 ǫ > 0, �./,,: .[ X I) k ?B"Q�I, 0 U lGw0� j ≥ 0 v; T−jU �I Borel s�

β / Hµ(T
−jα|β) ≤ ǫ �\�,,�W)��Q 5.4.5 9'�..[ δ > 0 �G�w0�j?4is� β1 =

{B1
1 , B

1
2 , · · · , B1

k} v β2 = {B2
1 , B

2
2 , · · · , B2

k}, 8f ∑k
i=1 µ(B1

i ∆B
2
i ) < δ1 a Hµ(β1|β2) ≤ ǫ.�in µ p�aI��.4	�A1 Bi ⊂ Ai lG µ(Ai \ Bi) < δ

2k2 , i = 1, 2, · · · , k.*�� B0 = X \ ⋃k
i=1Bi, a µ(B0) <

δ
2k . Y~ Ui = B0 ∪ Bi, i = 1, 2, · · · , k, �V U =

{U1, U2, · · · , Uk} p X I, 0��[w0� j ≥ 0 v; T−jU �I Borel s� β, �.4	� β′ = {C1, C2, · · · , Ck}lG Ci ⊂ T−jUi, i = 1, 2, · · · , k � β ≥ β′. �$ Hµ(T
−jα|β) ≤ Hµ(T

−jα|β′). 3�C
T−jUi ⊃ Ci ⊃ X \

⋃
l 6=i T

−jUl = T−jBi, �./
µ(Ci∆T

−jAi) ≤ µ(T−jAi \ T−jBi) + µ(T−jB0) = µ(Ai \Bi) + µ(B0) <
δ

2k
+

δ

2k2
≤ δ

k
.�$ ∑k

i=1 µ(Ci∆T
−jAi) < δ � Hµ(T

−jα|β′) ≤ ǫ. �� Hµ(T
−jα|β) ≤ ǫ. ,,�W.w0� n ∈ N v/"4is� βn � Un−1

0 , 3�C βn � T−jU , j = 0, 1, · · · , n − 1 �./
Hµ(α

n−1
0 ) ≤ Hµ(βn) +Hµ(α

n−1
0 |βn)

≤ Hµ(βn) +
∑n−1

j=0 Hµ(T
−jα|βn)

≤ Hµ(βn) + nǫ. (X$ug)x��: Hµ(α
n−1
0 ) ≤ Hµ(Un−1

0 ) + nǫ. �$
hµ(T, α) = lim

n→+∞
1

n
Hµ(α

n−1
0 ) ≤ lim sup

n→+∞

1

n
Hµ(Un−1

0 ) + ǫ

= hµ(T,U) + ǫ ≤ sup
U∈C0X

hµ(T,U) + ǫ.) α v ǫ I0�L��./ hµ(T ) ≤ supU∈C0X hµ(T,U). `QG�� ��5�.�: Borel  0Ij$in`* /1yIKV�xL�9� 6.3.4 
 (X,T ) J^�Z=� µ ∈ M(X,T ) �K α ∈ PX . }" µ =
∫
Me(X,T ) θdm(θ)J µ O��uk�� hµ(T, α) =

∫
Me(X,T ) hθ(T, α)dm(θ).W)��.�w T 4TI�G�:�~$�Ge4	LhA*D�E!G (Tp�A). S

Pµ p (X,BX , µ, T ) I Pinsker σ 5�R� Iµ = {B ∈ BX : µ(T−1(B)∆B) = 0}. WLn�



` v f _ � Q . � S 145 zU/C �.y�7 §6.3 {�P"d�. Glasner-Weiss ℄�
Iµ ⊂ Pµ, �$�./

hµ(T, α) ≥ lim
n→∞

1

n
Hµ(α

n−1
0 |Iµ) ≥ lim

n→∞
1

n
Hµ(α

n−1
0 |Pµ)

= lim
n→∞

1

n

n−1∑

j=0

Hµ(T
−jα|

n−1∨

k=j+1

T−kα ∨ Pµ) = Hµ(α|α− ∨ Pµ)

= hµ(T, α) (e-`Q 5.3.8).��S µ =
∫
X µxdµ(x)x µ&w6 Iµ Iin�x (6w0� f ∈ L1(X,B, µ), E(f |Iµ)(x) =

∫
X fdµx w µ-a.e. x ∈ X), a

hµ(T, α) = limn→∞ 1
nHµ(α

n−1
0 |Pµ) = limn→∞ 1

nHµ(α
n−1
0 |Iµ)

= limn→∞ 1
n

∫
X

∑
A∈αn−1

0
−E(1A|Iµ)(x) log E(1A|Iµ)(x) dµ(x)

= limn→∞ 1
n

∫
X

∑
A∈αn−1

0
−µx(A) log µx(A) dµ(x)

= limn→∞ 1
n

∫
X Hµx(αn−1

0 )dµ(x)

= limn→∞ 1
n

∫
Me(X,T )Hθ(α

n−1
0 )dm(θ)

=
∫
Me(X,T ) hθ(T, α)dm(θ). (X$;��d`Q)x��:os�`IKV�xL� �/o	F;5��[�.�:KV�xw h+

µ (U , T ) v hµ(U , T ) *�\�9� 6.3.5 
 (X,T ) J^�Z=� µ ∈ M(X,T ) �K U J X O&b Borel z��}"
µ =

∫
Me(X,T ) θdm(ω) J µ O��uk��

h+
µ (T,U) =

∫

Me(X,T )
h+
θ (T,U)dm(θ) l hµ(T,U) =

∫

Me(X,T )
hθ(T,U)dm(θ).W)�S U = {U1, U2, · · · , UN}. `�

U(P ) = {β = {B1, B2, · · · , BN} ∈ PX : Bi ⊂ Ui, 1 ≤ i ≤ N}.� X p�nl:N�1	.[4�?s� {Pi ∈ U(P ) : i ∈ N}lGw X F*? Borel-in ν, 4*[ U(P )  L1(ν) �0�uhF�8f {Vi} p X I4�_u&� A p) {Vi} ∪ U [�I4�5��a Pi 4�p) N ?B"Q�I Borel s��x: Borel s�IR j ?B".j[ Uj  �
65� A, 1 ≤ j ≤ N . ��P�w*? ν ∈ M(X,T ) /
h+
ν (T,U) = infi∈N hν(T,Pi).0� ǫ > 0. � h+

θ (T,U) = infi∈N hθ(T,Pi) w*? θ ∈ Me(X,T ) �\�1	.[
Me(X,T ) (mod m) I~?4is� {Ωn}n∈I⊂N �G m(Ωn) > 0 w*? n ∈ I �\��8f θ ∈ Ωn a hθ(T,Pn) < h+

θ (T,U) + ǫ.w n ∈ I ? tn = m(Ωn), µn = 1
tn

∫
Ωn
θdm(θ). 3�C µn = 1

tn

∫
Ωn
θdm(θ) p µn IKV�x�)�Q 6.3.4 �./

hµn(T,Pn) =
1

tn

∫

Ωn

hθ(T,Pn)dm(θ) ≤ 1

tn

∫

Ωn

h+
θ (T,U)dm(θ) + ǫ.



` v f _ � Q . � S 146 zU/C �.y�7 §6.3 {�P"d�. Glasner-Weiss ℄�)6in {µn} p�&~�I�6.[ Borel 1 {Xn}n∈I �G�w*w n, k ∈ I, k 6= n/ µn(Xn) = 1, µn(Xk) = 0. �.4JS {Xn}n∈I p X I Borel s��pG�V?
Pn = {Bn

1 , B
n
2 , · · · , Bn

N}, } Bn
i ⊂ Ui, 1 ≤ i ≤ N . S Bi = ∪n∈I(Xn ∩ Bn

i ), a P =

{B1, B2, · · · , BN} ∈ U(P ) � P = Pn (mod µn) w*? n ∈ I �\��[�Nr)�Q 6.3.4�./
hµ(T,P) =

∑

n

tnhµn(T,P) =
∑

n

tnhµn(T,Pn) ≤
∫

Ω
h+
θ (T,U)dm(θ) + ǫ.�$ h+

µ (T,U) ≤
∫
Ω h

+
θ (T,U)dm(θ) + ǫ, �� h+

µ (T,U) ≤
∫
Ω h

+
θ (T,U)dm(θ).|~5�

h+
µ (T,U) = inf

i∈N

hµ(T,Pi) = inf
i∈N

∫

Ω
hθ(T,Pi)dm(θ) ≥

∫

Ω
h+
θ (T,U)dm(θ).a�: h+

µ (T,U) =
∫
Ω h

+
θ (T,U)dm(θ). ���X$�Q 6.3.2 I (3) 	4;��d`Q�WLGC hµ(T,U) =

∫
Me(X,T ) hθ(T,U)dm(θ). ��nl:N Z FIh�o� f ~p SeÆ&�, 8f	�j?MLHY
~�\�

(A1) lim supz′→z f(z′) ≤ f(z) w*? z ∈ Z.

(A2) w*? r ∈ R, 1{ {z ∈ Z : f(z) ≥ r} pA1�) (A2) �w~JF*bYo� {fi}i∈I , infi∈I fi 4pF*bYo��/"?F*bYo�
{fi}ni=1 Ivo� ∑n

i=1 fi 	4 maxni=1 fi *pF*bYo��9� 6.3.6 
 (X,T ) J^�Z=( U ∈ CoX . ���� h+
{·}(T,U) : µ ∈ M(X,T ) → R (

h{·}(T,U) : µ ∈M(X,T )→ R `����yO�W)�)6w µ ∈ M(X,T ) �./ hµ(T,U) = infM≥1
1
M h

+
µ (TM ,UM−1

0 ), �$8f` N
h+
{·}(T,U) : µ ∈M(X,T ) → R xF*bYI�a h{·}(T,U) : µ ∈ M(X,T )→ R xxF*bYI���` N h+

{·}(T,U) : µ ∈ M(X,T ) → R xF*bYI�)6w µ ∈ M(X,T ), �./
h+
µ (T,U) = inf

{α∈PX :α�U}
inf
n≥1

1

n
Hµ(α

n−1
0 ) = inf

n≥1
inf

{α∈PX :α�U}
1

n
Hµ(α

n−1
0 ).�$��.�Q�:w*? n ∈ N,  N φn(µ) = inf

α∈PX :α�U
Hµ(α

n−1
0 ) p M(X,T )FIF*bYo����Y) (A1) �.�S�:w0� µ ∈ M(X,T ) v ǫ > 0,

lim supµ′→µ:µ′∈M(X,T ) φn(µ
′) ≤ φn(µ) + ǫ.W` µ ∈M(X,T ) v ǫ > 0. ��.[; U �Is� α ∈ PX lG

Hµ(α
n−1
0 ) ≤ φn(µ) +

ǫ

2
. (6.3.3)Wb~$LJS α = {A1, · · · , AM}�w 1 ≤ i ≤M , Ai ⊂ Ui.~ µn =

∑n−1
i=0 T

iµ,)�Q 5.4.5.[ δ = δ(M,n, ǫ) > 0lG8f βi = {Bi
1, · · · , Bi

M} ∈ PX (i = 1, 2)�G M∑
i=1

µn(B1
i△B2

i ) < δ
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Hµ(

n−1∨

i=0

T−iβ1|
n−1∨

i=0

T−iβ2) ≤
n−1∑

i=0

HT iµ(β
1|β2) <

ǫ

2
.S U∗µ,n = {β ∈ PX : β � U�µ(

⋃
B∈βn−1

0
∂B) = 0}, �./,,�.[ β = {B1, · · · , BM} ∈ U∗µ,n �G M∑

i=1
µn(Ai△Bi) < δ � Hµ(β

n−1
0 |αn−1

0 ) < ǫ
2 .,,�W)�� δ1 ∈ (0, δ

2M ). � µ p�aI�w j ∈ {1, 2, · · · ,M} .[�?1 Cj ⊂ Aj lG
µn(Aj \ Cj) <

δ1
M

. (6.3.4)w j ∈ {1, 2, · · · ,M}, S Oj = Uj ∩ (X \⋃
i6=j Ci). a Oj p X I,?1��G

Aj ⊆ Oj ⊆ Uj �µn(Oj \ Aj) ≤
∑

i6=j
µn(Ai \ Ci) < δ1, � Oj \Aj ⊆

⋃

i6=j
Ai \ Ci. (6.3.5)3�CwC`I x ∈ X, .[�|4�? γ > 0 lG µn({y ∈ X : d(x, y) = γ}) > 0. ���� O1, · · · , OM *p,1	4 ⋃M

i=1Oi = X, .[ Borel 1 C∗1 , · · · , C∗M lG C∗i ⊆ Oi(1 ≤ i ≤
M),

⋃M
i=1C

∗
i = X 	4 ∑M

i=1 µ
n(∂C∗i ) = 0.S B1 = C∗1 v Bj = C∗j \ (

⋃j−1
i=1 C

∗
i ), 2 ≤ j ≤ M . a β

.
= {B1, B2, · · · , BM} ∈ PX �

β � U . � µn(∂C∗j ) = 0, 1 ≤ j ≤M 	4 T−i(∂D) ⊇ ∂(T−iD) w*? i ∈ {0, 1, · · · , n− 1} v
D ⊆ X �\��./ β ∈ U∗µ,n.� Oj ∩Ci = ∅w 1 ≤ j 6= i ≤M �\��.GC Bj ∩Ci = ∅w 1 ≤ j 6= i ≤M �\��� Ci ⊆ Bi ⊆ Oi w 1 ≤ i ≤M �\�Y) (6.3.4) v (6.3.5),

M∑

i=1

µn(Ai∆Bi) ≤
M∑

i=1

(µn(Ai \ Ci) + µn(Oi \Ai)) ≤
M∑

i=1

2δ1 < δ,�$ Hµ(β
n−1
0 |αn−1

0 ) < ǫ
2 . x�d�ougI�:��[

lim sup
µ′→µ:µ′∈M(X,T )

φn(µ
′) ≤ lim sup

µ′→µ:µ′∈M(X,T )
Hµ′(β

n−1
0 ) = Hµ(β

n−1
0 ) (� µ(

⋃

B∈βn−1
0

∂B) = 0)

≤ Hµ(α
n−1
0 ) +Hµ(β

n−1
0 |αn−1

0 ) ≤ φn(µ) + ǫ (X$ (6.3.3) vug).x�d�o�QI�:� �[8r7�I℄��.^C� Glasner v Weiss Y6, 0in`v_u`Y�I`Q�S (X,T ) pe^�P� µ ∈M(X,T ). =w0� x ∈ X / µ({x}) = 0 �\e��.~ µ x 4Fh�.
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 (X,T ) J�O^�Z=� µ ∈ M(X,T ) ��Æt2rO��!��hz� N ∈ N ( ǫ > 0 A<�!I B �N B,T−1B, · · · , T−(N−1)B �2�ddOl µ(
⋃N−1
i=0 T−iB) > 1− ǫ.W)�� µ x�D?�.[ Borel 1 C ⊂ X �G 0 < µ(C) < ǫ

N . �[��.`� X<\gK` rC : C → N
⋃{∞} lG�= min{n ≥ 1 : T nx ∈ C} /"e�~

rC(x) = min{n ≥ 1 : T nx ∈ C},�a~ rC(x) = ∞. S Ck = {x ∈ C : rC(x) = k}. ) Poincaré �#`Q�.� C∞ pxi1��* C∞, C1, C2, . . . p C I~? Borel s��S Γk = {Ck, T 1Ck, · · · , T k−1Ck} 	4
|Γk| =

⋃k−1
i=0 T

iCk, �* Γk  IB"�W&e��= m,n ∈ N,m 6= n e |Γm| ∩ |Γn| = ∅. �
µ xKVI�1	 µ(

⋃∞
k=0 T

kC) = 1. ���./ µ(
⋃∞
k=1 |Γk|) = 1.�[��.� B =

⋃
k≥N

⋃[ k−N
N

]

i=0 T iNCk,) B I\�WL-� B,TB, · · · , TN−1B x�W&eI�N���./
µ(X \⋃N−1

i=0 T iB) = µ(
⋃
k<N

⋃k−1
i=0 T

iCk ∪
⋃
k≥N

⋃k−1

i=N [ k−N
N

]+N
T iCk)

≤ N ∑∞
k=1 µ(Ck) = N · µ(C) < ǫ,6 µ(

⋃N−1
i=0 T iB) > 1− ǫ. �QG�� �!� 6.3.8 (Glasner-Weiss \� [Glasner-Weiss2004]) 
 (X,T ) J�O^�Z=� U J X O�Æ&b�z��K µ ∈M(X,T ). � h+

µ (T,U) ≤ htop(T,U).W)�)�Q 6.3.5, �.�Quw�D?IKVin µ �: h+
µ (T,U) ≤ htop(T,U) �\64�	�JS µ ∈M(X,T ) x~?�D?IKVin�? U = {U1, U2, · · · , Uk}. wW`I

ǫ > 0 \���3I N lG
N(UN−1

0 ) ≤ 2N(htop(T,U)+ǫ)�− (1− 1

N
) log(1− 1

N
)− 1

N
log

1

N
< ǫ. (6.3.6)Y���7I δ ∈ (0, 1) lG

2
√
δ log k < ǫ. (6.3.7)�[X$�Q 6.3.7 �.4	qC X I Borel ?1 D �G� D,TD, · · · , TN−1D �W&e� µ(

⋃N−1
i=0 T iD) > 1− δ. �.Y�/"4is� β � UN−1

0 lG
|β| = N(UN−1

0 ). (6.3.8)l<0	 D Is� βD = {B ∩D : B ∈ β}. �*w*? P ∈ βD  /Gp P = Pi0i1···iN−1
⊆

(
⋂N−1
j=0 T−jUij )∩D. l�E�.X$s� βD !`� X I~?�x α = {Ai : i = 1, · · · , k},�.^1/�G ij = i (j 4	� [0, N − 1]  0y�) I1 T jPi0i1···iN−1

�eC Ai. w
X \⋃N−1

i=0 T iD IW�.,��eCD? Ai ;ulG α � U . w γ′ ∈ PX v R ⊂ X, �.`� γ′ ∩R = {A ∩R : A ∈ γ′�A ∩R 6= ∅}. ) α I\�WL-� αN−1
0 ∩D = βD. �$

|αN−1
0 ∩D| = |βD| ≤ |β| ≤ N(UN−1

0 ). (6.3.9)
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µ (T,U) ≤ hµ(T, α) ≤ htop(T,U) + 3ǫ. p$S E =

⋃N−1
i=0 T iD, �* µ(E) > 1 − δ. W`~? n ≫ N . ~ Gn = {x ∈ X : 1

n

∑n−1
i=0 1E(T ix) > 1 −

√
δ}. �

µ(Gn) + (1−
√
δ)(1− µ(Gn)) ≥

∫
X

1
n(

∑n−1
i=0 1E(T ix))dµ(x) = µ(E) > 1− δ, �./
µ(Gn) > 1−

√
δ. (6.3.10)w x ∈ Gn, � Sn(x) = {i ∈ {0, 1, · · · , n− 1} : T ix ∈ D}. �Vw*? x ∈ Gn, �./

|{0, 1, · · · , n− 1} \
N−1⋃

j=0

(Sn(x) + j)| ≤ n
√
δ +N . (6.3.11)l<S Fn = {Sn(x) : x ∈ Gn}. �pw*? F ∈ Fn, F ∩ (F + i) = ∅, i = 0, 1, · · · , N − 1,�./ |F | ≤ n

N + 1. �$8f~ an = [ nN ] + 1, a
|Fn| ≤

an∑

j=1

n!

j! · (n − j)! ≤ an
n!

an! · (n− an)!
≤ n n!

an! · (n− an)!
.Lh stirling Mpv (6.3.6)  �~?WMp��./

lim
n→+∞

1

n
log(n

n!

an! · (n− an)!
) = −(1− 1

N
) log(1− 1

N
)− 1

N
log

1

N
< ǫ.��

lim sup
n→∞

1

n
log(|Fn|+ 1) ≤ lim

n→+∞
1

n
log(n

n!

an! · (n− an)!
+ 1) ≤ ǫ. (6.3.12)w F ∈ Fn, �.~ BF = {x ∈ Gn : Sn(x) = F}. �* {BF }F∈Fn G�o Gn I~?s��8f�.S F = {s1 < s2 < · · · < sl} v HF = {0, 1, · · · , n − 1} \⋃N−1

i=0 (F + i), a l ≤ n
N + 1,

|HF | ≤ n
√
δ +N(eV (6.3.11)) �
|αn−1

0 ∩BF | ≤ |
l∨

j=1
T−sj(αN−1

0 ∩D) ∨ ∨
r∈HF

T−rα|

(� BF ⊂ Gn ∩
⋂l
j=1 T

−sjD)

≤
l∏

j=1
|T−sj(αN−1

0 ∩D)| · ∏
r∈HF

|T−rα| = |αN−1
0 ∩D|l · k|HF |

≤ kn
√
δ+N · (N(UN−1

0 ))
n
N

+1.6
|αn−1

0 ∩BF | ≤ kn
√
δ+N · (N(UN−1

0 ))
n
N

+1. (6.3.13)
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√
δ+N · (N(UN−1

0 ))
n
N

+1 v γ = {BF }F∈Fn ∪ {X \Gn}. a γ ∈ PX �
Hµ(α

n−1
0 ) ≤ Hµ(α

n−1
0 ∨ γ)

=
∑

F∈Fn

Hµ(α
n−1
0 ∩BF ) +Hµ(α

n−1
0 ∩ (X \Gn))

≤ ∑
F∈Fn

µ(BF )(log |αn−1
0 ∩BF | − log µ(BF ))+

µ(X \Gn)(log |αn−1
0 ∩ (X \Gn)| − log µ(X \Gn))

≤ ∑
F∈Fn

µ(BF )(log bn − log µ(BF ))− µ(X \Gn) log µ(X \Gn) +
√
δ log kn () (6.3.13))

≤ log bn +
∑

F∈Fn

−µ(BF ) log µ(BF )− µ(X \Gn) log µ(X \Gn) + n
√
δ log k

≤ log bn + log(|Fn|+ 1) + n
√
δ log k,[F5IR�?vN�~?WMp �.l$o8�uh�8f m ∈ N, xi ≥ 0, i =

1, 2, · · · ,m � ∑m
i=1 xi ≤ 1, a ∑m

i=1−xi log xi ≤ (
∑m

i=1 xi)(logm− log
∑m

i=1 xi).N���./
h+
µ (T,U) ≤ hµ(T, α) = lim

n→∞
1
nHµ(α

n−1
0 )

≤ lim sup
n→∞

1
n(log bn + log(|Fn|+ 1)) +

√
δ log k

= lim sup
n→∞

1
n(log(|Fn|+ 1) + (n

√
δ +N) log k + ( nN + 1) logN(UN−1

0 )) +
√
δ log k

= lim sup
n→∞

1
n log |Fn|+ 1

N logN(UN−1
0 ) + 2

√
δ log k

≤ 1
N logN(UN−1

0 ) + 2ǫ () (6.3.7) v (6.3.12))

≤ htop(T,U) + 3ǫ () (6.3.6)).� ǫ > 0 p0�I��./ h+
µ (T,U) ≤ htop(T,U). �	 l 6.3

1. �9�P 6.3.1.

2. �9�P 6.3.2.

3. ��P 6.3.4 }#�FH�9�
4. v/Æ}>d℄�O�9_P 6.3.8.

§6.4 z(w[87r�.^�℄Æin`�:in n `�I-W�,��.��:in n `�I#C�pD?WIin&w} Pinsker �?I n &&w�*inI�|Y�!wg$IW�we^�P (X,T ) v µ ∈ M(X,T ), 0	 B(X) [ µ �Id5Æ Bµ. 8f A ∈ Bµ,a~ A ⊂ X p µ {zb, [W�5����~ A p {zb. �[��.`�&w6 µ Iin n `��
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 (X,T ) J^�Z=� n ≥ 2 ( (xi)
n
1 ∈ Xn \∆n(X). }"hz�dh* {xi}n1�6vO�!\u (B Borel \u) α & hµ(T, α) > 0 ,���* (xi)

n
1 J �.A µ �z( n w.�.$ Eµn(X,T )Nr (X,T )I#C&w6 µIin n`��	���.� Eµn(X,T )IvQ�p$�S Pµ p (X,Bµ, µ, T ) I Pinsker σ 5��[ (Xn,B(n)

µ , T (n)) F�.`�in λn(µ) �G
λn(µ)(Πn

i=1Ai) =

∫

X
Πn
i=1E(1Ai

|Pµ)dµ, (6.4.1)} B(n)
µ = Bµ × · · · × Bµ (n &�*) 	4 Ai ∈ Bµ, i = 1, 2, · · · , n. p!G Eµn(X,T ) I6���.�Qu8�I�Q9� 6.4.2 
 U = {U1, U2, · · · , Un} J X O�!z��� λn(µ)(Πn

i=1U
c
i ) > 0 IlpIhz�� U \O&b (B n Æ1+�,O) �!\u α & hµ(T, α) > 0.W)�(⇐) JSw0�; U �I/" ($ n ?B"Q�I) 4is� α / hµ(T, α) > 0. S

Ci = {x ∈ X : E(1Uc
i
|Pµ)(x) > 0} ∈ Pµ. �

0 =

∫

X\Ci

E(1Uc
i
|Pµ)(x)dµ(x) = µ(U ci ∩ (X \ Ci)),�./ µ(U ci \ Ci) = 0, 1 ≤ i ≤ n. � Di = Ci ∪ (U ci \ Ci), a Di ∈ Pµ � Dc

i ⊆ Ui, 1 ≤ i ≤ n.w0� s = (s(1), s(2), · · · , s(n)) ∈ {0, 1}n, S Ds =
⋂n
i=1Di(s(i)), } Di(0) = Di �

Di(1) = X \Di. YS Dj
0 = (

⋂n
i=1Di) ∩ (Uj \

⋃j−1
k=1 Uk), j = 1, 2 · · · , n.0	4is� α = {Ds : s ∈ {0, 1}n � s 6= (0, 0, · · · , 0)} ∪ {D1

0,D
2
0 , · · · ,Dn

0 }. w0�
s ∈ {0, 1}n � s 6= (0, 0, · · · , 0), �./ s(i) = 1 wD? 1 ≤ i ≤ n �\��$ Ds ⊂ Dc

i ⊂ Ui.�* Dj
0 ⊂ Uj, j = 1, 2, · · · , n. )� α p U IH��1	 hµ(T, α) > 0.�[�8f λn(µ)(Πn

i=1U
c
i ) = 0. a�V µ(

⋂n
i=1Di) = µ(

⋂n
i=1 Ci) = 0. x�:

D1
0,D

2
0 , · · · ,Dn

0 ∈ Pµ. � D1,D2, · · · ,Dn ∈ Pµ, �V Ds ∈ Pµ w s ∈ {0, 1}n. xr α I*?B"i
6 Pµ, �$ hµ(T, α) = 0, "z�
(⇒) �[JS λn(µ)(Πn

i=1U
c
i ) > 0. w0�; U �I/"4is� α, Wb~$L��.4	JS α = {A1, A2, · · · , An} � Ai ⊂ Ui, i = 1, 2, · · · , n.3�C

∫
X Πn

i=1E(1X\Ai
|Pµ)(x)dµ(x) ≥

∫
X Πn

i=1E(1Uc
i
|Pµ)(x)dµ(x)

= λn(µ)(Πn
i=1U

c
i ) > 0.)��wD? 1 ≤ j ≤ n / Aj 6∈ Pµ. x�: hµ(T, α) > 0. ��[�.C� Eµn(X,T ), n ≥ 2 I~?6��!� 6.4.3 
 (X,T ) J^�Z=� µ ∈M(X,T ). �h n ≥ 2 &

Eµn(X,T ) = supp(λn(µ)) \∆n(X).
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n
1 ∈ Eµn(X,T ). p�: (xi)

n
1 ∈ supp(λn(µ)) \∆n(X), �Q�:w xi I0�u=

Ui / λn(µ)(Πn
i=1Ui) > 0. S U = {U c1 , U c2 , · · · , U cn}. Wb~$L��.4	JS U p X I4i 0 (Cue�G7I Ui). ��P�0�; U �I/"4is� α ~`xx&w6

(xi)
n
1 4QUI4is��)� hµ(T, α) > 0. Y)�Q 6.4.2 � λn(µ)(Πn

i=1Ui) > 0.�[JS (xi)
n
1 ∈ supp(λn(µ)) \ ∆n(X). �.^�:w0�&w6 (xi)

n
1 4QUI4is� α = {A1, A2, · · · , Ak} / hµ(T, α) > 0. � α p&w6 (xi)

n
1 4QUI4is��1	w*? i ∈ {1, 2, · · · , k} .[ xi Iu= Ui lG��.QqC ji ∈ {1, 2, · · · , n} �G

Ai ⊂ U cji . 6 α p U = {U c1 , U c2 , · · · , U cn} IH��N�� λn(µ)(Πn
i=1Ui) > 0, )�Q 6.4.2 �

hµ(T, α) > 0. �9� 6.4.4 
 (X,T ) J^�Z=� µ ∈M(X,T ) ( Pµ � (X,T, µ) O Pinsker σ D%��hz� α ∈ PX , limk→+∞ hµ(T k, α) = Hµ(α|Pµ).W)�WÆS T p�N (Cue$ supp(µ) 5D X). S π1 : (X̃, σT )→ (X,T ) p (X,T ) IA*D��� ν ∈ M(X̃, σT ) lG π1ν = µ. S Pν p (X̃, σT , ν) I Pinsker σ 5��R�
π−1

1 (BX) = {π−1A : A ∈ BX}. �V π−1
1 (BX) ∩ Pν = π−1Pµ. ~5�

limk→+∞ hµ(T k, α) = limk→+∞ hν(σkT , π
−1
1 α)

= Hν(π
−1α|Pν) ()�Q 5.3.9)

≥ Hν(π
−1α|π−1Pµ)

= Hµ(α|Pµ).|~5��.6�-� hµ(T
k, α) ≤ Hµ(α|Pµ) w*? k ∈ N �\ (�T�A). �$�./ limk→+∞ hµ(T k, α) = Hµ(α|Pµ). ��5I`Q 6.4.5 x�YWI�4I�:�vvf4Q�wx&|b~:�A/1,0�!� 6.4.5 
 (X,T ) J^�Z=� U = {U1, U2, · · · , Un} J X O�!z��` n ≥ 2.}"hz�&b (B n Æ1+�,) O� U \O�!z� β & hµ(T, β) > 0 ,���

hµ(T,U) > 0.W)�)�Q 6.4.2 � λn(µ)(Πn
i=1U

c
i ) > 0, 6 ∫

X Πn
i=1E(1Uc

i
|Pµ)(x)dµ(x) > 0. �$�.[A*� M lG µ(D) > 0, } D = {x ∈ X : min1≤i≤n E(1Uc

i
|Pµ)(x) ≥ 1

M }.w0� s = (s(1), s(2), · · · , s(n)) ∈ {0, 1}n, S As =
⋂n
i=1 Ui(s(i)), } Ui(0) = Ui,

Ui(1) = X \ Ui. *�~ α = {As : s ∈ {0, 1}n}. a�./,,�w0� j ∈ Z+ v X I; T−jU �I/"4is� β, �./
Hµ(T

−jα|β ∨ Pµ) ≤ Hµ(α|Pµ)−
µ(D)

M
.,,�W)��.�w j = 0 I�G�:�w6~$I j ∈ Z+, 3�Cw*? f ∈ L1(µ),�./ E(T jf |Pµ)(x) = E(f |Pµ)(T jx) w µ-a.e. x �\�1	 Hµ(T

−jα|Pµ) = Hµ(α|Pµ), �



` v f _ � Q . � S 153 zU/C �.y�7 §6.4 "d�;��.6�^}6Æp j = 0 I�G (�T�A). Wb~$L�JS β = {B1, B2, · · · , Bn}� Bi ⊂ Ui, i = 1, 2, · · · , n. S f(x) =

{
−x log x x > 0

0 x = 0
. a

Hµ(α|β ∨ Pµ) = Hµ(α ∨ β|Pµ)−Hµ(β|Pµ)
=

∫
X

∑
s∈{0,1}n

∑n
i=1 f(E(1As∩Bi

|Pµ))dµ −
∫
X

∑n
i=1 f(E(1Bi

|Pµ))dµ
=

∫
X

∑
s∈{0,1}n

∑n
i=1−E(1As∩Bi

|Pµ) log(
E(1As∩Bi

|Pµ)

E(1Bi
|Pµ) )dµ

=
∫
X

∑
s∈{0,1}n

∑n
i=1 E(1Bi

|Pµ)f(
E(1As∩Bi

|Pµ)

E(1Bi
|Pµ) )dµ

=
∑

s∈{0,1}n
∫
X

∑
i,s(i)=0 E(1Bi

|Pµ)f(
E(1As∩Bi

|Pµ)

E(1Bi
|Pµ) )dµ,

(6.4.2)

} i, s(i) = 0 Nr1/�G s(i) = 0 I i. F5N/pIN�~?Mp�\D�[6�w0� s ∈ {0, 1}n v�G s(i) = 1 I 1 ≤ i ≤ n / As ∩Bi = ∅ �\	4 E(1As∩Bi
|Pµ)

E(1Bi
|Pµ) (x) ≡ 0 x~uh�� f pVo�� (6.4.2)

≤∑
s∈{0,1}n

∫
X(

∑
k,s(k)=0 E(1Bk

|Pµ))f(
∑

i,s(i)=0
E(1Bi

|Pµ)

Σk,s(k)=0E(1Bk
|Pµ)

E(1As∩Bi
|Pµ)

E(1Bi
|Pµ) )dµ

=
∑

s∈{0,1}n
∫
X(

∑
k,s(k)=0 E(1Bk

|Pµ))f(
Σi,s(i)=0E(1As∩Bi

|Pµ)

Σk,s(k)=0E(1Bk
|Pµ) )dµ

=
∑

s∈{0,1}n
∫
X(

∑
k,s(k)=0 E(1Bk

|Pµ))f(
E(1As |Pµ)

Σk,s(k)=0E(1Bk
|Pµ))dµ

=
∑

s∈{0,1}n(
∫
X f(E(1As |Pµ))dµ −

∫
X E(1As |Pµ) log( 1

Σk,s(k)=0E(1Bk
|Pµ))dµ)

= Hµ(α|Pµ)−
∑

s∈{0,1}n
∫
X E(1As |Pµ) log( 1

Σk,s(k)=0E(1Bk
|Pµ))dµ.� β ps��1	8f s(i) = 1(1 ≤ i ≤ n), )� Σk,s(k)=0E(1Bk

|Pµ) ≤ E(1X\Bi
|Pµ). ~

bi = E(1X\Bi
|Pµ), i = 1, . . . , n a�./

∑
s∈{0,1}n

∫
X E(1As |Pµ) log( 1

Σk,s(k)=0E(1Bk
|Pµ))dµ

≥ 1
n

∑n
i=1

∫
X(

∑
s,s(i)=1 E(1As |Pµ)) log 1

bi
dµ

= 1
n

∑n
i=1

∫
X E(1Uc

i
|Pµ) log 1

bi
dµ ≥ 1

nM

∑n
i=1

∫
D log 1

bi
dµ

= 1
nM

∫
D log 1

Πn
i=1bi

dµ ≥ 1
M

∫
D log n

Σn
i=1bi

dµ = µ(D)
M log( n

n−1),� ( b1+...+bn
n )n ≥ b1 . . . bn, 	4 Σn

i=1bi = Σn
i=1Σj 6=iE(1Bj

|Pµ) = (n − 1)Σn
i=1E(1Bi

|Pµ)
= n− 1, 1	 Hµ(α|β ∨ Pµ) ≤ Hµ(α|Pµ)− µ(D)

M log( n
n−1). x�d�ougI�:�� ǫ = µ(D)

M log( n
n−1) > 0. � limm→+∞ hµ(Tm, α) = Hµ(α|Pµ) (eV�Q 6.4.4), 1	.[ l > 0 lG hµ(T

l, α) ≥ Hµ(α|Pµ)− ǫ
2 . S S = T l. w X I0�; Un−1

0 �I/"4is�
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βn. � β � T−iU w*? i ∈ {0, ..., n − 1}, )FÆug�.GC

Hµ(βn) ≥ Hµ(βn|Pµ)

= Hµ(βn ∨
n−1∨

i=0

S−iα|Pµ)−Hµ(
n−1∨

i=0

S−iα|βn ∨ Pµ)

≥ Hµ(
n−1∨

i=0

S−iα|Pµ)−
n−1∑

i=0

Hµ(S
−iα|βn ∨ Pµ)

≥ Hµ(
n−1∨

i=0

S−iα|Pµ)− n(Hµ(α|Pµ)− ε) ()ug).�$ Hµ(
n−1∨
i=0

S−iU) ≥ Hµ(
n−1∨
i=0

S−iα|Pµ)− n(Hµ(α|Pµ)− ε). ��
hµ(S,U) = lim

n→∞
1

n
Hµ(

n−1∨

i=0

S−iU)

≥ lim sup
n→∞

1

n
(Hµ(

n−1∨

i=0

S−iα|Pµ)− n(Hµ(α|Pµ)− ε))

= hµ(S,α) −Hµ(α|Pµ) + ε >
ε

2
,[$��.l$C8�uh� limn→∞ 1

nHµ(
∨n−1
i=0 S

−iα|Pµ) = hµ(S,α) (l$`Q 5.3.8 4G4TeI�:�wW4T�P4	LhA*D�!G (�T�A)).N� hµ(T,U) ≥ 1
l hµ(S,U) > 0, x�d�o�:� �*`Q~?lI\�xv 6.4.6 
 (X,T ) J^�Z=� µ ∈ M(X,T ) ( U = {U1, U2, · · · , Un} J X O�!z��� hµ(T,U) > 0 IlpI λn(µ)(Πn

i=1U
c
i ) > 0.W)�)�Q 6.4.2 v`Q 6.4.5 6G8\�� �)\� 6.4.6 v�Q 6.3.5, �[�.Q�:in`� /KV�xL�!� 6.4.7 
 (X,T ) J^�Z=� µ ∈M(X,T ) �K µ =

∫
Me(X,T ) θdm(θ) J µ O��uk��

1. h m-a.e. θ, Eθn(X,T ) ⊆ Eµn(X,T ), ` n ≥ 2.

2. }" (xi)
n
1 ∈ Eµn(X,T ), �h (xi)

n
1 O:Æ'/ V , m({θ : V ∩ Eθn(X,T ) 6= ∅}) > 0. �>�IS|? Ω ⊆Me(X,T ) ���L

m(Ω) = 1l⋃
{Eθn(X,T ) : θ ∈ Ω} \∆n(X) = Eµn(X,T ).W)�(1) S Ui, i = 1, 2, · · · , n p X �G ⋂n

i=1 cl(Ui) = ∅ v (Πn
i=1cl(Ui)) ∩ Eµn(X,T ) = ∅I,1�)6 Eµn(X,T ) = suppλn(µ) \ △n(X), �./ λn(µ)(Πn

i=1cl(Ui)) = 0. )\� 6.4.6� hµ(T,U) = 0, } U = {U c1 , U c2 , · · · , U cn}. � ∫
Me(X,T ) hθ(T,U)dm(θ) = hµ(T,U) = 0, 1



` v f _ � Q . � S 155 zU/C �.y�7 §6.4 "d�;	 hθ(T,U) = 0 w m-a.e. θ �\�)\� 6.4.6, λn(θ)(Π
n
i=1Ui) = 0 w m-a.e. θ �\��$ (Πn

i=1Ui) ∩ Eθn(X,T ) = ∅ w m-a.e. θ �\�)6 Eµn(X,T ) ∪ ∆n(X) p X(n) IA1�1	4I714	Nrp4�?G8 Πn
i=1Ui IR1�} Ui, i = 1, 2, · · · , n p X �G

⋂n
i=1 cl(Ui) = ∅ I,1�)`��w1/ θ / Eθn(X,T ) ∩ ∆n(X) = ∅, xr�.�\Gw

m-a.e. θ, Eθn(X,T ) ∩ (Eµn(X,T ))
c
= ∅.

(2) Wb~$L��.JS V = Πn
i=1Ai, } Ai p xi IAu=� ⋂n

i=1Ai = ∅.� λn(µ)(Πn
i=1Ai) > 0, �./ hµ(T, {Ac1, Ac2, · · · , Acn}) > 0. 4)6

∫

Ω
hθ(T, {Ac1, Ac2, · · · , Acn})dm(θ) = hµ(T, {Ac1, Ac2, · · · , Acn}) > 0,1	.[ Ω′ ⊂Me(X,T ), m(Ω′) > 0 lG= θ ∈ Ω′ �/

hθ(T, {Ac1, Ac2, · · · , Acn}) > 0, 6 λn(θ)(Π
n
i=1Ai) > 0.:�P�w θ ∈ Ω′ / (Πn

i=1Ai) ∩ Eθn(X,T ) 6= ∅. x�: m({θ : V ∩Eθn(X,T ) 6= ∅}) > 0. �[87rIN�℄���.-u!�:in`� /?℄L��p$�.�Qu	�~?�Q�9� 6.4.8 
 π : (X,T )→ (Y, S) J�r���K U ∈ CY . �hz� µ ∈M(X,T ), U;&
hµ(T, π

−1U) = hπµ(S,U).W)�w~?e^�P (Z,R) v V ∈ CZ . S α p) V [�I Borel s���.`�
P∗(V) = {β ∈ PZ : β � V� β I*?B"p α ID:?B"IR}. (6.4.3)S f(x) =




−x log x, x > 0

0, x = 0
. X$	�uh�

f(x1 − δ) + f(x2 + δ) < f(x1) + f(x2)w 0 < δ ≤ x1 ≤ x2 ≤ 1− x1 �\��.WL�: (�T�A)

Hθ(V) = min
β∈P∗(V)

Hθ(β) w*?θ ∈M(Z,R)�\. (6.4.4)�[�w n ∈ N �./ P∗((π−1U)n−1
0 ) = π−1P∗(Un−1

0 ). �$
Hπµ(Un−1

0 ) = inf
β∈P∗(Un−1

0 )
Hπµ(β) = inf

β∈P∗(Un−1
0 )

Hµ(π
−1β)

= inf
β′∈P∗((π−1U)n−1

0 )
Hµ(β

′) = Hµ((π
−1U)n−1

0 )
(6.4.5)N�[Mp (6.4.5) jFNe�	 n, Y~ n→∞ �.�GC hµ(T, π

−1U) = hπµ(S,U). �!� 6.4.9 
 π : (Y, S)→ (X,T ) J�r��� ν ∈M(Y, S) �K µ = πν. �
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1. h:Æ (yi)

n
1 ∈ Eνn(Y, S). 
 π(yi) = xi, i = 1, 2, · · · , n. }" (xi)

n
1 6∈ ∆n(X), � (xi)

n
1 ∈

Eµn(X,T ).

2. h:Æ (xi)
n
1 ∈ Eµn(X,T ), A< (yi)

n
1 ∈ Eνn(Y, S) 7x π(yi) = xi, i = 1, 2, · · · , n.W)�(1) l)`�4G�	��: (2). 8f (x1, x2, · · · , xn) ∈ Eµn(X,T ). w m ∈ N v

i = 1, 2, · · · , n, 0� xi IAu= V m
i l}�G ⋂n

i=1 V
m
i = ∅ � maxni=1 diam(V m

i ) < 1
m . 0	, 0 Um = {(V m

1 )c, · · · , (V m
n )c},a hν(S, π

−1Um) = hµ(T,Um) > 0 (eV�Q 6.4.8). )\�
6.4.6�.� λn(ν)(

∏n
i=1 V

m
i ) > 0.3�C ∏n

i=1 V
m
i pA1�1	 ∏n

i=1 V
m
i ∩supp(λn(µ)) 6= ∅.��.[ ymi ∈ π−1(V m

i )c lG (ym1 , · · · , ymn ) ∈ supp(λn(µ)). z=I\�?r�.WÆS
(ym1 , · · · , ymn )→ (y1, · · · , yn). �* yi ∈ π−1(xi), i = 1, · · · , n � (y1, · · · , yn) ∈ supp(λn(µ)). N��.)`Q 6.4.3 � (y1, · · · , yn) ∈ Eνn(Y, S). �	 l 6.4

1. R (X,T ) od℄�O� µ ∈ M(X,T ) u K ⊆ X . �-} K w µ va, 7ev/Æ%v5 K 3PTHr� α )�.�hm_��9�
(a) K o µ _0<��<v/Æ}>�F |{k1, k2, · · · , kn}| ≥ 2 H {k1, k2, · · · , kn} ⊂ K .
{k1, k2, · · · , kn} ⊆ Eµ

n(X,T ).

(b) K o µ _0<��< K o µ _0�
(c) 7e�-# Eµ

s (X,T ) > (X,T ) H"B� µ _0�℄ Eµ
n(X,T ) |o Eµ

s (X,T ) H>0�`
⋃

n≥2E
µ
n(X,T ) = Eµ

s (X,T ).

(d) Eµ
s (X,T ) �.L�5_P 6.4.7 HJU�wK�

2. R π : (Y, S)→ (X,T )o�>�M�ν ∈M(Y, S)u µ = πν, �9� π(Eν
s (Y, S))\ {{x} : x ∈ X} =

Eµ
s (X,T ). ���hm_0�.>\K��

3. R (X,T ) od℄�O� µ ∈M(X,T ) u Pµ w (X,T, µ) H Pinsker σ 4���9�7e α ∈ PX ,` hµ(T k, α) ≤ Hµ(α|Pµ) v)> k ∈ N.

4. R (X,T ) od℄�O� µ ∈M(X,T ) u Pµ w (X,T, µ) H Pinsker σ 4���9�7e α ∈ PX ,` hµ(T, α) = limn→∞Hµ(αn−1
0 |Pµ).

5. �9Lo (6.4.4).

§6.5 tum6F�w~?e^�P (X,T ), 1969 U Goodwyn[Goodwyn1969] w*? T WIin µ �:o
hµ(T ) ≤ htop(T ), ,� Goodman[Goodman1971] �:o supµ hµ(T ) ≥ htop(T ), xTI-3�x�K1/ T WIin�x\\o`II�DQ� 1976 U Misiruwicz[Misiurewicz1976] w`II�DQC�o~?Pq�%+I�:�[87r��.^~$Æ`II�DQ!\\&w6C`, 0I`I�℄I�DQ�*�℄I�DQx�.�~[�_u`�vin`�Y�I~?&u�&8IH �&ÆP��87r�.I-uFIx�:8�`Q�
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 (X,T ) J^�Z=( U ∈ CoX . �
htop(T,U) = sup{hµ(T,U) : µ ∈M(X,T )}lA< T ��O��! µ �N htop(T,U) = hµ(T,U).[�:�℄I�DQ
��.�uT~:;5HT�Qu�:Ix�[`Q 6.5.1  w1/, 0�Fz�*�X$`Q 6.3.3 �.�GCo�XII�DQ�!� 6.5.2 (�u2�) 
 (X,T ) J^�Z=�K8 htop(T ) = sup{hµ(T ) : µ ∈M(X,T )}.ae 6.5.3 �<*x��u2��&��NsL T ��O! µ �N htop(T ) = hµ(T ),q��_ [Walters1982, §8.3]. U;{7x hµ(T ) = htop(T ) O! µ *J{& o�w�z(, �*IÆi8��_ [Walters1982, §8.3].���.Qu8�~?�YWI�Q�9� 6.5.4 
 (X,T ) J^�Z=� U ∈ CoX . Z
 K ∈ N �K {αl}Kl=1 J X O K Æ� U\O Borel \u�K8h:Æ N ∈ N, A< X O�Æ{& [

N(UN−1
0 )
K ] Æ1+O&bI BN ,7xh:Æ 1 ≤ l ≤ K, \u (αl)

N−1
0 O:Æ2rYj�#$ BN `O�ÆX�I�

[
N(UN−1

0 )
K ] �� N(UN−1

0 )
K OL%�u�W)�S N ∈ N. w0� x ∈ X v 1 ≤ l ≤ K, �.$ Al(x) Nrs� (αl)

N−1
0  .j x ID?��Vw0� x1, x2 ∈ X v 1 ≤ l ≤ K, x1 v x2 [ (αl)

N−1
0 N~?D? =��=

Al(x1) = Al(x2).S B′N p X �G	�HY (⋆) I-3?1�
(⋆): (αl)

N−1
0 , l = 1, 2, · · · , k *?D?�|.jo B′N I~?W�	��: B′N IB"?�WH6 [

N(UN−1
0 )
K ]. 8=W*�S B′N = {x1, . . . , xd}, } 

d < [
N(UN−1

0 )
K ]. � B = (

⋃d
i=1

⋃K
l=1Al(xi)). 3�Cw*? 1 ≤ i ≤ d v 1 ≤ l ≤ K, Al(xi)p (αl)

N−1
0 I~?D?��$4.j6 UN−1

0 D?B" �=PP� B 6 UN−1
0 �|

dK < K[
N(UN−1

0 )
K ] ≤ N(UN−1

0 ) ?B"IR1 0��$ B 6= X.0� x ∈ X \ B, �./ x 6∈ ⋃d
i=1

⋃K
l=1Al(xi). 3�Cw0� 1 ≤ i ≤ d v 1 ≤ l ≤ K,

Al(x)∩Al(xi) = ∅. �.4G B′N
⋃{x} xp X �GHY (⋆) I/"?1�x: B′N I-3L&"z�N��.� BN p B′N I / [

N(UN−1
0 )
K ] ?B"ID??1�x�d�o�QI�:� ��[��.�:, 0`IR~?I�WMp�!� 6.5.5 (Blanchard-Host-Glasner \� [Blanchard etc.1997]) 
 (X,T ) J^�Z=�K U ∈

CoX . K8A< µ ∈M(X,T ) 7x h+
µ (T,U) ≥ htop(T,U).W)�S U = {U1, U2, · · · , Ud}. `�

U(P ) = {α ∈ PX : α = {A1, . . . , Ad}�GAm ⊂ Um,∀m ∈ {1, . . . , d}}. (6.5.1)C� 1: ��JS X pxr:N�$e X I6,4AI?1#Cp4�1�4.Q�o
X I~L4�&�xr U(P )  #)6,4AI?1Q�Is�I#Cx~?4�1��.$ {αl : l ≥ 1} Nrx?4�1I~?&��
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n )
n ] ?B"I/"?1 Cn lG

(αl)
n2+n−1
n , 1 ≤ l ≤ n I*?D?�|.j Cn I~?W�S νn p[ Cn FM�YI-in�aw*? 0 ≤ i, l ≤ n, T−i(αl)

n2+n−1
0 (; (αl)

n2+n−1
n �) I*?B".joOBin

νn I�|~?D?�� N(Un2+n−1
0 ) ≤ N(Un−1

0 )N(Un2+n−1
n ) ≤ dnN(Un2+n−1

n ), �./
N(Un2+n−1

n ) ≥ d−nN(Un2+n−1
0 ).xr�w0� 1 ≤ i, l ≤ n �./

HT iνn
((αl)

n2+n−1
0 ) = Hνn(T−i(αl)

n2+n−1
0 )

= log[N(Un2+n−1
n )
n ] ≥ log[

N(Un2+n−1
0 )
ndn ].W`�G m ≤ n IA*� m, R�S n2 + n = km + b, } 0 ≤ b ≤ m − 1. aw

1 ≤ i, l ≤ n �./
HT iνn

((αl)
n2+n−1
0 ) = HT iνn

((αl)
n2+n−1
km ∨∨k−1

j=0 T
−mj(αl)

m−1
0 )

≤ HT iνn
((αl)

n2+n−1
km ) +

∑k−1
j=0 HT iνn

(T−mj(αl)
m−1
0 )

≤ ∑k−1
j=0 HT i+mjνn

((αl)
m−1
0 ) +m log d.w*? 1 ≤ l ≤ n, !Fp) i = 0 C m− 1 �v�.�GC

m log[
N(Un2+n−1

0 )
ndn ] ≤∑m−1

i=0 HT iνn
((αl)

n2+n−1
0 ))

≤∑m−1
i=0

∑k−1
j=0 HT i+mjνn

((αl)
m−1
0 ) +m2 log d

≤∑n2+n−1
i=0 HT iνn

((αl)
m−1
0 ) +m2 log d.Y~ µn = 1

n2+n

∑n2+n−1
i=0 T iνn.� H•((αl)

m−1
0 )pM(X)FIVo��w*? 1 ≤ l ≤ n�./

Hµn((αl)
m−1
0 ) ≥ 1

n2+n

∑n2+n−1
i=0 HT iνn

((αl)
m−1
0 )

≥ m
n2+n(log[

N(Un2+n−1
0 )
ndn ]−m log d).

(6.5.2)JS µnk
[? * _u��dC µ ∈M(X), } = k →∞e�nk →∞.�* µ ∈M(X,T ).W` m, l ∈ N, � (αl)

m−1
0 I*?B"6,4A��./
1
mHµ((αl)

m−1
0 ) = limk→∞Hµnk

((αl)
m−1
0 )

≥ limk→∞ 1
n2

k
+nk

(log[
N(Un2

k+nk−1

0 )
nkd

nk
]−m log d) = htop(T,U).

(6.5.3)�[[WMp (6.5.3)  �W` l ∈ N, Y~ m→ +∞ �GC hµ(T, αl) ≥ htop(T,U).w0y~? β � U , �.QqC β′ ∈ U∗ �G β � β′. � X pxr:N�w0� δ > 0.[ αl lG µ(β′∆αl) < δ. �$)�Q 5.4.5 � hµ(T, β
′) ≥ inf

l∈N

hµ(T, αl), ��
hµ(T, β) ≥ hµ(T, β′) ≥ inf

l∈N

hµ(T, αl).
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h+
µ (T,U) = inf

β∈PX ,β�U
hµ(T, β) = inf

l∈N

hµ(T, αl) ≥ htop(T,U).x�d�o�G 1 I�:�C� 2: ~$�G��p X �nl:N���4	Q^~?.℄1 K v~?bY�N f : K → X. Y!
Z = {z ∈ KZ+ : f(zn+1) = Tf(zn)w*?n ∈ Z+}R`� ϕ : Z → X �G π(z) = f(z0) w z ∈ KZ+ . �* Z pxr�nl:N KZ+(!8�*_u) IA?1�[ KZ+ FIQ6� N R �WI��$ (Z,R) p~?e^�P����.� ϕ : (Z,R)→ (X,T ) p�? N�)�G 1, .[ ν ∈ M(Z,R) lG h+

ν (R,ϕ−1(U)) ≥ htop(R,ϕ−1(U)) = htop(T,U). 6w
Z I*?; ϕ−1(U) �I Borel s� β / hν(R,β) ≥ htop(T,U) �\�S µ = ϕν. aw XI*?; U �I Borel s� α, ϕ−1(α) p; ϕ−1(U) �I Borel s�R�

hµ(T, α) = hν(R,ϕ
−1(α)) ≥ htop(T,U).�$ h+

µ (T,U) ≥ htop(T,U), `QG�� �ae 6.5.6 Glasner ( Weiss[Glasner-Weiss1995a] OC$h:Æ^�Z= (X,T ), A<(KZ= (Z,R) J�/l htop(T ) = htop(R).��Xy�PD Auslander73�ÆT8�” �8�O^�Z=&Q�Oy'�/ ”. IÆT8< Boyle ( Downarowicz[Boyle-Downarowicz2004]|rO��`NL$47Ok}�!� 6.5.7 
 (X,T ) J�OO^�Z=( U ∈ CoX . �A< µ ∈M(X,T ) �N
hµ(T,U) = htop(T,U).W)�S U = {U1, U2, · · · , UM} ∈ CoX .C� 1: ��JS X pxr:N�)6 X I6,4AI?1#Cp4�1�4.Q�o

X I~L4�&��$ U(P )(V (6.5.1))  #)6,4AI?1Q�Is�I#Cx~?4�1�S {αl : l ≥ 1} xx?4�1I~?&����P�w0� k ∈ N v µ ∈M(X,T )

h+
µ (T k,

k−1∨

i=0

T−iU) = inf
sk∈Nk

hµ(T
k,

k−1∨

i=0

T−iαsk(i)). (6.5.4)�[w*? k ∈ N v sk ∈ Nk, �.`�
M(k, sk) = {µ ∈M(X,T ) : 1

khµ(T
k,
k−1∨
i=0

T−iαsk(i)) ≥ 1
khtop(T k,Uk−1

0 ) = htop(T,U)},
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khtop(T k,Uk−1

0 ) = htop(T,U) x~uh�)`Q 6.5.5 �.[ µk ∈M(X,T k) lG
h+
µk

(T k,Uk−1
0 ) ≥ htop(T k,Uk−1

0 ).�w*? sk ∈ Nk,
∨k−1
i=0 T

−iαsk(i) x Uk−1
0 IH���./

hµk
(T k,

k−1∨

i=0

T−iαsk(i)) ≥ htop(T k,Uk−1
0 ). (6.5.5)S νk = µk+Tµk+···+T k−1µk

k . 3�C T iµk ∈M(X,T k) w*? i ∈ {0, 1, · · · , k− 1} �\��.� νk ∈M(X,T ). w sk ∈ Nk v j ∈ {1, 2, · · · , k − 1} `�
P jsk = sk(k − j)sk(k − j + 1) · · · sk(k − 1)︸ ︷︷ ︸

j

sk(0)sk(1) · · · sk(k − 1− j)︸ ︷︷ ︸
k−j

∈ Nk.S P 0sk = sk. �V= j ∈ {0, 1, 2, · · · , k − 1} e��./
hT jµk

(T k,
k−1∨
i=0

T−iαsk(i)) = hµk
(T k,

k−1∨
i=0

T−iαP jsk(i))

≥ htop(T k,Uk−1
0 ) () (6.5.5)).���w*? sk ∈ Nk

hνk
(T k,

k−1∨
i=0

T−iαsk(i)) = 1
k

∑k−1
i=0 (hT iµk

(T k,
k−1∨
i=0

T−iαsk(i))

≥ htop(T k,Uk−1
0 ).�$��.GC νk ∈

⋂
sk∈Nk M(k, sk). ~ M(k) =

⋂
sk∈Nk M(k, sk) 6= ∅.�w*? sk ∈ Nk,

∨k−1
i=0 T

−iαsk(i) pA,4AI 0� µ 7→ hµ(
∨k−1
i=0 T

−iαsk(i), T
k) x)M(X,T ) C R IF*bYI N�xrw sk ∈ Nk �g� M(k, sk) p M(X,T ) I�:A?1�x�: M(k) p M(X,T ) I�:A?1��[�.�:8f k1, k2 ∈ N �G k1|k2,a M(k2) ⊆M(k1).uhF�S µ ∈M(k2), *�~ k = k2

k1
. w sk1 ∈ Nk1, � sk2 = sk1 · · · sk1(k&) ∈ Nk2 . �

1
k1
hµ(T

k1,
k1−1∨
i=0

T−iαsk1
(i)) = 1

k1
1
khµ(T

kk1,
k−1∨
j=0

T−jk1
k1−1∨
i=0

T−iαsk1
(i))

= 1
k2
hµ(T

k2 ,
k2−1∨
i=0

T−iαsk2
(i)) ≥ htop(T,U).1	 µ ∈ M(k1, sk1), �� µ ∈ M(k1). x�: M(k2) ⊆ M(k1). �w0� k1, k2 ∈ N, ∅ 6=

M(k1k2) ⊆ M(k1) ∩M(k2), �./ ⋂
k∈N

M(k) 6= ∅. � ν ∈ ⋂
k∈N

M(k). w*? k ∈ N, )p
(6.5.4) �

1
kh

+
ν (T k,Uk−1

0 ) = infsk∈Nk
1
khν(T

k,
∨k−1
i=0 T

−iαsk(i)) ≥ htop(T,U).
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hν(T,U) = lim

k→∞
1

k
h+
ν (T k,Uk−1

0 ) ≥ htop(T,U).v{x~uhv�Q 6.3.2 I (7), �.GC hν(T,U) = htop(T,U).C� 2: ~$�G�$�:d#M�6`Q 6.5.5 �G 2 I�:� �!� 6.5.1 �W)�)�Q 6.3.2 I (7), �.�S�:.[ θ ∈ Me(X,T ) lG hθ(T,U) ≥
htop(T,U).�.�0	 T p�NI�G (w T ��N�G��T�A), S π1 : (X̃, T̃ ) → (X,T )p (X,T ) IA*D��a (X̃, T̃ ) p4T�P�Lh`Q 6.5.7, .[ ν ∈M(X̃, T̃ ) lG

hν(T̃ , π
−1
1 (U)) = htop(T̃ , π−1

1 U).S µ = π1ν, a µ ∈M(X,T ). 6�-� hµ(T,U) ≥ hν(T̃ , π−1
1 (U)) (eV�Q 6.3.1 I (4)). �$ hµ(T,U) ≥ hν(T̃ , π−1

1 (U) = htop(T̃ , π−1
1 U)) = htop(T,U).S µ =

∫
Me(X,T ) θdm(θ) p µ IKV�x�a)`Q 6.3.4 v hµ(T,U) ≥ htop(T,U) �.[ θ ∈Me(X,T ) lG hθ(T,U) ≥ htop(T,U). N��X$�Q 6.3.2 I (7) 6G hθ(T,U) =

htop(T,U). x�d�o`Q 6.5.1 I�:� �	 l 6.5

1. �_P 6.5.2 H�9�
2. �_P 6.5.7 �F 2 H�9�
3. R (X,T ) od℄�Ou U ∈ Co

X . } M = {µ ∈ M(X,T ) : hµ(T,U) = htop(T,U)}, �9�
(a) M o M(X,T ) H�9�HU>0�
(b) M H)>oVoJUhm�
(c) 7e µ ∈ M u µ =

∫
Me(X,T )

θdm(θ) w µ HJU�w�`v m-a.e. θ ∈ Me(X,T ) �-.
θ ∈M .

4. �Y�9-Zd℄�O (X,T ) �F htop(T ) <∞ u hµ(T ) < htop(T ) v µ ∈ M(X,T ).

5. �_P 6.5.1 H�9�v T ��M�FH�9�
§6.6 w�m6I�[87r��.^�:8f µ ∈M(X,T ), a En(X,T ) ⊇ Eµn(X,T ) w*? n ≥ 2 �\�.[ θ ∈ M(X,T ) lG En(X,T ) = Eθn(X,T ) w*? n ≥ 2 �\��~[P��.��Z�:W~`.[ µ ∈Me(X,T ) �G En(X,T ) = Eµn(X,T ). ���./!� 6.6.1 
 (X,T ) J^�Z=� µ ∈M(X,T ). �h:Æ n ≥ 2 &

En(X,T ) ⊇ Eµn(X,T ) = supp(λn(µ)) \∆n(X).
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n
i=1 ∈ E

µ
n(X,T ), U p&w6 (xi)

n
i=1 4QUI/", 0��V0�; U �I4is� α p&w6 (xi)

n
i=1 4QUIs��)6 (xi)

n
1 ∈ Eµn(X,T ), 1	 hµ(T, α) > 0.)`Q 6.4.5 � hµ(T,U) > 0, �� htop(T,U) ≥ hµ(T,U) > 0. �S (X,T ) p4TIe^�P� µ ∈ Me(X,T ), π : (X,BX , T, µ) → (Y,D, ν, S) x

(X,BX , T, µ) I Pinsker �? (6 π−1D = Pµ) 	4 µ =
∫
Y µydν p µ [ ν FIin�x�aw*? n ∈ N �.WL�:

λn(µ) =

∫

Y
µy × µy × · · · × µy︸ ︷︷ ︸

n

dν(y), } λn(µ) ) (6.4.1) `�. (6.6.1)9� 6.6.2 
 (X,T ) J�OO^�Z=� µ ∈Me(X,T ), π : (X,BX , T, µ)→ (Y,D, ν, S) �
(X,BX , T, µ) O Pinsker �r (M π−1D = Pµ) �K µ =

∫
Y µydν J µ < ν �O!uk�}" hµ(T ) > 0, �U;&

1. h ν-a.e. y ∈ Y , µy Jt2rO�
2. π : (X,BX , T, µ)→ (Y,D, ν, S) J�?+�/�qlh:Æ n ∈ N, λn(µ) ���!�W)�(1). )6 µ xKVI� Rohlin I~?�Xvf (eV`Q 2.7.10) 9Æ�.�u$x.[D? k ∈ N lGw ν-a.e. y ∈ Y �g� µy xM�Y[ k ?WFIin�u$ µyp�D?w ν-a.e. y ∈ Y . �$8f (1) W�\�a.[D? k ∈ N lGw ν-a.e. y ∈ Y �g� µy xM�Y[ k ?WFIin��[��.�: hµ(T ) = 0. w α ∈ PX ,

hµ(T, α) = limn→+∞ 1
nHµ(α

n−1
0 |Pµ)

= limn→+∞ 1
n

∫
Y Hµy(αn−1

0 )dν(y)

≤ limn→+∞ 1
n

∫
Y log kdν(y)

= 0.�$ hµ(T ) = 0, "z�
(2). 8f π : (X,BX , T, µ)→ (Y,D, ν, S) Wp?�{D��a) Furstenberg-Zimmer `Q (eV`Q 2.7.15) ��.[1i�P (Z,Z, η,R) vN8 π1 : (X,BX , T, µ)→ (Z,Z, η,R),

π2 : (Z,Z, η,R) → (Y,D, ν, S) lG π = π1π2 � π2 p�o�I�D���.4	�:
hη(R) = hµ(S) = 0 (�T�A), )� π−1

1 Z ⊆ Pµ = π−1
1 π−1

2 D, x�: Z = π−1
2 D, 6 π2 xo�D��"z�x��:o π x?�{D����) FusterbergI~?�Xvf (eV�Q 2.7.13) � λn(µ) pKVin� �9� 6.6.3 
 (X,T ) J^�Z=�}" µ ∈M(X,T ) J��!��h:Æ n ≥ 2 &

Een(X,T ) \∆n(X) ⊇ supp(λn(µ)) \∆n(X) = Eµn(X,T ).W)��.��: T pNdeI�G�~$�G�T�A�8f hµ(T ) = 0, �./
supp(λn(µ)) \ △n(X) = Eµn(X,T ) = ∅.	�JS hµ(T ) > 0. S Pµ p (X,B, µ, T ) I Pinsker σ 5��S π : (X,B, µ, T ) →
(Y,D, ν, S) p (X,B, µ, T ) I Pinsker �?�	4 µ =

∫
Y µydν p µ &w6 (Y, ν) Iin�
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λn(µ)(∆n) =

∫

Y
µy × µy × · · · × µy(△n)dν(y) = 0.xr� supp(λn(µ)) \ △n 6= ∅. )6 λn(µ) pKVin (V�Q 6.6.2(2)). xr4�

(supp(λn(µ)), T (n)) p_u�UI�� supp(λn(µ)) [ Xn IWM���1	WI�1	w (supp(λn(µ)), T (n)) I*?�UW (xi)
n
1 �./ xi 6= xj , 8f i 6= j.)`Q 6.6.1 � (xi)

n
1 ∈ Een(X,T ). �p Een(X,T ) p Xn IAI T (n) WII?1 (eV3? 6.2.6), �./ Een(X,T ) \∆n(X) ⊃ supp(λn(µ)) \∆n(X)(= Eµn(X,T )). �/o	F;5��[�.G4�:!� 6.6.4 
 (X,T ) J^�Z=��A< µ ∈M(X,T ) �Nh:Æ n ≥ 2,

En(X,T ) = Eµn(X,T )(= supp(λn(µ)) \∆n(X)).W)�S n ≥ 2. ���./,,�w0� (xi)
n
1 ∈ En(X,T ) v xi Iu= Ui, .[ µ ∈ M(X,T ) �G Eµn(X,T ) ∩ (U1 ×

U2 × · · · × Un) 6= ∅.,,�W)�Wb~$L�JS Ui p xi IAu=��G�= xi 6= xj e Ui ∩Uj = ∅; �=
xi = xj e Ui = Uj , 1 ≤ i < j ≤ n. S U = {U c1 , U c2 , · · · , U cn}. :�P�./ htop(T,U) > 0.)`Q 6.5.1 �.[ µ ∈ M(X,T ) lG hµ(T,U) = htop(T,U) > 0. ��)\� 6.4.6 �
λn(µ)(

∏n
i=1 Ui) > 0, 6 supp(λn(µ))∩Πn

i=1Ui 6= ∅. � ∏n
i=1 Ui ∩∆n(X) = ∅, )`Q 6.4.3 �.� Eµn(X,T ) ∩ (U1 × U2 × · · · × Un) 6= ∅. x�d�ougI�:�D�	Fug��.4\_ En(X,T ) I�04�Wr {(xm1 , xm2 , · · · , xmn ) : m ≥ 1} lG�wD~ µmn ∈M(X,T )/ (xm1 , x

m
2 , · · · , xmn ) ∈ Eµ

m
n

n (X,T ).S µ =
∑+∞

n=2
1

2n−1 (
∑+∞

m=1
1

2mµ
m
n ).�pw X I0�/"4is� α, n ≥ 2 	4 m ∈ N �./ hµ(T, α) ≥ 1

2m+n−1hµm
n

(T, α),1	 E
µm

n
n (X,T ) ⊂ Eµn(X,T ). =PP� (xm1 , x

m
2 , · · · , xmn ) ∈ Eµn(X,T ). ���

Eµn(X,T ) ⊃ {(xm1 , xm2 , · · · , xmn );m ≥ 1} \∆n(X) = En(X,T ),xx�x�� Eµn(X,T ) = En(X,T ). �v 6.6.5 
 (X,T ) J^�Z=�}"1J�ZM�Z=��A<{&vQ)O T ��! µ �N Eµ2 (X,T ) = E2(X,T ).[$�.u�[Ix\� 6.6.5WQH�p.[ /#�|IKVin µlGEµ2 (X,T ) =

E2(X,T ). 	�Z?�:ox~W�	 6.6.6 A<�ZM�Z=�1�{&vQ)O��!�W)��.^$	� Bk+1 5D`Q 6.1.11  I Ak+1. ��~ B1 = (1020), YaJP`�
Bk+1 = Bk0

mk
1Dk

1 . . . D
k
nk
Dk
nk+1 . . . D

k
2nk

. . . Dk
(2nk−1)nk+1 . . . D

k
2nknk

0m
k
2 ,

nk+1 = |Bk+1|vUk+1 = {Bk+1, σ
φ(k+1)(Bk+1)0

φ(k+1)},
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1 ≥ nk(n2

k2
nk+1 + nk), m

k
2 ≥ nkmk

1 .l<� y = limBk, Y = ω(y, σ). aWL�: (Y, σ)  /
L P2, 1	)�Q 6.1.3 �
(Y, σ) p~��`�P�	���.�:[ Y FW /#�|IKVin��.$	���JSp (Y, σ)  /#�|IKVin µ. a µ I generic W�*p�UW�0� µ I generic W z. � 1[B1] p Y C R IbY N�1	

1

n
Σn−1
i=0 1[B1]σ

i(z)→
∫

1[B1]dµ = µ[B1] > 0.S N(B1, C) p B1 ��[ C  I&��a.[ k0 ∈ N lG= k > k0 /
1

nk
Σn−1
i=0 1[B1]σ

i(z) ≥ 2

nk0
v N(B1, Bk)

nk
≤ nk −mk−1

2

nk
<

1

nk0
.aJP�.4	�:�w k > k0 8f z = (z1, z2, . . .) v Ck = (z1, . . . , znk

), a Ck ���[
0m

i
1Di

1 . . . D
i
ni
Di
ni+1 . . . D

i
2ni

. . . . . . Di
(2ni−1)ni+1 . . . D

i
2nini

0m
i
2 ,xT i ∈ N �G φ(i) ≤ k0. x�: z Wp�UW�"z� �ae 6.6.7 U;:�RM�wA<I�O�ZM�Z=�1{&vQ)O��?+Bj?+O��!�H1�JGv�ZM�Z=�!� 6.6.8 
 (X,T ) J^�Z=��h:Æ n ≥ 2 & En(X,T ) = Een(X,T ) \∆n(X).W)�)`Q 6.6.4, .[ µ ∈ M(X,T ) lG En(X,T ) = Eµn(X,T ) w*? n ≥ 2 �\�S

µ =
∫
Me(X,T ) θdm(θ) p µ IKV�x�a)`Q 6.4.7 �z=\� Ω ⊆Me(X,T ) �./

⋃
{Eθn(X,T ) : θ ∈ Ω} \∆n = Eµn(X,T ).�[w*? θ ∈ Ω, )�Q 6.6.3 � Eθn(X,T ) ⊂ Een(X,T ). )�� En(X,T ) ⊂ Een(X,T ).� Een(X,T ) ⊂ E′n(X,T ) ⊂ En(X,T ) ∪△n(X), �./ En(X,T ) = Een(X,T ) \∆n(X). �Tp87rIv���.C� n ~��`�Pvd#~��`�PI~?6���.�e^�P (X,T ) I4is� α = {A1, A2, · · · , An} p w6433�, 8f Ai 6= X w*? 1 ≤ i ≤ n �\�9� 6.6.9 
 (X,T ) J^�Z=� µ ∈ M(X,T ). � Eµn(X,T ) = Xn \∆n(X) IlpIh

X z�# n Æ1+�,OD℄t[p�!\u α & hµ(T, α) > 0 , ` n ≥ 2.W)�S Eµn(X,T ) = Xn\∆n(X).w X I0�_u�o�I4is� α = {A1, A2, · · · , An},\� xi ∈ X \ Ai, i = 1, 2, · · · , n. ��P� (xi)
n
1 ∈ Xn \∆n(X) R� α p&w6 (xi)

n
1 4QUIs��)� hµ(T, α) > 0.	
�JSw X I0�) n?B"Q�I_u�o�4is� α/ hµ(T, α) > 0. S

(xi)
n
1 ∈ Xn \∆n(X). w0�&w6 (xi)

n
1 4QUI4is� α = {A1, A2, · · · , An}, α p_u�o�I�)� hµ(T, α) > 0. x��: (xi)

n
1 ∈ Eµn(X,T ). �!� 6.6.10 
 (X,T ) J^�Z=� n ≥ 2. �
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1. (X,T ) J n �ZM�IlpIA< µ ∈M(X,T ) �Nh X Oz�# n Æ1+�,OD℄t[p�!\u α & hµ(T, α) > 0.

2. (X,T ) JGv�ZM�Z=IlpIA< µ ∈M(X,T ) �Nh X Oz�#&bÆ1+�,OD℄t[p�!\u α & hµ(T, α) > 0.W)�xx`Q 6.6.4 v�Q 6.6.9 Il\�� �N���.WH�:IC��5~?�/$I`Q [Huang-Ye2006]. $`QI!L{�:V [Kerr-Li2007].!� 6.6.11 
 (X,T ) J^�Z=�K8 (x1, . . . , xn) ∈ En(X,T ) /u��h* (x1, . . . , xn)Oz�'/ U1 × . . .× Un A< Z+ OM<I+ D = {d1, d2, . . .} �N
∞⋂

i=1

T−diUs(i) 6= ∅h*z� s ∈ {1, 2, . . . , n}D ,�� 	 l 6.6

1. �9Lo (6.6.1).

2. R (X,T ) od℄�O��9�
(a) v µ ∈ M(X,T ), �-. Eµ

s (X,T ) ⊆ Es(X,T ).

(b) -Z µ ∈M(X,T ) kF Eµ
s (X,T ) = Es(X,T ).

3. R π : (X,B, µ, T )→ (Y,D, ν, S) o3S0h�OMHC
�`
hµ(T ) = hν(S) + sup

α∈PX

Hµ(α|α− ∨ π−1(D)).���7e π o�C
�` hη(R) = hν(S).

4. v}#Hd℄�O�9�P 6.6.3.

5. R (X,T ) o�.�_Hd℄�O��9�v)> n ≥ 2, En(X,T ) o'.S[VH�0�
§6.7 ae[8m �R~��7rIO6�.-u�a6 [Blanchard1992], [Blanchard1993],

[Blanchard-Lacroix1993] v [Huang-Ye2006]. R�7r-uE�a6 [Glasner-Weiss2004],

[Huang etc.2004b], [Huang etc.2006] v [Romagnoli2003]. R�7rI"a-uEG6z 
[Blanchard etc.1995, Glasner1997, Glasner-Weiss1994, Glasner-Weiss1995b]v [Huang-Ye2006].R�7r-u�a6 [Blanchard etc.1997], [Huang etc.2004b] v [Huang etc.2006]. R�7rI"aEG6 [Huang-Ye2006], `Q 6.6.11 IL{��:eV [Kerr-Li2007]. |b�8mI3℄�O6i4	\_C&wÆI���V [Huang etc.2006, Huang etc.2007a].



�=Q %�xDuvT
1967 U Kushnirenko[Kushnirenko1967] C�o~??IinNQWIl�inWr`�4x1i�Pin`I\_�Nexx�� /&Nin`vx
L�P (=Pxx`�P) I&uWIl�:
w�Ix� 1976 U Goodman[Goodman1974] w_ue^�P�:o_uWr`�8m^��}KinWr`R�C�inOBx�PIWr`6��*��[R�7r�.^C�:Min�{�PIWr`6��,��[R�7r�.�:_uWr`RC�:M_u�{�PIWr`6��[R�7r�.^�:_uWr`wvinWr`wR:�jvI&�Y��[8mIN�~7r��.-u�&w60�A*�Wr}Wr`pxIe^�P (~
p null �P) IvQ�

§7.1 z($�wC Kushnirenko !�[87r�.���:inWr`I-W�*�}K Kushnirenko w4TIinOBx�PIWr`6� [Kushnirenko1967]. S (X,B, µ, T ) p1i�P� S = {t1 < t2 < · · · } p~�&��Wr�w (X,B, µ, T ) I/"4is� α, �.^ α .f S �$�w `�p
hSµ(T, α) = lim sup

n→+∞

1

n
H(

n∨

i=1

T−tiα) = lim sup
n→+∞

1

n

∑

A∈Wn
i=1 T

−tiα

−µ(A) log µ(A).�.WL!G8�r$IMp�
hSµ(T, α) = lim sup

n→+∞

1

n

n∑

j=2

Hµ(T
−tiα|

j−1∨

i=1

T−tiα).�.^ (X,B, µ, T ) .f S �$�w `�p
hSµ(T ) = sup

α
hSµ(T, α),} F&z�K X I1//"4is��= S = Z+ e� hSµ(T ) 6pLrIin`�$e�.~$^�}FM Z+.+m 7.1.1 
 (X,B, µ, T ) J�!Z=� αn J X 7x αn ր B O&b�!\uw%��hz�t�L%w% S = {t1 < t2 < · · · } U;& limn→∞ hSµ(T, αn) = hSµ(T ).W)�w0� X I/"4is� β 4C` k, n ∈ N, �./

Hµ(
∨k
i=1 T

−tiβ) ≤ Hµ(
∨k
i=1 T

−ti(β ∨ αn))
≤ Hµ(

∨k
i=1 T

−tiαn) +Hµ(
∨k
i=1 T

−tiβ|∨k
i=1 T

−tiαn)

≤ Hµ(
∨k
i=1 T

−tiαn) +
∑k

i=1Hµ(T
−tiβ|∨k

i=1 T
−tiαn)

≤ Hµ(
∨k
i=1 T

−tiαn) + kHµ(β|αn)[FÆWMpjFNe�	 k, Yw k �F-"6G hSµ(T, β) ≤ hSµ(T, αn) + Hµ(β|αn). )6 Hµ(β|αn)→ Hµ(β|B) = 0(X$ Martingale `Q), �./ hSµ(T, β) ≤ limn→∞ hSµ(T, αn). �$ hSµ(T ) = supβ h
S
µ(T, β) = limn→∞ hSµ(T, αn). �

166
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UbC x&�.y�7 §7.1 "dx&�. Kushnirenko ℄�87r7�℄��.-uFIxC� Kushnirenkow4TinOBx�PIWr`6��p$�.Qu}K~:-Wv�Q�S (X,B, µ, T )p4T1i�P�[4�I# Hilbert:N H = L2(X,B, µ)F��.`�-)? UT : H → HlGw*? f ∈ H/ UT (f) = f ◦T .�xo� f ∈ H ~p T �jTK`, 8f.[#r� λ ∈ C lG UT (f) = λf .$e λ x~p �.A f �jTY. �V�xr�o�~`p T I=~o�R� T I*?=~� λI?p 1, 6 |λ| = 1. 3�C8f f ∈ H p�P (X,B, µ, T ) I=~o��a {UnT f : n ∈ Z}p H I�?1�~$P��.~lG {UnT f : n ∈ Z} p H I�?1Io� f p dP_;K`.�.� HI?1 H1p�`,8f H1p L∞(X,B, µ)I$L?:N�w0� f, g ∈ H1,�./ fg ∈ H1, [xT L∞(X,B, µ) p#C/z B 4io�Q�I$L?:N��*�P (X,B, µ, T ) 1//zI:�)zo�#C (`�p Ac) G�o H I~? UT WIv#O^WII5��6 Ac p H I$L?:N�w0� f, g ∈ Ac, �./ UT (f), fg v f *
6 Ac. whI:�)zo� f v M > 0, f Ipuo�
fM(x) =




f(x), 8f|f(x)| < M

sign(f(x)) ·M, 8f|f(x)| ≥Mp/zI:�)zo��x�: Ac [ H  IA..jo#ChI:�)zo����)6:�)zo�Ih℄vR℄4p:�)zo�� Ac [ H  IA. (`�p Hc) �p:�)zo�#C��* H  =~o�I$LL{#CIA..j6 Hc, uhF Hc �p=~o�I$LL{#CIA.��.4	^ H⊥c IB"6��E�x�x/<I Koopman-Von

Neumann x�{`Q (e- [Koopman-Neumann1932, Bergelson1996], �.^[8mN�I(� C�4I�:).!� 7.1.2 (Koopman-Von Neumann _?+\�)

Hc = span{f ∈ H : ∃λ ∈ C,�N UT (f) = λf}, �l
Hc⊥ = {f ∈ H :A<S ⊂ N, d(S) = 1�N∀g ∈ H, lim

n→+∞,n∈S
< UnT f, g >= 0}, (7.1.1)I� d(S) J S O<�K < ·, · > J H OMF�[ Koopman-Von Neumann x�{`Q �8f H = Hc, a~�P (X,B, µ, T ) $ Tp �Q:�, $e�PI=~o�I$LL{o�o�? Hilbert :N H. )6�xr�o�p T I=~o��1	 Hc �Hp H I~r$L?:N�) Koopman-Von Neumannx�{`Q��.WLn� Hc p H I~r$L?:N=��=�P (X,B, µ, T ) p?�{I (Tpg�).�5�.�~[� Hc. ���.Qu~?�Xv� (eV [Zimmer1976a, `Q

1.2]) �
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 (X,B, µ, T ) J�!Z=� H1 �# L2(X,B, µ) `&l$%�,O}����OD%��A< B Or σ D% A �N H1 = L2(X,A, µ). ql}" T �Ol H1 J UT��O�� A J T ��O�W)�S A p B  ) D = {f−1(B)|f ∈ H1, Bp R I Borel ?1} [�IN7I σ 5���*� H1 ⊆ L2(X,A, µ). )6 L2(X,A, µ) p L2(X,B, µ) IA$L?:N� cl(H1) ⊆
L2(X,A, µ).w6	1I.jY� L2(X,A, µ) ⊆ H1, )6 H1 p L2(X,B, µ) IA$L?:N	4
A 4iI=~o�I$LL{[ L2(X,A, µ)  �0��.�Q�:�8f A ∈ A,a=~o� 1A ∈ H1. S D1 = {A1 ∩ · · · ∩ An : A1, · · · , An ∈ D} v D0 p D1  /"?�W&eB"IRQ�I1J�a D0 p) D [�I5���5� D0 [�o σ 5� A,�.�Q�:�8f A ∈ D0,a=~o� 1A ∈ H1 64����� D0 I*?B"4	Nrp D1  /"?�W&eB"IR��.�Q�:�8f A ∈ D1, a=~o� 1A ∈ H1 64�S fi ∈ H1, Ri = ||fi||∞	4 Bi ⊆ [−Ri, Ri]p RI Borel?1�i = 1, 2, · · · , k.S gi(x) =

1Bi
(x), i = 1, 2, · · · , k. aw*? gi, .[ R FI|.pWr Pi,n lG limn→+∞ Pi,n(x) =

1Bi
(x) w x ∈ [−Ri, Ri] �\��[�� H1 p5���V Πk

i=1Pi,n ◦ fi ∈ H1. ~ n→ +∞, �./ Πk
i=1Pi,n ◦ fi(x) → Πk

i=1gi ◦ fi(x) w µ-a.e. x ∈ X. =*FÆ�dx[ L2(X,B, µ) ����\��$ Πk
i=1gi ◦ fi ∈ H1. 6 1∩k

i=1f
−1
i (Bi)

= Πk
i=11f−1

i (Bi)
= Πk

i=11Bi
◦ fi ∈ H1, x�d�o�:� �3�C Hc p L2(X,B, µ) I UT WIvO^WII5� Ac IA.�)�Q 7.1.3 �.�E.[ B I T WII? σ 5� Kµ lG Hc = L2(X,Kµ, µ). �.~ Kµ p (X,B, µ, T ) I

Kronecker �`. ) Koopman-Von Neumann x�{`Q��.��P (X,B, µ, T ) pOBxI=��= Kµ = B; �P (X,B, µ, T ) p?�{I=��= Kµ = {X, ∅}.`Q 5.3.9 9'�.�8f (X,B, µ, T ) p4T1i�P�aw X I/"4is� α/ lim
n→+∞

hµ(T
n, α) = Hµ(α|Pµ) �\�} Pµ p (X,B, µ, T ) I Pinsker σ 5��	�I`Q 7.1.6 �:w Kµ  /M�IL��p$��.Qu8�Ij?�Q�9� 7.1.4 
 (X,B, µ, T ) J�O�!Z=��h X Oz�&b�!\u α ⊂ Kµ �Kz�t�L%w% S, U;& hSµ(T, α) = 0.W)�S α = {A1, A2, · · · , An} �G Ai ∈ Kµ, i = 1, 2, · · · , n. )6 ∨

i=1{Ai, Aci} � α, �$p�: hSµ(T, α) = 0 w0��&��Wr S �\��.�Q�:w0� B ∈ Kµ 	40��&��Wr S / hSµ(T, {B,Bc}) = 0 �\�S B ∈ Kµ, S = {a1 < a2 < · · · } ⊆ Z+ 	4 β = {B,Bc}. � 1B p:�)zo��1	 {Un1B : n ∈ Z} p L2(X,B, µ) I�?1�3�C ‖Un1B − Um1B‖ = µ(T−nB△T−mB),l$�Q 5.4.5 �.6�!Gw0� ǫ > 0, .[ N ∈ N lGw0� n ∈ N �.QqCD
i(n) ≤ N lG Hµ(T

−anβ|T−ai(n)β) +Hµ(T
−ai(n)β|T−anβ) < ǫ.xrw n > N �./ H(T−anβ|∨n−1

i=1 T
−aiβ) ≤ H(T−anβ|T−ai(n)β) < ǫ.�� hSµ(T, β) =
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lim sup
n→+∞

1
n

∑n
k=2Hµ(T

−akβ|
k−1∨
i=1

T−aiβ) ≤ ǫ. ) ǫ I0�L� hSµ(T, β) = 0. �9� 7.1.5 
 (X,B, µ, T ) J�O�!Z=��h X Oz�&b�!\u α �Kt�L%w% S, U;& hSµ(T, α) ≤ Hµ(α|Kµ).W)�� (B, µ) p4�I�1	.[4�?) Kµ  I1Q�I/"s� {βk : k ∈ N} lG lim
k→+∞

Hµ(α|βk) = Hµ(α|Kµ). �$wW`I k ∈ N 	4 S = {0 ≤ t1 < t2 < ...} ⊆ Z+ /
hSµ(T, α) = lim sup

n→+∞
1
nHµ(

∨n
i=1 T

−tiα)

≤ lim sup
n→+∞

1
nHµ(

∨n
i=1 T

−ti(α ∨ βk))− lim
n→+∞

1
nHµ(

∨n
i=1 T

−tiβk)

= lim sup
n→+∞

1
n

(
Hµ(

∨n
i=1 T

−ti(α ∨ βk))−Hµ(
∨n
i=1 T

−tiβk)
)

= lim sup
n→+∞

1
nHµ(

∨n
i=1 T

−tiα|∨n
i=1 T

−tiβk)

≤ lim sup
n→+∞

1
n

∑n
i=1Hµ(T

−tiα|T−tiβk)

= Hµ(α|βk)[F5I\Ah� �R~?WMp�.l$o hSµ(T, βk) = 0 w k ∈ N �\x?uh�)6 k I0�L��./ hSµ(T, α) ≤ Hµ(α|Kµ). ��[�.�:!� 7.1.6 
 (X,B, µ, T ) J�O�!Z=�K8h�\O X O&b�!\u α, A<t�L%w% S �N hSµ(T, α) = Hµ(α|Kµ).W)�3�Cw A ∈ B / 1A − E(1A|Kµ) ∈ H⊥c . �$�)`Q 7.1.2 �.[ S′ ⊂ Z+ �G
d(S′) = 1 lG lim

n→+∞,n∈S′
< UnT (1A − E(1A|Kµ)), 1B >= 0 w1/ B ∈ B �\��~[��./,,�w X I0�/"I4is� β.�.QqC S ⊂ Z+ �G d(S) = 1lGw0� ǫ > 0,.[ M ∈ N lG= m ≥M,m ∈ S′ e Hµ(T

−mα|β) ≥ Hµ(α|Kµ)− ǫ.,,�W)�S α = {A1, A2, ..., Ak}, β = {B1, B2, · · · , Bl}. )�:,neI:��.[
S ⊂ Z+, d(S) = 1 lGw 1 ≤ i ≤ k, 1 ≤ j ≤ l /

lim
n→+∞,n∈S

< UnT (1Ai
− E(1Ai

|Kµ)), 1Bj
>= 0.�$

lim inf
n→+∞,n∈S

Hµ(T
−nα|β)

= lim inf
n→+∞,n∈S

∑
i,j −µ(T−nAi ∩Bj) log(

µ(T−nAi∩Bj)
µ(Bj)

)

= lim inf
n→+∞,n∈Sc

∑
i,j − < UnT 1Ai

, 1Bj
> log(

<Un
T 1Ai

,1Bj
>

µ(Bj)
)

= lim inf
n→+∞,n∈Sc

∑
i,j − < UnTE(1Ai

|Kµ), 1Bj
> log(

<Un
T E(1Ai

|Kµ),1Bj
>

µ(Bj ) ).
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|Kµ), 1Bj

> log(
<Un

T E(1Ai
|Kµ),1Bj

>

µ(Bj ) ) , µBj
(·) = µ(· ∩ Bj)/µ(Bj). )6

−x log x pVo�	4 <Un
T E(1Ai

|Kµ),1Bj
>

µ(Bj ) =
∫
Bj
UnTE(1Ai

|Kµ)dµBj
, �.4	\G

anij = −µ(Bj)(
∫
Bj
UnTE(1Ai

|Kµ)dµBj
) log(

∫
Bj
UnTE(1Ai

|Kµ)dµBj
)

≥ µ(Bj)
∫
Bj
−UnTE(1Ai

|Kµ) log(UnTE(1Ai
|Kµ))dµBj

≥
∫
Bj
−UnTE(1Ai

|Kµ) log(UnTE(1Ai
|Kµ))dµ.���/ ∑

i,j a
n
ij ≥

∑
i,j

∫
Bj
−UnTE(1Ai

|Kµ) log(UnTE(1Ai
|Kµ))dµ

=
∑

i

∫
X −UnTE(1Ai

|Kµ) log(UnTE(1Ai
|Kµ))dµ

= Hµ(α|Kµ).x�: lim inf
n→+∞,n∈S

Hµ(T
−nα|β) ≥ Hµ(α|Kµ), ugG���[�.4	��&��Wr S = {0 ≤ t1 < t2 < · · · } lG
Hµ(T

−tnα|
n−1∨

i=1

T−tiα) ≥ Hµ(α|Kµ)−
1

2n
.)�

hSµ(T, α) = lim sup
n→+∞

1
nHµ(

∨n
i=1 T

−tiα = lim sup
n→+∞

1
n

∑n
k=1Hµ(T

−tkα|
k−1∨
i=1

T−tiα)

≥ lim sup
n→+∞

1
n

∑n
k=1(Hµ(α|Kµ)− 1

2k ) = Hµ(α|Kµ).

�ae 7.1.7 
 D = {A ⊂ Z+|d(A) = 1}, � D J[���O3rl kD = {A ⊂ Z+|d̄(A) >

0}. #* kD J full y��\� 7.1.6 OC`U;�L�3hz� F ∈ kD, A<Vbw%
S ⊂ F �N hSµ(T, α) = Hµ(α|Kµ) (,�!Y).)�Q 7.1.4 v`Q 7.1.6 4G	�\��v 7.1.8 
 (X,B, µ, T ) J�O�!Z=�� A ∈ Kµ IlpIhz�t�L%w% S& hSµ(T, {A,Ac}) = 0 ,��!6 7.1.9 
 (X,B, µ, T ) J�!Z=�}"h:Æt�L%w% S ~& hSµ(T ) = 0, �*Z= (X,B, µ, T ) J z( null �s./o	F;5�.4	C� Kushnirenko[Kushnirenko1967] w4TinOBx�PIWr`6��!� 7.1.10 (Kushnirenko \�) �O�!Z= (X,B, µ, T ) J��_Z=IlpI1J! null Z=�W)�S (X,B, µ, T )pin null�P�a)in null�PI`�	4\� 7.1.8, �.4G
Kµ = B.�$ (X,B, µ, T )pOBx�P�	
�8f (X,B, µ, T )pOBx�P�a Kµ = B.
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UbC x&�.y�7 §7.2 "dx&�.�,s)�)\� 7.1.8 �w0�I A ∈ B v�&��Wr S / hSµ(T, {A,Ac}) = 0 �\�x��: (X,B, µ, T ) pin null �P� �)`Q 7.1.6, �.x4	C�in?�{IWr`6��!� 7.1.11 �O�!Z= (X,B, µ, T ) J!�?+IlpIh X O:Æ&b�!\u
α A<t�L%w% S �N hSµ(T, α) = Hµ(α) IlpIh X Ot[pO&b�!\u αA<t�L%w% S �N hSµ(T, α) > 0.	 l 7.1

1. R (X,B, µ, T ) o0h�O�`v/Æ�%��Vq S u k ∈ N �-. hS
µk(T (k)) = khS

µ(T ), |�
µk = µ× µ× · · · × µ(k%).

2. �Y�9-Z0h�O (X,B, µ, T ), (Y,D, ν, R) �3�%��Vq S kF
hS

µ×ν(T ×R) 6= hS
µ(T ) + hS

ν (R).

3. R (X,B, µ, T ) o3S0h�O��9�0..yH9�(yn�"BF�n L2(X,B, µ) H}>
UT VHu"N℄VHH4��

4. �9vgH9�(yn� f u M > 0, f Hotn� fM o.yH9�(yn��
5. R (X,B, µ, T ) o3S0h�O��9�

(a) UT H0.<}n�H#KKz"BH�--i5 Hc.

(b) Hc o L2(X,B, µ) H}q#K>9M<��<�O (X,B, µ, T ) o>�zH�
6. �92> 7.1.7.

7. R (X,B, µ, T )o3S0h�O�3 α o X H.!3hr���9�7e hµ(T, α) > 0, `v/Æ�%��Vq S �-. hS
µ(T, α) > 0. [>q�k#Z_P 6.4.5 �9���Htf]

§7.2 z($�wCZO�[87r�.^C�in?�{�PI|b~:Wr`6��:$Ne�.x^:�in mild �{�P	4in��{�PIWr`6��S (X,B, T, µ) p1i�P�w# Hilbert :N H = L2(X,B, µ), �.`�1")?
UT : H → HlGw f ∈ H/ UT (f) = f ◦T ;=�P (X,B, µ, T )4Te�UT p-)?�S Fp~�`I�&��Wr�)6 Hp4�nl:N�WL�:.[ S = {s1 < s2 < · · · } ⊂ FlG lim

i→∞
< g,U si

T f > w0� f, g ∈ H *.[���` f ∈ H, �.`� J : H → C p
J(g) = lim

i→∞
< g,U sif > .�* J p H FbY$L�o�) Riesz Nr`Q�.[ S(f) ∈ HlG J(g) =< g, S(f) > w0� g ∈ H *�\��.WL-�= f ≥ 0 e� S(f) ≥ 0 �

∫
X f(x)dµ(x) =

∫
X S(f)(x)dµ(x).
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UbC x&�.y�7 §7.2 "dx&�.�,s9� 7.2.1 h X Oz�s\O&b�!\u α, A<VAw% S′ ⊆ S �N
hS

′

µ (T, α) ≥
∑

A∈α

∫

X
−S(1A) log S(1A)dµ.W)�*�QI�:M�6`Q 7.1.6 I�: (�Tg�). ��5I�Qx\� 7.1.8 I~$Æ�9� 7.2.2 
 (X,B, µ, T )J�!Z=�B ∈ B�K RJVbt�L%w%�� {UnT 1B : n ∈ R}J L2(X,B, µ) orIIlpIhz�Vbw% S′ ⊂ R & hS

′

µ (T, {B,Bc}) = 0.W)���L�d#M�6�Q 7.1.4 I�:�CuL�	S {UnT 1B : n ∈ R} Wp L2(X,B, µ) I�?1�a.[ ǫ > 0 4�"Wr
F ⊂ R lGw a, b ∈ F, a 6= b �./ µ(T−aB∆T−bB) = ||UaT 1B − U bT 1B ||L2(µ) ≥ ǫ. )8r,TI:��.[ S = {s1 < s2 < · · · } ⊂ F lGw0� f, g ∈ H /

lim
i→∞

< g,U si

T f >=< g, S(f) > . (7.2.1))�Q 7.2.1, �.QqCUdWr S′ ⊂ S lG
hS

′

µ (T, {B,Bc}) ≥
∫

X
(−S(1B) log S(1B)− S(1Bc) log S(1Bc)) dµ.3�C hS

′

µ (T, {B,Bc}) = 0, �./ −S(1B)(x) log S(1B)(x) = 0 w x ∈ X µ-a.e. �\��$ S(1B) p=~o�� < 1X , S(1B) >= ||S(1B)||L2(µ). [� (7.2.1)  � f = 1B , g = 1X ,a/ lim
i→∞

< 1X , U
si

T 1B >=< 1X , S(1B) >, �� ||S(1B)||L2(µ) = ||1B ||L2(µ). xr�.�GC
lim
i→∞

U si

T 1B = S(1B).6xw��3I i > j, �./ µ(T−siB∆T−sjB) ≤ ǫ
2 ,x: F I\�"z� �w~$I1i�P (X,B, µ, T )(W~`4T) �.4*4	`�} Kronecker �`

Kµ = {B ∈ B :lG {Un1B : n ∈ Z+} p L2(X,B, µ) �?1}.6�-�w64T1i�P*`�:[7r 7.1  `�I Kronrcker 5�x~�I�[�Q 7.2.2  � R = Z+ �./+m 7.2.3 
 (X,B, µ, T ) J�!Z=� Kµ J Kronecker D%�� B ∈ Kµ IlpIhz�Vbw% S′ ⊂ Z+ & hS
′

µ (T, {B,Bc}) = 0.l$�Q 7.1.3 �.WL!G+m 7.2.4 
 (X,B, µ, T ) J�!Z=� Kµ J Kronecker D%�� f ∈ L2(X,Kµ, µ) IlpI {T nf : n ∈ Z+} J L2(X,B(X), µ) OorI�	��.^l$inWr`w:Min�{�P�I6����~�� D = {S ⊂
Z+|d(S) = 1}, D po�WII�?� kD = {S ⊂ Z+|d̄(S) > 0}.!� 7.2.5 
 (X,B, µ, T ) J�O�!Z=���℄($�>Q[�
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1. (X,B, µ, T ) J�?+O�
2. hz�7x 0 < µ(B) < 1 O B ∈ B (z� F ∈ kD, A<Vbw% S ⊂ F �N
hSµ(T, {B,Bc}) > 0;

3. h X z�t[p&b�!\u α ( F ∈ kD, A<Vbw% S ⊂ F �N hSµ(T, α) > 0.W)�(1) ⇒ (3) : S (X,B, µ, T ) p?�{I�a Kµ = {X, ∅}. Y)3? 7.1.7, .[�"Wr S ⊂ F lG hSµ(T, α) = Hµ(α|Kµ) = Hµ(α) > 0, x��:oL� (3).

(3)⇒ (2) x:�P�N� (2)⇒ (1) EA6`Q 7.1.11. �S (X,B, µ, T ) p4T1i�P�o� f ∈ L2(X,B, µ) ~p C�K`, 8f.[�"�&��Wr F = {tn}∞n=1 lG limn→∞ T tnf = f [ L2 ?��\�wW`I�"�&��Wr F = {tn}∞n=1, �V#C�G limn→∞ T tnf = f [ L2 ?��\I/zo�
f ∈ L2(X,B, µ) G�o L2(X,B, µ) I~? UT WIvO^WII5� (x?5�`�p
DF ).DF [ L2(X,B, µ)  IA.�p�G�G limn→∞ T tnf = f [ L2 ?��\Io�
f ∈ L2(X,B, µ) #C (*A.`�p HF ). )�Q 7.1.3, .[ B I T WII? σ 5� KF�G HF = L2(X,KF , µ).in�P (X,B, µ, T ) ~p mild ZO I� 8f4(/�r�I5Lo� (*`�ML6w*?�"�&��Wr F �g KF po�I�4:�.[ 2 `� 2.3.8 C� mild�{`�&ML [Furstenberg-Weiss1978, Furstenberg1982]).!� 7.2.6 
 (X,B, µ, T ) J�O�!Z=���℄($�>Q[�
1. (X,B, µ, T ) J mild ?+O�
2. hz�7x 0 < µ(B) < 1 O B ∈ B Kz� IP I F , A<Vbw% A ⊂ F �N
hSµ(T, {B,Bc}) > 0.

3. h X z�t[p&b\u α Kz� IP I F , A<Vbw% S ⊂ F �N hSµ(T, α) > 0.

4. hz�7x 0 < µ(B) < 1 O B ∈ B Kz�VbI F , A<Vbw% S ⊂ F �N
hSµ(T, {B,Bc}) > 0.

5. h X z�t[p&b\u αKz�VbI F , A<Vbw% S ⊂ F �N hSµ(T, α) > 0.W)�(2) ⇔ (3),(4) ⇔ (5) 	4 (4)⇒ (2) x:�P�
(1)⇒ (4) :S (X,B, µ, T )p mild�{I�8f.[ X I�o�s� α = {B,Bc}4�"1 F lGw0��"Wr S ⊂ F , �./ hSµ(T, α) = 0. a)�Q 7.2.2, {Un1B : n ∈ F}p L2(X,B, µ) I�?1���.[�&��Wr {n1 < n2 < · · · } lG limi→∞ T ni1B = 1B[ L2 ?��\�6 1B p�r�I5Lo��x: (X,B, µ, T ) p mild �{"z�
(2)⇒ (1) : JSw X I0�/"�o�s� α 4 IP 1 F , .[�"Wr S ⊂ F lG

hSµ(T, α) > 0. = (X,B, µ, T ) Wx mild �{I�a.[�G 0 < µ(B) < 1 I B ∈ B 4�"A*�Wr {n1 < n2 < · · · } lG lim
i→∞

T ni1B = 1B [ L2 ?��\�Wb~$L��.S
||T ni1B − 1B || < 1

2i w*? i ∈ N �\�~ F p) n1 < n2 < · · · [�I IP 1�a {Un1B : n ∈ F} p L2(X,B, µ) ��?1�)�Q 7.2.2 w0��"Wr S ⊂ F , hSµ(T, {B,Bc}) = 0, :JS&"z� �
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1. (X,B, µ, T ) J�?+OIlpIhz� F ∈ kD A< S ⊆ F �N hSµ(T, α) = Hµ(α) hz�&b�!\u α ,��
2. (X,B, µ, T ) J mild ?+OIlpIhz� IP I F A< S ⊆ F �N hSµ(T, α) = Hµ(α)hz�&b�!\u α ,��W)�Tp�A� �ae 7.2.8 �$i5 (1) � Hulse[Hulse1982] O�ÆtYi"�<� Hulse :AN$�℄i5� (X,B, µ, T ) Jj?+OIlpIhz�VbI F A< S ⊆ F �N hSµ(T, α) = Hµ(α)hz�&b�!\u α ,�� 	 l 7.2

1. �9�P 7.2.1.

2. �9=� 7.2.4.

3. R (X,B, µ, T ) o0h�O��9� Kronecker 4� Kµ o}> σ 4�� T−1Kµ ⊆ Kµ, <�O3Sd T−1Kµ = Kµ.

4. �9_P 7.2.7.

5. R (X,B, µ, T )o
�z�O��9�v/Æ�!0 F -Z S ⊆ F kF hS
µ(T, α) = Hµ(α) v/Æ.!3hr� α �[�

§7.3 w6$�wCZO�[�~7r��.l$inWr`6�o:Min�{
L�87r�.^w_ue^�PTM�I:�����.}K_uWr`I-W�we^�P (X,T ), �&��Wr S = {s1 < s2 < . . .} 4 X I/", 0 U , �.`�, 0 U.f S �w6$�w p
hStop(T,U) = lim sup

n→+∞

1

n
logN(

n∨

i=1

T−siU).�P (X,T ).f S �w6$�w `�p
hStop(T ) = sup

U
hStop(T,U),} U �K X I/", 0�S (X,T ) pe^�P4 S = {s1 < s2 < . . .} p�&��Wr�8f X Ij?, 0

U ,V �G U � V, a hStop(T,U) ≥ hStop(T,V). |bx/ hStop(T, T−1U) ≤ hStop(T,U) �= T p�Ne� hStop(T, T−1U) = hStop(T,U).
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 (X,T ) J^�Z=�}" {Un}∞n=1 J X 7x diam(Un)→ 0 O�z�w%�� limn→+∞ hStop(T,Un) = hStop(T ).W)��.�:� hStop(T ) p/"�I�G�w hStop(T ) = +∞ I�G4M��:�C`
ǫ > 0, .[, 0 U �G hStop(T,U) > hStop(T ) − ǫ. 8f δ p U I Lebesgue ��a=
diam(Un) < δ e�./ Un � U , =*G/ hStop(T,Un) ≥ hStop(T,U). ��= n ��3e��./ hStop(T,Un) > hStop(T )− ǫ. ) ǫ I0�L�6G limn→∞ hStop(T,Un) = hStop(T ). ��.x4	Lhi<WrI�O1vo�1C�_uWr`ML`��!6 7.3.2 
 (X,T ) J{&# d O^�Z=� S = {s1 < s2 < . . .} Jt�L%w%�
1. h n ≥ 1 ( ǫ > 0, U;*&bI A ⊂ X J�Æ (S, n, ǫ) 6�b, }"h A `z�"Æ�<OX x, y A< i ∈ {1, 2, · · · , n} 7x d(T six, T siy) ≥ ǫ; U; srT (S, n, ǫ) ��

(X,T ) {&|j1+Æ%O (S, n, ǫ) u�IO1+Æ%�
2. h n ≥ 1 ( ǫ > 0, U;*&bI A ⊂ X J�Æ (S, n, ǫ) R�b, }"h X Oz�X
x A< y ∈ A �N d(T six, T siy) < ǫ, i = 1, 2, · · · , n; U; spT (S, n, ǫ) �� (X,T ) {&|�1+Æ%O (S, n, ǫ) D,IO1+Æ%��[�.`�

srT (S, ǫ) = lim supn→+∞
1
n log srT (S, n, ǫ)

spT (S, ǫ) = lim supn→+∞
1
n log spT (S, n, ǫ).�V= ǫ→ 0 e� srT (S, ǫ) v spT (S, ǫ) Y6 ǫ 8[F℄��$-"

srT (S, d) = lim
ǫ→0

srT (S, ǫ) vspT (S, d) = lim
ǫ→0

spT (S, ǫ).[�9� 7.3.3 h:Æ n ∈ N.

1. spT (S, n, ǫ) ≤ srT (S, n, ǫ) ≤ spT (S, n, ǫ2 );

2. spT (S, ǫ) ≤ srT (S, ǫ) ≤ spT (S, ǫ2) �>
3. spT (S, d) = srT (S, d)..W)�d#M�6�Q 5.1.17 I�:� �	�>A�:Lhi<WrI�O1vo�14C�_uWr`ML`��+m 7.3.4 
 (X,T ) J^�Z=��hz�t�L%w% S = {s1 < s2 < . . .} U;&

hStop(T ) = spT (S, d) = srT (S, d).5�S� spT (S, d) = srT (S, d) �Æ*d|# d O|s�W)�d#M�6>A 5.1.18 I�:� �9� 7.3.5 
 (X,T ) J^�Z=��hz�t�L%w% S = {s1 < s2 < . . .} U;&
hStop(T (k)) = khStop(T ). (7.3.1)
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d((x, y), (x′, y′)) = max{d(x, x′), d(y, y′)}.= E p X I (S, n, ǫ)o�1e�E×E p X×X I (S, n, ǫ)o�1�x�: spT×T (S, n, ǫ) ≤

{spT (S, n, ǫ)}2, �$ hStop(T × T ) ≤ 2hStop(T ).|~5�8f E p X I (S, n, ǫ) �O1�a E ×E p X ×X I (S, n, ǫ) �O1�x�: srT×T (S, n, ǫ) ≥ {srT (S, n, ǫ)}2. �$ hStop(T × T ) ≥ 2hStop(T ). �ae 7.3.6 
 (X,T ), (X ′, T ′) J^�Z=� Lemanczyk[Lemanczyk1985] W3�|m
℄�℄����,�
hS(X ×X ′, T × T ′) = hS(X,T ) + hS(X ′, T ′).!� 7.3.7 
 (X,T ) J^�Z=� µ ∈ M(X,T ). �hz�t�L%w% S = {s1 < s2 <

. . .} U;& hSµ(X,T ) ≤ hStop(X,T ).W)�����./,,: S (Y,R) pe^�P� ν ∈M(Y,R), a hStop(Y,R) ≥ hSν (Y,R)− (log 2 + 1).,,�W)�S β = {A1, A2, · · · , Ak}p Y I/" Borel s��� ǫ > 0(6`). �in ν p�aI�1	.[�1 Bj ⊂ Aj, 1 ≤ j ≤ klG ν(Aj \Bj) < ǫ.S α = {B0, B1, · · · , Bk},} 
B0 = Y \⋃k

j=1Bj .�[�.4���7I ǫlG Hν(β|α)+Hν(α|β) ≤ 1(V�Q 5.4.5). ��
hSν (R,β) ≤ hSν (R,α)+Hν(β|α) ≤ hSν (R,α)+1.� U = {B0∪B1, B0∪B2, · · · , B0∪Bk}.�w*? i 6= 0, B0∪Bi = Y \⋃j 6∈{0,i}Bj p,1�U p Y I~?, 0�3�C Hν(

∨n
i=1R

−siα) ≤
logN(

∨n
i=1R

−siα)w*? n ∈ N �\�[xT N(
∨n
i=1R

−siα) Nrs� ∨n
i=1R

−siα�:B"I?���V 2nN(
∨n
i=1R

−siU) ≥ N(
∨n
i=1R

−siα). �$
hSν (R,β) ≤ hSν (R,α) + 1 ≤ hStop(R,U) + log 2 + 1.��� hStop(R) ≥ hSν (R)− (log 2 + 1). x�d�ougI�:��[w0� k ∈ N, S µk = µ× µ · · · × µ(k&). )6w X I*?4is� α, 6�)G

hS
µk(T (k), α× α× · · · × α) = khSµ(T, α), �$ khSµ(T ) ≤ hS

µk(T (k)). ��
khSµ(T ) ≤ hS

µk (T (k)) ≤ hStop(T (k)) + log 2 + 1 = khStop(T ) + log 2 + 1. (7.3.2)[WMp (7.3.2) jF�	 k, Y, k �6��4G hSµ(T ) ≤ hStop(T ). �ae 7.3.8 hw%�9&�**�O�u2�,���}�hz�t[pD℄�?+OI����OZ= (X,T ), }"I���O! µ JI`<�^XOX!���z
Kushnirenko \�U;& hSµ(T ) = 0. yl#* (X,T ) J�?+O�A<t�L%w% S�N hStop(T ) > 0(>X�_℄>O\� 7.3.10). <>u�W3O��U;�L�=�Æ"y'Orn� (X,σ), 1�t[pD℄�?+OI����OZ=lI���O! µJI`<�^XOX!�



` v f _ � Q . � S 177 zUbC x&�.y�7 §7.3 E^x&�.�,s	��.C�:M_u�{�PIWr`6��e^�P (X,T )I, 0 U ~p 433�, 8f4I*?B"[ X  ��0�=PP��.!)j?B"Q�I�o�, 0~p pe:A. e^�P (X,T ) I, 0 U = {Ui}i∈I ~p r{G�, 8fw*? i ∈ I�./ int(Ui \
⋃
j∈I,j 6=iUj) 6= ∅.!� 7.3.9 
 (X,T ) J^�Z=���℄Q[�

1. (X,T ) J mild ?+O�
2. h:Æ�pz� U K IP I F , A<Vbw% S ⊂ F �N hStop(T,U) > 0;

3. h:Æt[pO&b�z� U K IP I F , A<Vbw% S ⊂ F �N hStop(T,U) > 0;

4. h:Æ��5O�z� U K IPI F , A<Vbw% S ⊂ F �N hStop(T,U) = logN(U).W)�(4) ⇒ (2) v (3)⇒ (2) x:�P�
(2)⇒ (1) :JSw*?M; 0 U 4 IP1 F ,.[�"Wr S ⊂ F lG hStop(T,U) > 0.8f (X,T ) Wx mild �{I�a)`Q 1.4.11 �.[ X I�:,1 U1, U2 v IP 1 F lG

N(U1, U1) ∩N(U1, U2) ∩ (F − F ) = ∅.)6 0 ∈ (F − F ), 1	 U1 ∩ U2 = ∅. � xi ∈ Ui 4 xi IAu= Vi ⊂ Ui, } i = 1, 2.xr V = {V c
1 , V

c
2 } p X IM; 0�)6w0� n ∈ (F − F ), �./ U1 ∩ T−nU1 = ∅ $

U1 ∩ T−nU2 = ∅ �\�6x.[Wr {Wn}n∈(F−F ) lG V1 ⊆ T−nWn w*? n ∈ (F − F )�\�} Wn = V c
1 $ V c

2 .�[)JS.[�"�&��Wr S = {t1 < t2 < · · · } ⊂ F �G
hStop(T,V) > 0. (7.3.3)w*? x ∈ X v n ∈ N �.4	0	R~?lG T tix ∈ V1 I i ∈ {1, 2, · · · , n}(8fxrI

i .[I�). �.6�n� Vn =
∨n
i=1 T

−tiV /~?)8�?1Q�I? 0�
T−t1V c

1 ∩ · · · ∩ T−ti−1V c
1 ∩ T−tiW0 ∩ T−ti+1Wti+1−ti ∩ · · · ∩ T−tnWtn−ti , i = 1, · · · , n	4 n⋂

i=1

T−tiV c
1 .x�:w1/ n ∈ N, �./ H(Vn) ≤ n+ 1. �� hStop(T,V) = 0, :p (7.3.3) &"z�

(1) ⇒ (4) + (3) : JS (X,T ) p mild- �{I�w0� l ?�:,1 U1, U2, · · · , Ul v
IP 1 F = FS({pi}∞i=1), �./�,,��` M ∈ N. w0� n ∈ N, .[ Cn = {M ≤ tn1 < tn2 < tn3 < · · · < tnn} ⊂ F lG
n⋂
i=1

T−t
n
i Us(i) 6= ∅ w0� s ∈ {1, 2, · · · , l}n �\�,,W)���w n = 1, ug:��\�JSw n = k, ug�\��S n = k + 1. )6w n = k eug�\�1	.[ Ck = {M ≤ tk1 < tk2 < tk3 < · · · < tkk} ⊂ F lGw0�

s ∈ {1, 2, · · · , l}k / ⋂k
i=1 T

−tki Us(i) 6= ∅.
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UbC x&�.y�7 §7.3 E^x&�.�,s� mk ∈ N ��3lG Ck ⊆ FS({pi}mk−1
i=1 ). S Fmk

= FS({pi}∞i=mk+1), 3�C

 ⋂

s∈{1,2,··· ,l}k

l⋂

j=1

N(
k⋂

i=1

T−t
k
i Us(i), Uj)


 ∩ (Fmk

− Fmk
)p�"1�6x.[ a1, a2 ∈ Fmk

lG
(a1 − a2) ∈

⋂

s∈{1,2,··· ,l}k

l⋂

j=1

N(

k⋂

i=1

T−t
k
i Us(i), Uj) �a1 − a2 > tkk.S tk+1

i = tki + a2, i = 1, 2, · · · , k 4 tk+1
k+1 = a1.a Ck+1 = {M ≤ tk+1

1 < tk+1
2 < · · · < tk+1

k+1} ⊂ F ,�w0� s ∈ {1, 2, · · · , l}k v j = 1, 2, · · · , l / ⋂k
i=1 T

−tki Us(i) ∩ T−(a1−a2)Uj 6= ∅ �\�6w0� r ∈ {1, 2, · · · , l}k+1 / ⋂k+1
i=1 T

−tk+1
i Ur(i) 6= ∅. 6ugw k + 1 x�\�)aJ��ugG���.! /FÆug=LI/"1 Cn ~p �.A U1, U2, · · · , Ul �zDZ�b. 	��.�: (4). w X I*?W4KI, 0 U = {U1, U2, · · · , Ul} 4 IP 1 F , S Wi =

int(Ui \
⋃
j 6=i Uj), i = 1, 2, · · · , l, a {Wi} p�W&eI,1�)	Fug.[ F I&w6 W1,W2, · · · ,Wl Id#��I/"?1Wr Sni

�G maxSni
< minSni+1 	4 |Sni

|(=
ni) = (i+ 1)!− i!, } i = 1, 2, · · · .� S =

⋃∞
i=1 Sni

⊆ F ,Γm =
⋃m
i=1 Sni

. a
hStop(T,U) ≥ lim infm→∞

logN(
W

j∈Γm
T−jU)Pm

i=1 ni
≥ lim infm→∞

logN(
W

j∈Snm
T−jU)Pm

i=1 ni

= lim infm→∞
log lnmPm

i=1 ni
= limm→∞ nmPm

i=1 ni
log l = log l = logN(U).x��:o (4).N��wX I�o�I, 0 V = {V1, · · · , Vk}v IP1 F ,� xj ∈ intV c

j , j = 1, 2, · · · , k.~ {y1, y2, · · · , yl} = {x1, x2, · · · , xk} �G�= 1 ≤ s < t ≤ l e ys 6= yt. )6 k⋂
j=1

intV c
j =

∅, �.� l ≥ 2. ���.4	� yi, i = 1, 2, · · · , l I�W&eIAz= Wi lG U =

{W c
1 ,W

c
2 , · · · ,W c

l } p; V *I, 0�~ P = {W1,W2, · · · ,Wl}. 3�C
(l − 1)|E|N(

∨

j∈E
T−jU) ≥ |{A : A ∈

⋂

j∈E
T−jP�A 6= ∅}|,} E ⊂ Z+ p/"1�d#M�6 (4)I�:��.QRqC�"Wr S =

⋃∞
i=1 Sni

⊆ Fv Γm =
⋃m
i=1 Sni

lG
hStop(T,U) ≥ lim infm→∞

logN(
W

j∈Γm
T−jU)Pm

i=1 ni
≥ lim infm→∞

logN(
W

j∈Snm
T−jU)Pm

i=1 ni

≥ lim infm→∞
log 1

(l−1)nm |{A:A∈Tj∈E T−jP}|Pm
i=1 ni

= lim infm→∞
log 1

(l−1)nm lnmPm
i=1 ni

= limm→∞ nmPm
i=1 ni

log l
l−1 = log l

l−1 > 0.
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UbC x&�.y�7 §7.4 x&�i�$ hStop(T,V) ≥ hStop(T,U) > 0, x��:o (3). �{T`Q 7.3.9 I�:��.WL!G	�w?�v�PIWr`6��!� 7.3.10 
 (X,T ) J^�Z=���℄Q[�
1. (X,T ) J�?+O�
2. h:Æ�pz� U , A<Vbw% S ⊂ Z+ �N hStop(T,U) > 0;

3. h:Æt[pO&b�z� U , A<Vbw% S ⊂ Z+ �N hStop(T,U) > 0;

4. h:Æ��5O�z� U , A<Vbw% S ⊂ Z+ �N hStop(T,U) = logN(U).N���.:���{L:Wr`IY��{T`Q 7.3.9 I�:��./!� 7.3.11 
 (X,T ) Jj?+Z=���℄r^,��
1. h X O:Æt[pO&b�z� U KVbt�L%w% F , A<Vbw% S ⊂ F �N hStop(T,U) > 0;

2. h X O:Æ��5O�z� U KVbt�L%w% F , A<Vbw% S ⊂ F �N
hStop(T,U) = logN(U).ae 7.3.12 �$r^ (1)+(2) ��NC3j?+r�q�}℄�U;*^�Z= (X,T ){&r^ P , }"h X Oz�&bÆt��I U1, U2, · · · , Un A< N ∈ N �Nh:Æ k ≥ 2( s = (s(1), s(2), · · · , s(k)) ∈ {1, 2, · · · , n}k U;NGL x ∈ X �N x ∈ ⋂k−1

i=0 T
−iNUs(k). �L�O{&r^ P Z={&�$r^ (1)+(2)(�J!Y). <Q [Blanchard1992] `O� 5,

Blanchard�=$&by' A�Orn� (X,σ)�N (X,σ){&r^ P (Q [Blanchard1992]OF8 4 (C$I�X) H (X,σ) �Jj?+Z=�	 l 7.3

1. �Y�9Lo hS(X ×X ′, T × T ′) = hS(X,T ) + hS(X ′, T ′) QV�[�
2. �Y�9-Z�n�^t>�zHm}JU3S�O (X,T ) |m}VHHhm µ o0�ZVdVHVhm�
3. �9_P 7.3.10 u 7.3.11.

4. �9)>K� P H�O�._P 7.3.11 HK� (1) + (2).

5. R (X,T ) o^t K �O��9�v X H)>�n�H.!+�/ U 3�!�%��Vq S, �-. hS
top(T,U) > 0. [>q�k#�� 7.1.7]

§7.4 $�w.87r�.���℄ÆWr`I-W�:_uWr`wvinWr`w�,���.l$ Kronecker5�winWr`w�I6����:�j$Wr`w
N&�Y��Qu��Ix�87r1$I�v<&8FJN:�.[:�`we1$I�v<�;�Wr`W /I�DQ�[v�FRWd#~��!6 7.4.1 
 (X,T ) J^�Z=�
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1. 
 (x1, x2) ∈ X ×X \∆X . }"hz�dh* {x1, x2} �6vO�z� U , A<t�L%w% S �N hStop(T,U) > 0, �* (x1, x2) J $�w.;

2. }":hX (x1, x2) ∈ X ×X \∆X Jw%�h��* (X,T ) J 0ZV$�w�s;

3. }"hz�t�L%w% S & hStop(T ) = 0, �* (X,T ) J null �s.ae 7.4.2 �_ (X,T ) J�ZMw%�Z=IlpIh X z�O�pz� U , A<t�L%w% S �N hStop(T,U) > 0.ql#\� 7.3.10R (X,T )J�?+Z=IlpI (X,T )J�ZMw%�Z=��.$ SE(X,T ) Nr (X,T ) #CIWr`w�Y$ SE′(X,T ) Nr SE(X,T ) IA.��* E(X,T ) ⊂ SE(X,T ). Wr`wx /`w1 /I:?&u
L�+m 7.4.3 
 (X,T ) J^�Z=�
1. }"A< X O�z� U = {U1, U2} 7xhHt�L%w% S & hStop(T,U) > 0, �A<X xi ∈ U ci , i = 1, 2 �N (x1, x2) Jw%�h�
2. }"A<t�L%w% S �N hStop(T ) > 0, � SE′(X,T ) J X ×X t�O T × T ��
rI�
3. 
 π : (Y,R)→ (X,T ) J�r���

(a) }" (x1, x2) ∈ SE(X,T ), �A< (y1, y2) ∈ SE(Y, S) 7x π(yi) = xi, i = 1, 2.

(b) }" (y1, y2) ∈ SE(Y, S) l π(y1) 6= π(y2), � (π(y1), π(y2)) ∈ SE(X,T ).

4. Z
 W J (X,T ) O T ��
rI�}" (x1, x2) J (W,T |W ) Ow%�h��1	J
(X,T ) Ow%�h�)FÆ>A��.��P (X,T ) p null�P=��= SE(X,T ) = ∅; (X,T ) p?�{�P=��= SE(X,T ) = X ×X \∆X .[`Q 6.2.7  ��.���:*?e^�P.[_u

Pinsker �?�6N3Ix`�?�[$�.M�P/!� 7.4.4 h^�Z= (X,T ) l���# SE(X,T ) O|iO
O T ×T ��Q[�Z(K$1O o�� null 8h.6��:�0yMnbY�PCp null �P (Z84	eV>A 8.1.8). ;x	
RW�\�	�Z?�:ox~W�	 7.4.5 
 α J (0, 1) `O�ÆV�%�s
A0 = {e2πiθ : 0 ≤ θ ≤ 1

2}, A1 = {e2πiθ : 1
2 ≤ θ ≤ 1} �K

X = {x ∈ {0, 1}Z :
⋂∞
i=−∞Axi

6= ∅}.� X J {0, 1}Z O
rIl σ(X) = X, ` σ J {0, 1}Z �On����M (σ(x))n = xn+1,I x ∈ X. rn� (X,σ) JtQ�yOGi null Z=�W)�S Tp#o5FI8xF)�Rα p TF�G Rα(z) = e2πiαzI�Q[6�a (T, Rα)p-7MnbY�P�WL-�w*? x ∈ X,
⋂∞
i=−∞Axi

pkW1��$�.4	`��? N π : (X,σ)→ (T, Rα) lG π(x) ∈ ⋂∞
i=−∞Axi

w*? x ∈ X �\�w x ∈ X v0� X I�:�G1 U , .[ i ≤ j ∈ Z v u ∈ {1, 2}j−i+1 l



` v f _ � Q . � S 181 zUbC x&�.y�7 §7.4 x&�iG U = {y ∈ X : yi · · · yj = u}. )6 (T, Rα) p-7�P� int(π(U))) 6= ∅ 	4
N(x,U) ⊃ N(π(x), int(π(U))), 1	 N(x,U) p syndetic 1�x�: (X,σ) p-7�P�)6.[�r� C > 0 lG supn∈Z d(σ

nx, σny) > C w*w x 6= y ∈ X �\��P (X,σ) WxMnbY�P�N���.�: (X,σ) p null �P�� U = {[0], [1]}, } [i] = {x ∈ X : x0 = i}, i = 0, 1. w0��&��Wr S, WL�: N(
∨n
i=1 T

−siU) = 2nw1/ n ∈ N �\��$ hStop(σ,U) = lim supn→∞
1
n logN(

∨n
i=1 σ

−siU) = 0. ��w*?
m ∈ N / hStop(T,

∨m
i=−m σ

−iU) ≤ 2mhStop(σ,U) = 0 �\�� diam(
∨m
i=−m σ

−iU)ց 0, )>A� hStop(σ) = 0. Y) S I0�L� (X,σ) p null �P��.�~[�� (X,σ) IvQ�w6 z ∈ T \ (orb(1, Rα)∪ orb(−1, Rα)), π−1(z) xkW1�w6 z ∈ orb(1, Rα) ∪ orb(−1, Rα), Cardπ−1(z) = 2. S X0 = {x ∈ X : Cardπ−1π(x) = 1},a X \ X0 p4�1��� X0 p X �0I Gδ 1�x�: (X,σ) p-7MnbY�P
(T, Rα) I:�~w~ID�� �	��.`�v�inWr`w�[x~h� �U|PIvfv�:xM�6in`wI&�Ivfv�:I��Whw6in`w:�h� �.l$ Pinsker σ5���w6inWr`wI:��.l$ Kronecker σ 5��S (X,T )pe^�P�BXp:N X I Borel σ 5�	4 µ ∈M(X,T ). �[�.`� Xn FIin χn(µ) lG

χn(µ)(Πn
i=1Ai) =

∫

X
Πn
i=1E(1Ai

|Kµ)dµw0� Ai ∈ Kµ, i = 1, 2, · · · , n �\,} Kµ p (X,BX , µ, T ) I Kronecker σ 5��= n = 2 e��.^ χ2(µ) P?p χ(µ).!6 7.4.6 
 (X,T ) J^�Z=�µ ∈M(X,T ) �K (x1, x2) ∈ X×X \∆X . }"hz�dh* {x1, x2} �6vO�!\u α, A<t�L%w% S �N hStop(T, α) > 0, �* (x1, x2)J �.Az( µ �$�w. (B℄* µ $�w.).�.$ SEµ(X,T ) Nr µ Wr`w#C�	�� SEµ(X,T ) IvQ��Q 7.4.7 v`Q 7.4.9 I�:d#M�6R 6 m &�v�I�:�9� 7.4.7 
 (X,T ) J^�Z=� µ ∈M(X,T ). }" U = {U1, U2, ..., Un} (n ≥ 2) J X O�!z��� χn(µ)(Πn
i=1U

c
i ) > 0 IlpIhz�&bO (B n ÆI{,O) � U \O�!\u α, A<t�L%w% S �N hSµ(T, α) > 0.ae 7.4.8 h X O�!\u α = {A1, A2, · · · , An}, ` n ≥ 2. #�� 7.4.7, �L�3

χn(µ)(Πn
i=1A

c
i ) > 0 IlpIA<t�L%w% S �N hSµ(T, α) > 0. 5�S�h α =

{A,Ac}, χ(µ)(A×Ac) > 0 IlpIA<t�L%w% S �N hSµ(T, α) > 0.�[�.C� SEµ(X,T ) I6��!� 7.4.9 
 (X,T ) J^�Z=� µ ∈M(X,T ). � SEµ(X,T ) = supp(χ(µ)) \∆X .!6 7.4.10 
 (X,T ) J^�Z=� µ ∈M(X,T ) �K S Jt�L%w%�h X O�!z� U = {U1, U2, ..., Un}, U;\�z� U.f S �.A µ �$�w }℄�
hSµ(T,U) = inf

β∈PX :β�U
hSµ(T, β).
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 (X,T ) J�O^�Z=� µ ∈M(X,T ) �K U = {U1, U2, · · · , Un} J X O�z��}" χn(µ)(Πn
i=1U

c
i ) > 0, �A<t�L%w% S = {0 ≤ t1 < t2 < · · · } �N
hStop(T,U) > 0 �lhSµ(T,U) > 0.W)�� χn(µ)(Πn

i=1U
c
i ) =

∫
X

n∏
i=1

E(1Uc
i
|Kµ)dµ > 0, .[ M ∈ N lG µ(D′M ) > 0, } 

D′M = {x ∈ X : min
1≤i≤n

E(1Uc
i
|Kµ)(x) ≥

2

M
}.w0� s = (s(1), s(2), · · · , s(n)) ∈ {0, 1}n �.S As =

⋂n
i=1 Ui(s(i)), } Ui(0) = Ui,

Ui(1) = U ci , *�~ α = {As : s ∈ {0, 1}n}.S γj ⊂ Kµ pUdI/" σ 5���G ∨+∞
j=1 γj = Kµ. ) Martingale �d`Q

limj→∞E(1Uc
i
|γj) = E(1Uc

i
|Kµ) [ µ − a.e. v L1(µ) ?I���Ne�\��$WL-�.[D? j ∈ N lG

1. 8fS DM = {x ∈ X : min1≤i≤n E(1Uc
i
|γj)(x) ≥ 1

M }, a µ(DM ) >
µ(D′

M )
2 ;

2. Hµ(α|γj) < Hµ(α|Kµ) +
µ(D′

M )
4M log( n

n−1 ).pG�V~ γ = γj, M�6[`Q 6.4.5 �: ��Iug��./	�ug�w*?; U �Is� β 	�WMp�\
Hµ(α|β ∨ γ) ≤ Hµ(α|γ) −

µ(DM )

M
log(

n

n− 1
).� ǫ = µ(DM )

M log( n
n−1) > 0. )`Q 7.1.6 �.[�"�&��Wr S = {0 ≤ t1 < t2 < · · · }lG hSµ(T, α) = Hµ(α|Kµ).S n ∈ N,β ∈ PX �G β � ∨n

i=1 T
−tiU . � T tiβ, i ∈ {1, ..., n} p U IH���./

Hµ(β|
∨n
i=1 T

−tiγ) = Hµ(β ∨
∨n
i=1 T

−tiα|∨n
i=1 T

−tiγ)−Hµ(
∨n
i=1 T

−tiα|β ∨∨n
i=1 T

−tiγ)

≥ Hµ(
∨n
i=1 T

−tiα|∨n
i=1 T

−tiγ)−
n∑
i=1

Hµ(α|T tiβ ∨ γ)

≥ Hµ(
∨n
i=1 T

−tiα)−Hµ(
∨n
i=1 T

−tiγ)− n(Hµ(α|γ) − ǫ)
≥ Hµ(

∨n
i=1 T

−tiα)−Hµ(
∨n
i=1 T

−tiγ)− n(Hµ(α|Kµ) +
µ(D′

M )
4M log( n

n−1)− ǫ)
≥ Hµ(

∨n
i=1 T

−tiα)−Hµ(
∨n
i=1 T

−tiγ)− n(Hµ(α|Kµ)− ǫ
2).�$

lim sup
n→∞

1
n inf
β∈PX :β�Wn

i=1 T
−tiU

Hµ(β)

≥ lim sup
n→∞

1
n{Hµ(

∨n
i=1 T

−tiα)−Hµ(
∨n
i=1 T

−tiγ)− n(Hµ(α|Kµ)− ǫ
2)}

≥ hSµ(T, α)− hSµ(T, γ) −Hµ(α|Kµ) + ǫ
2

= ǫ
2 . (�hSµ(T, α) = Hµ(α|Kµ)vhSµ(T, γ) = 0)

(7.4.1)



` v f _ � Q . � S 183 zUbC x&�.y�7 §7.4 x&�i�[)WMp (7.4.1) 6G hSµ(T,U) > 0. N��.�: hStop(T,U) > 0. w*? n ∈ N �/"4is� βn �
∨n
i=1 T

−tiU �G logN(
∨n
i=1 T

−tiU) ≥ Hµ(βn). xr
hStop(T,U) = lim supn→∞

1
n logN(

∨n
i=1 T

−tiU)

≥ lim supn→∞
1
nHµ(βn) > 0 ()WMp (7.4.1)).

�ae 7.4.12 <�\�`U;�qZ=��OO�U;�RM�Or:a�w��uZ�/o	F;5�[�.QR�:�!� 7.4.13 
 (X,T ) J�O^�Z=( µ ∈M(X,T ). � SEµ(X,T ) ⊆ SE(X,T ).W)�S (x1, x2) ∈ SEµ(X,T ) v U p X I&w6 (x1, x2) 4QUI, 0��V0�;
U �I/"4is� α p&w6 (x1, x2) 4QUIs����)inWr`wI`��.�.[�&��Wr S lG hSµ(T, α) > 0. Y)�Q 7.4.7 v`Q 7.4.11, .[�&��Wr S lG hStop(T,U) > 0. �$ (x1, x2) ∈ SE(X,T ), x�d�o`QI�:� �ae 7.4.14 z*D℄�?+O��ÆI`<�Æ�^X�OX!JI���!OZ= (X,T ) 7x SE(X,T ) = X ×X \∆X , SEµ(X,T ) = ∅. I(CU;��vNGL��! µ �N SEµ(X,T ) = SE(X,T ), I�X-�h�Gv�<O�$ÆI�`hOi�2�<*hw%�l�9&�**�O�u2��p^FÆv�\_CW4T�P��.Qu�:inWr`w /?℄L��!� 7.4.15 
 π : (X,T )→ (Y, S)J^�Z=\O�r���µ ∈M(X,T )�K ν = π(µ).�
1. h:Æ (x1, x2) ∈ SEµ(X,T ), 
 π(xi) = yi, i ∈ {1, 2}. }" y1 6= y2, K8 (y1, y2) ∈
SEν(Y, S);

2. h:Æ (y1, y2) ∈ SEν(Y, S), A< (x1, x2) ∈ SEµ(X,T ) 7x π(xi) = yi, i ∈ {1, 2}.W)�)`� (1) x:��\P�
(2)S Z = π−1(Kν),a�./ Z = π−1(BY )∩Kµ.S (y1, y2) ∈ SEν(Y, S).� yi, i ∈ {1, 2}I0�Au= Vi lG V1 ∩ V2 = ∅, a χ(ν)(V1 × V2) > 0. S Ui = π−1(Vi), i = 1, 2. �./ ,,�χ(µ)(U1 × U2) > 0.,,�W)�JS χ(µ)(U1 ×U2) = 0. S U = {U c1 , U c2}. � U1 ∩U2 = ∅, 1	 U p X I, 0�)�Q 7.4.7, .[ X I4is� α = {A1, A2} lG Ai ⊂ U ci R� hSµ(T, α) = 0 w1/�&��Wr S �\�)>A 7.2.3, w i ∈ {1, 2} / Ai ∈ Kµ.>A 7.2.4 9'�.� f ∈ L2(X,Kµ, µ) =��= {T nf : n ∈ Z+} p L2(X,BX , µ) I�?1�S f ∈ L2(X,Kµ, µ), a {T nf : n ∈ Z+} p L2(X,BX , µ) I�?1�)6w0�

g ∈ L2(X,BX , µ) / ||E(g|π−1(BY )||L2(X,µ) ≤ ||g||L2(X,µ), 1	 {T nE(f |π−1(BY )) : n ∈ Z} xp�?1�)� E(f |π−1(BY )) ∈ L2(X,Kµ, µ), 6 E(f |π−1(BY )) ∈ L2(X,Z, µ). =PP�
Bi = {E(1Ai

|π−1(BY )) > 0} ∈ Z, ��.[ Ci ∈ Kν lG Bi = π−1(Ci), i = 1, 2.)6 E(1Ai
|π−1(BY )) ≤ E(1Uc

i
|π−1(BY )) = 1Uc

i
, �./ Bi ⊂ U ci 	4 Ci ⊂ V c

i . 3�C
∑2

i=1 E(1Ai
|π−1(BY )) = 1, H$ B1 ∪ B2 = X, )� C1 ∪ C2 = Y . � D1 = C1, D2 = C2 \ C1,
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1 , V

c
2 } �I4is��)>A 7.2.3 �w*?�&��Wr S, hSµ(T,Q) = 0 �\���)�Q 7.4.7 � χ(ν)(V1 × V2) = 0, x:

χ(ν)(V1 × V2) > 0 "z�x�d�ougI�:�)ug�.� supp(χ(µ))∩(U1×U2) 6= ∅.) Vi, i = 1, 2I0�L��.\G supp(χ(µ))∩
(π−1(y1)× π−1(y2)) 6= ∅, 6.[ (x1, x2) ∈ SEµ(X,T ) �G π(xi) = yi, i = 1, 2. �[87rN���./!� 7.4.16 
 (X,T ) J^�Z=� µ ∈M(X,T ). � SEµ(X,T ) ⊆ SE(X,T ).W)�S Xµ = supp(µ). a T |Xµ : Xµ → Xµ p�N�S π1 : (X̃µ, T̃ |µ) → (Xµ, T |Xµ) p
(X,T ) IA*D��� µ̃ ∈ M(X̃µ, T̃ |Xµ) �G π1µ̃ = µ, )`Q 7.4.15 v`Q 7.4.13 �
SEµ(Xµ, T |Xµ) = π1 × π1(SEeµ(X̃µ, T̃ |Xµ)) \∆Xµ ⊆ π1 × π1(SE(X̃µ, T̃ |Xµ)) \∆Xµ . Y)>A
7.4.3 �.� π1 × π1(SE(X̃|µ, T̃ |Xµ)) \ ∆Xµ = SE(Xµ, T |Xµ). x��: SEµ(Xµ, T |Xµ) ⊆
SE(Xµ, T |Xµ). 3�C SEµ(X,T ) = SEµ(Xµ, T |Xµ) 	4 SE(Xµ, T |Xµ) ⊆ SE(X,T ), `QG�� �	 l 7.4

1. R (X,T )o3Sd℄�O�µ ∈ M(X,T ).�9�7e-Z�%��Vq S u.!3hr� α kF hS
µ(T, α) > 0, ` SEµ(X,T ) 6= ∅. �� SEµ(X,T ) = ∅ <��< (X,µ, T ) �.NAw�

2. R (X,T ) o3SHd℄�O�}
SEM (X,T ) =

⋃

µ∈M(X,T )

SEµ(X,T ) \∆X .�9�-Z T VHHhm ν kF SEν(X,T ) = SEM (X,T ). �� SEM (X,T ) = X ×X \∆X <��<-Z ν ∈M(X,T ) kF SEν(X,T ) = X ×X \∆X .

3. R (X,T ) od℄�O�7ev)> µ ∈ M(X,T ) u�%��Vq S ). hS
µ(T ) = 0, G#}

(X,T ) o M-null 
r. �9�
(a) (X,T ) o M-null �O<��< SEM (X,T ) = ∅.
(b) )>d℄�O-ZM2 M-null �>�

4. �Y�9-Z�O (X,T ) �F SEM (X,T ) = ∅ : SE(X,T ) = X ×X \∆X .

§7.5 w6 null �s[8mIR~7r�.��-C~?1i�Pp null �P=��=4 /OBx�
Halmos-Von Neumann `Q [Halmos-Neumann1942] 9'�.� /OBxIKV�PNQ6�� abel (FIKV[6��$�KVI null �P&=6�� abel (FI[6�[_ue^�P ��.�~?e^�P (X,T )  / �Q:, 8f T IbY=~o�I$LL{[ C(X; C)  �0�} C(X; C) x)1/ X FbY#�o�[N3?
��Q�I
Banach :N� Halmos-Von Neumann `Q [Halmos-Neumann1942] 9'�.� 1. �UI /



` v f _ � Q . � S 185 zUbC x&�.y�7 §7.5 E^ null [>OBxIe^�P_uO^6��nl(FI-7[6 (6-7IMnbY�P); 2. j?�UI /OBx�P_uO^=��=4. /&NI=~�1{�[KVQ� 
null �P: /OBx�Px&~�I�*�[_ue^�P null �Pv /OBxI�PxjMWNI�P (Z 7.4.5 ���:ox~W). �UIOBx�PIvQ�.�����o�6�_u null �P3�vQ^x87rv�~7rI~.-u0	�[87r��.^C��-7I�U�P�p null �PI~:CuHY�S (X,T ),

(X ′, T ′) pe^�P�+* Lemanczyk[Lemanczyk1985] ��~$���Mp
hS(X ×X ′, T × T ′) = hS(X,T ) + hS(X ′, T ′)RW�\�;$e�.4*/+m 7.5.1 ^�Z=O null r^h�r���rZ=��%-F�KOGb�.�5�S��Æ T J7�O^�Z= (X,T ) J null Z=IlpI1Oty�/J null Z=�W)�xx>A 7.4.3 IP8�$� �)6~?�Pp null �P=��=4(/Wr`w�1	�.u+�� null �PIvQ����.CS��~?Ww[f$e�Q�pWr`w�~$E��u+l�:~?Ww (x, y) xWr`wx�ALIu��;un� (x, y) x�p?�{w&wIu6�G|��.-u+�x��&`?�{w[H:HY�Q�pWr`w�Y	$p��WC��U null �PI3�vQ�[$�V~�?�{wI`��S (X,T ) pe^�P� (x1, x2) ∈ X ×X \∆X . 8fw xi, i = 1, 2 I0��:,u= Ui, �./ N(U1, U1) ∩N(U1, U2) 6= ∅, a~ (x1, x2) p LZO.. �.$ WM(X,T ) Nr (X,T ) I#C?�{w�	�>A�:oWr`w:?�{w/<0ÆIY��+m 7.5.2 
 (X,T ) J^�Z=�� SE(X,T ) ⊆WM(X,T ).W)�JS x1 6= x2 � (x1, x2) 6∈WM(X,T ). H$.[ xi, i = 1, 2 Iu= U ′i lG N(U ′1, U

′
1)

∩N(U ′1, U
′
2) = ∅. Y� xi, i = 1, 2 IAu= Ui lG Ui ⊂ U ′i , i = 1, 2 � U1 ∩ U2 = ∅. �*

N(U1, U1) ∩ N(U1, U2) = ∅. )�w0� n ∈ Z+ / U1 ∩ T−nU1 = ∅ $ U1 ∩ T−nU2 = ∅. ���w*? n ∈ Z+ �.4	� Wn = U c1 $ U c2 lG U1 ⊂ T−nWn.~ U = {U c1 , U c2}. w n ∈ N 	40��&��Wr S = {0 ≤ s1 < s2 < · · · }, w*?
x ∈ X, 0	N7I i ∈ {1, 2, · · · , n} lG T six ∈ U1(8f.[8$I i I�). �$ 0
n∨
i=1

T−siU /~?)8�1{L�I? 0�
T−s1U c1 ∩ · · · ∩ T−si−1U c1 ∩ T−siW0 ∩ T−si+1Wsi+1−si

∩ · · · ∩ T−snWsn−si
, i = 1, 2, · · · , n, n+ 1.xrw1/ n ∈ N, N(

∨n
i=1 T

−siU) ≤ n+ 1, �� hStop(T,U) = 0. x�: (x1, x2) 6∈ SE(X,T ),)$�.�:o SE(X,T ) ⊆WM(X,T ). �ae 7.5.3 MÆhGiZ=�SE(X, T ) 	�NJ WM(X,T ) OJrI�}�U;<� 7.4.5`�=$�ÆGiOtQ�yO null �OZ= (X,σ), IÆZ=7x SE(X,T ) = ∅ H
WM(X,T ) 6= ∅(�_\� 3.5.15).
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 (X,T ) J^�Z=� (x1, x2) ∈ X ×X \∆X . }"h xi, i = 1, 2 Oz�'/
Ui, A<t�L%w% S = {0 ≤ t1 < t2 < . . .} �Nhz� n ∈ N ( s = (s(1), . . . , s(n)) ∈
{1, 2}n & ⋂n

i=1 T
−tiUs(i) 6= ∅, � (x1, x2) ∈ SE(X,T ).W)�S Ui p xi, i = 1, 2 IAu=� U1 ∩ U2 = ∅. )AS��.�.[Wr 0 ≤ t1 < t2 <

t3 < · · · lGw0� n > 0, s ∈ {1, 2}n �.QqC xs ∈
n⋂
i=1

T−tiUs(i).S S = {0 ≤ t1 < t2 < t3 < · · · · · · }, Xn = {xs : s ∈ {1, 2}n}. 3�Cw*? s ∈ {1, 2}n,�./ | n⋂
i=1

T−tiU cs(i) ∩Xn| = 1. v{x~uhv |Xn| = 2n, �.4G N(
n∨
i=1

T−tiU) = 2n, } U = {U c1 , U c2}. �$ hStop(T,U) = lim sup
n→+∞

1
nH(

n∨
i=1

T−tiU) = log 2, �� (x1, x2) ∈ SE(X,T ).

��[�.�C�?�{w�pWr`wI~?��HY�S π : X → Y pbY N�8f X I�:,1[ π �I/1 /�:O℄�a~ π p ex�.9� 7.5.5 
 (X,T ) J^�Z=� x1, x2 ∈ X l x1 6= x2. + A = orb((x1, x2), T × T ),}"gT���O?��� π1 : A → X J��O�� (x1, x2) ∈ SE(X,T ) IlpI
(x1, x2) ∈WM(X,T ).W)�JS (x1, x2) ∈ WM(X,T ) � π1 : A → X p*,I�u+�: (x1, x2) ∈ SE(X,T ),)>A 7.5.4 �.�Q�:	�ug�,,: w x1, x2 I0�u= U1, U2, .[Wr 0 ≤ t1 < t2 < t3 < · · · lGw*? l > 0 v
s ∈ {1, 2}l, �.iQqC Ms ∈ Z+ lG TMs(x1) ∈

⋂l
i=1 T

−tiUs(i) � TMs(xj) ∈ Uj , j = 1, 2.,,�W)�W` x1, x2 I,u= U1, U2.� π1 : A→ X p*,I�1	 W1 = int(π1((U1×
U2) ∩A)) p X I�:,1� W1 ⊂ U1. , W2 = U2.)6 (W1×W2)∩Ap AI�:,1	4 (x1, x2)IE[ A �0��$.[ n ∈ Z+lG

(T × T )n(x1, x2) ∈ (W1 ×W2) ∩A (7.5.1)�?�{wx T × T WII	4 (x1, x2) ∈WM(X,T ), )� (T n(x1), T
n(x2)) ∈WM(X,T ).xr�) (7.5.1)� N(W1,W1)∩N(W1,W2) 6= ∅.�$.[ t1 ≥ 0lG W1∩T−t1W1 6= ∅, W1∩

T−t1W2 6= ∅.)6 (x1, x2)IE[ A �0�.[ M1,M2 ∈ Z+ lG (TMi(x1), T
Mi(x2)) ∈

((W1∩T−t1Wi)×U2)∩A, i = 1, 2.xr�w i, j = 1, 2/ TMi(x1) ∈ U1∩T−t1U2� TMi(xj) ∈ Uj.�[JS 0 ≤ t1 < t2 < · · · < tl, l ≥ 1 ��`�q��Gw0� s ∈ {1, 2}l .[
Ms ∈ Z+ lG TMs(x1) ∈

⋂l
i=1 T

−tiUs(i) � TMs(xj) ∈ Uj, j = 1, 2.	�`� tl+1. � δ > 0 lGw X  0��G d(z1, x1) < δ, d(z2, x2) < δ I z1, z2, �./ TMs(z1) ∈
⋂l
i=1 T

−tiUs(i), T
Ms(zj) ∈ Uj, j = 1, 2 w*? s ∈ {1, 2}l �\�~ U δ1 = {z ∈

X : d(z, x1) < δ}, U δ2 = {z ∈ X : d(z, x2) < δ}.� π1 : A → X p*,I� W δ
1 = int(π1((U

δ
1 × U δ2 ) ∩ A)) p�:,1� W δ

1 ⊂ U δ1 . ~
W δ

2 = U δ2 . NF5I:���./ N(W δ
1 ,W

δ
1 ) ∩ N(W δ

1 ,W
δ
2 ) 6= ∅. Wb~$L (Cue� δ
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1 ,W

δ
1 ) ∩ N(W δ

1 ,W
δ
2 ) ⊂ {t1 + 1, t1 + 2, · · · }. �$.[ tl+1 > tl�G W δ

1 ∩ T−tl+1W δ
i 6= ∅, i = 1, 2. �[�.Q\_ P1, P2 ∈ Z+ lGw i, j = 1, 2 /

TPi(x1) ∈W δ
1 ∩ T−tl+1W δ

i , TPi(xj) ∈ U δj �\�w r ∈ {1, 2}l+1, � s ∈ {1, 2}l �G s(i) = r(i), i = 1, 2, · · · , l, YS r(l + 1) = k.~ Mr = Ms + Pk. a TMr(x1) = TMs(TPk(x1)) ∈
⋂l
i=1 T

−tiUs(i). )6 T tl+1TPk(x1) ∈ W δ
k ,1	 T tl+1TMr(x1) = TMsT tl+1TPk(x1) ∈ Uk. �$ TMr(x1) ∈

⋂l
i=1 T

−tiUs(i)
⋂
T−tl+1Uk =

⋂l+1
i=1 T

−tiUr(i). :$Nex/ TMr(xj) = TMsTPk(xj) ∈ Uj . x�d�ougI�:� �= T pNde��.`� orbZ(x1, x2) = {(T × T )n(x1, x2) : n ∈ Z}. d#M�6�Q
7.5.5 I�:��./9� 7.5.6 
 (X,T ) J�O^�Z=� x1, x2 ∈ X 7x x1 6= x2. + A = orbZ(x1, x2),}"gT���O?��� π1 : A → X J��O�� (x1, x2) ∈ SE(X,T ) IlpI
(x1, x2) ∈WM(X,T ).v 7.5.7 
 (X,T ) J8VZ=� x1 J T O8VX�K p J T O�^X�� (x1, p) ∈
SE(X,T ) IlpI (x1, p) ∈WM(X,T ).W)�� A = orb((x1, p), T × T ), a A = X × {p}. �*�S� N π1 : A→ X p*,I�)�Q 7.5.5 6�\��\� �S S p Z+ I?1��.��~� S IF* Banach 0n`�p

BD⋆(S) = lim sup
|I|→+∞

|S ∩ I|
|I| ,} I �K Z+ I/"?�N�8fw*? a < 1 .[A*� N lGw Z+ I0�tn36 N /"?�N I �./ |S ∩ I| ≥ a|I| �\��.�� S I�* Banach 0np 1.S (X,T ) pe^�P�8fw X I*w�:,1 U, V , �#eN1 N(U, V )  /�F*

Banach 0n��.�~ (X,T ) p Se Banach ���. [`Q 2.6.5 �.���:�8f
(X,T ) p E �P�aw X I*w�:,1 U, V , �#eN1 N(U, V ) p syndetic 1��$ E �PxF* Banach �U�P��[�.Q�:!� 7.5.8 
 (X,T ) J^�Z=�}" (X,T ) JtGiO�� Banach 8VZ=��
SE(X,T ) 6= ∅, M (X,T ) �J null Z=�W)�Wb~$L��.WÆS (X,T ) /WeW p (l$>A 7.4.3). 0� (X,T ) I�UW
x1, 	��: (x1, p) ∈ SE(X,T ). )\� 7.5.7, �.�Q�: (x1, p) ∈WM(X,T ). S U1,U2�Pp x1,p Iu=��[/j$4QI�G�C� 1: (X,T ) p E �P�� (X,T ) p E �P�N(U1 , U1) p syndetic1 (eV`Q 2.6.5).)6 p pWeW� N(x1, U2) p thick 1��� N(U1, U2) = N(x1, U2)−N(x1, U1) p thick1�v{F5Ij?uh��./ N(U1, U1) ∩N(U1, U2) 6= ∅. )� (x1, p) ∈WM(X,T ).C� 2: (X,T ) Wp E �P�WÆS (X,T ) pn~KV�P�Win δp pn~IWIin (�a�.^1/WIinI�|R[~�Y^x?RIA.�.�~W�x�GC
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(X,T ) I~?�?�P�*�?�Px�-7IF* Banach �UIn~KV�P�n~IWIinx1 [WeWFIWin�8f*�?�P/Wr`w�a (X,T ) /Wr`w). �./,,�N(x1, U2) I�* Banach 0np 1.,,�W)�8fugW�\�a N(x1, U

c
2) /�F* Banach 0n��$.[ k ∈ N 	4 ak < bk lG

lim
k→+∞

1

bk − ak
|N(x1, U

c
2 ) ∩ {ak, ak + 1, · · · , bk − 1}| > 0 v lim

k→+∞
(bk − ak) = +∞.�[�S µk = 1

bk−ak

bk−1∑
i=ak

δT ix1
. S µ = lim

i→+∞
µki
p {µk}+∞k=1 [ ?⋆ _u�I-"W���P� µ p (X,T ) IWIin�

µ(U c2) ≥ lim
i→+∞

µki
(U c2) = lim

i→+∞
1

bki
−aki

bki
−1∑

i=aki

δT ix1
(U c2)

= lim
i→+∞

|N(x1,Uc
2)∩{aki

,aki
+1,··· ,bki

−1}|
bki
−aki

> 0.)� µ 6= δp, x: (X,T ) In~KV"z�x�d�ougI�:�� (X,T ) pF* Banach �U�P� N(U1, U1)  /�F* Banach 0n�)ug�
N(x1, U2)I�* Banach0np 1. x�: N(U1, U2) = N(x1, U2)−N(x1, U1)I�* Banach0nxp 1. )�� N(U1, U1) ∩N(U1, U2) 6= ∅. �$ (x1, p) ∈WM(X,T ). �[87rN��.?�~?4ux&P�A��m 7.5.9 �wA<8VtGiO null Z=�	 l 7.5

1. R X = {x∞} ∪ {xi : i ∈ Z}, |� x∞ 6= xi, i ∈ Z, xi 6= xj , i 6= j �3 lim|i|→+∞ xi = x∞. _��M T : X → X kF x∞ oVdV� T (xi) = xi+1, i ∈ Z. �9� (X,T ) o null �O�<OO�7e�*>V0 Ω(T ) ojV0�` (X,T ) o null �O�
2. R (X,T )w}>�n�H�T�O�7e-Z (X,T )H>�O (Y, T )kF (X,T )>Vd5 (Y, T ),` (X × Y, T × T ) H�TV (x, y) ∈ SE(X,T ) <��< (x, y) ∈WM(X,T ).

3. �9,oCA�OHM2H null �>wn��O�
4. �9�P 7.5.6.

§7.6 `� null �s�nH[87r�.^X$-7Nd�PIvQ`QE�-7 null �PIvQ��$[87r �.��0	Iw3x4T-7�P�*�X$A*D�!0	~$I-7e^�P�



` v f _ � Q . � S 189 zUbC x&�.y�7 §7.6 Hj null [>Pj���,�.C�~:&8`��S (X,T ) p /nl d I4Te^�P�S (x1, x2)p X IWw�8f.[ ni ∈ Z �G |ni| → +∞ 	4 d(T ni(x1), T
ni(x2))→ 0, a~ (x1, x2)p bl� proximal .; 8f (x1, x2) Wp�FI proximal w�a~ (x1, x2) p bl�

distal .. S π : (X,T ) → (Y, S) p4Te^�PNI�? N�8f�G π(x1) = π(x2)IWw (x1, x2) *p�FI proximal w (&�P��FI distal w), a~ π : X → Y p
proximal(&�P� distal)��; 8f.[ X I~?�0I Gδ 1 X0 lGw0� x ∈ X0/ π−1π(x) = {x}, a~ π : X → Y p dP0.0��; 8fw0� ǫ > 0 .[ δ > 0lG π(x1) = π(x2), d(x1, x2) < δ Q\� d(T n(x1), T

n(x2)) < ǫ w0� n ∈ Z �\�a~
π : X → Y p �(Æ&��(/e�.x~MnbYD�pM"D�). 6�-�M"D�~`p distal D��S π : (X,T )→ (Y, S) p-74T�PNID��8f.[4�W� η v-74T�P+ Xλ (0 ≤ λ ≤ η) lG (i) X0 = Y , Xη = X. (ii) w*? λ < η, .[D� πλ : Xλ+1 → XλlG πλ $p:�~w~D�$pM"D�� (iii) w*?-"W� ν ≤ η �P Xν p�P
Xλ (λ < ν) IT-"�P� (iv) π pD� φλ(λ < η) Iw"#{��.�~D� π p *E� HPI ��. ���-7�PNID� π : X → Y ~p HPI ��, 8f.[-7�PNI:�~w~D� ψ : Z → X lG π ◦ ψ : Z → Y pb<I HPI D��+m 7.6.1 
 π : (X,T )→ (Y, S) JGi�OZ=\O�/�}" π UJ proximal �/)J HPI �/�� π JO0�h�O�/�W)�)6 πp HPID��.[-7�PNI:�~w~D� ψ : Z → X lG π◦ψ : Z → Ypb<I HPID����.[4�W� ηv-74T�P+ Xλ (0 ≤ λ ≤ η)lG (i)X0 = Y ,

Xη = Z. (ii) w*? λ < η, .[D� πλ : Xλ+1 → Xλ lG πλ $p:�~w~D�$pM"D�� (iii) w*?-"W� ν ≤ η �P Xν p�P Xλ (λ < ν) IT-"�P (iv) π ◦ ψpD� φλ(λ < η) Iw"#{��[��.�:w*? λ < η D� πλ : Xλ+1 → Xλ p:�~w~D��8=W*�JS.[ θ < η lG πθ : Xθ+1 → Xθ p�NQIM"D��xr�.QqC x, y ∈ Xθ+1 lG πθ(x) = πθ(y) � (x, y) p�FI distal Ww�S π′ : Z → Xθ+1 pD� φλ(θ + 1 ≤ λ < η)Iw"#{�0� x′ ∈ π′−1(x), y′ ∈ π′−1(y), a (x′, y′) p distal Ww� π ◦ψ(x′) = π ◦ψ(y′).;|~5�)6j? proximalD�#{�4p proximalD��)� π ◦ψ p proximal D��=PP� (x′, y′) p�FI proximal Ww�x: (x′, y′) p�FI distal Ww"z�)6:�~w~D�I4�w"#{4p:�~w~D��)� π ◦ ψ p:�~w~D��4� ψ p:�~w~D��1	 π p:�~w~D�� �p�~[P�-7 null �PIvQ��.Qu!0	w6-7�Pf$e�~??�{wQ�pWr`w����./9� 7.6.2 
 π : (X,T ) → (Y, T ) JGi�OZ=\O�/� x1, x2 ∈ X 7x x1 6=
x2, π(x1) = π(x2). }" (x1, x2) J-F�\OGiX�� (x1, x2) ∈ SE(X,T ) IlpI
(x1, x2) ∈WM(X,T ).



` v f _ � Q . � S 190 zUbC x&�.y�7 §7.6 Hj null [>Pj�W)�S A = orb((x1, x2), T × T ), ���.�: π1 : A→ X p*,I�S U p A I�:,1�� A I�:,1 U1 lG U1 ⊂ U . � (A,T × T ) p-7�P�1	.[ k ∈ N lG
⋃k
i=0(T ×T )iU1 = A.�� ⋃k

i=0 T
iπ1(U1) = X, � T pNd	4 π1(U1)pA1�) Baire `Q�.� int(π1(U1)) 6= ∅. �� int(π1(U)) 6= ∅. x��: π p*,I�N��)�Q 7.5.6� (x1, x2) ∈ SE(X,T ) =��= (x1, x2) ∈WM(X,T ). �ae 7.6.3 Gv�*SU;��OCGiZ=\O<4J��O�v 7.6.4 
 π : (X,T ) → (Y, T ) JGi�OZ=\O distal �/� x1, x2 ∈ X 7x

x1 6= x2, π(x1) = π(x2). � (x1, x2) ∈ SE(X,T ) IlpI (x1, x2) ∈WM(X,T ).W)�)�Q 7.6.2, �.�Q�: (x1, x2)p�*:NI-7W�S E(X,T )p�P (X,T )I Ellis *(� I ⊂ E(X,T ) p E(X,T ) I-7QQ+�)6 x1 p-7W�D�>A 3.3.13.[-72MB u ∈ I lG ux1 = x1. 3�C (x2, ux2) p�FI proxiaml w� π(x2) =

π(x1) = π(ux1) = π(ux2) 	4 π p distal D���./ x2 = ux2, 6 u(x1, x2) = (x1, x2). )� (x1, x2) p (X ×X,T × T ) I-7W� �v 7.6.5 }" (X,T ) JGi distal Z=�� SE(X,T ) = Q(X,T ) \∆X , I� Q(X,T ) J
(X,T ) Ox� proxiaml �Z�W)�� (X,T ) p distal �P�)� T 4T� π : X → Y p distal D��} (Y, S) po��P��$)`Q 3.5.9 v\� 7.6.4 � SE(X,T ) = WM(X,T ) = Q(X,T ) \∆X . �/o	F;5��[�.4	�:87rI-uvf�!� 7.6.6 �
 (X,T ) JGi null O�OZ=�� (X,T ) J�ÆGiQ�yZ=OO0�h��/�M dPi^�s.W)�S π : (X,T ) → (Y, S) p (X,T ) IN3MnbY�?�8f~ Rπ = {(x, y) ∈
X × X : π(x) = π(y)}, a Rπ = Q(X,T ) = WM(X,T ) ∪ ∆X . w (x1, x2) ∈ Rπ \ ∆X , )6
(x1, x2) ∈WM(X,T ) ; (x1, x2) 6∈ SE(X,T ), �./ (x1, x2) Wp�*:NI-7W��$
∆X p�P (Rπ, T × T ) n~I-71�)� Rπ ⊂ PR(X,T ). 6 π p proximal D��	��.�: π : X → Y p HPI D��8f π : X → Y Wp HPI D��) WoudeI~?vf (eV`Q 3.6.7 (2)) �.[ A ⊂ Rπ lG (A,T × T ) p (X,T ) I�F�UI�-7?�P�1j?WMIS� N πi : A → X, i = 1, 2 p*,I�� (A,T × T )p�F�UI�)�.[ (x1, x2) ∈ A,x1 6= x2 lG cl(orbZ((x1, x2), T × T )) = A. 3�C
(x1, x2) ∈ PR(X,T ) \∆X ⊆WM(X,T ), )�Q 7.5.6 � (x1, x2) ∈ SE(X,T ), x: (X,T ) p
null �P&"z��[�)6 π 6p proximal D�4p HPI D��)>A 7.6.1 � π p:�~w~ID�� �)6:�A��Px4Q /�`�1	-7 null Lb<}6-7MnbYLv:�A�L
N��5I�Ql�.w-7 null I4T�PIvQQ�IG|�!� 7.6.7 
 (X,T ) JGi null O�OZ=�� (X,T ) JI���Z=�W)�)`Q 7.6.6 �.[-7MnbY�P (Y, S) �G π : X → Y p:�~w~D��



` v f _ � Q . � S 191 zUbC x&�.y�7 §7.6 Hj null [>Pj�S ν p (Y, S) n~IWIin�0� (X,T ) IWIin µ, S µ =
∫
Y µydν(y) x µ [ ν Fin�x�aw ν-a.e. y ∈ Y �./ µy x X FI Borel in� supp(µy) ⊂ π−1(y) �./,,�w ν-a.e. y ∈ Y , µy x1 [~?WIWin�,,�W)�S W = {(x, y) ∈ X×X : π(x) = π(y)}.�w ν-a.e. y ∈ Y / supp(µy) ⊆ π−1(y),1	w ν-a.e. y ∈ Y �g supp(µy × µy) ⊂ π−1(y)× π−1(y) ⊂W . )�

µ×Y µ(W ) =

∫

y∈Y
µy × µy(W )dν = 1.8f µ×Y µ(∆X) 6= 1, a µ×Y µ(W \∆X) > 0. �$.[ (W,T × T ) IKVin w lG w(W \∆X) > 0. )6 ∆X p (W,T × T ) n~I-71�1	 supp(w) p�-7I E �P�)`Q 7.5.8 � SE(supp(w), T × T ) 6= ∅, x: (X ×X,T × T ) p null �P&"z�x��: µ×Y µ(∆X) = 1. 3�C

µ×Y µ(∆X) =

∫

y∈Y
µy × µy(∆X)dν = 1,�./ µy × µy(∆X) = 1, ν-a.e. y ∈ Y . xUj<w ν-a.e. y ∈ Y �g µy x1 [~?W

c(y) IWin δc(y). ugG���[�.�: (X,T ) pn~KVI�JS µ1, µ2 p (X,T ) Ij?WIin�~ µ =
1
2(µ1 + µ2). )ug�.� µiy p1 [~?W ci(y), ν-a.e. y ∈ Y . )�w ν-a.e. y ∈ Y �g
µy 1 [W c1(y), c2(y) F�Y&S$ug� c1(y) = c2(y), ν-a.e. y ∈ Y . x�: µ1 = µ2.x��:o (X,T ) pn~KVI� �[8rIN���.�:w~$I-7 null �Px/M�vQ�p$��.QuC�e^�Pv}A*D�
NWr`IY�	4|b~:L�I:?�Q�9� 7.6.8 
 (X,T ) J7x T J7�O^�Z=K π1 : (X̃, T̃ )→ (X,T ) Jty�/��hz�t�L%w% S U;& hStop(T ) = hStop(T̃ ).W)�S πk : X̃ → X p1R k?WMIS��� X I, 0Wr Un�G diam(Un)→ 0,a
{π−1

k Un}∞n,k=1 p��6xI, 0Wr�= n, k → +∞. � hStop(T,Un) = hStop(T̃ , π−1
k Un)., n, k →∞, )>A 7.3.1 � hStop(T ) = hStop(T̃ ). �9� 7.6.9 
 X,Y Jo#�\�K π : X → Y J�y7���# x 7→ diam(π−1(x))\�O�� φ : X → [0,diam(X)] J���y���M lim supx→x0

φ(x) ≤ φ(x0) h:Æ
x0 ∈ X ,��ql AX = {x ∈ X : π−1π(x) = {x}}, AY = {y ∈ Y : Card(π−1(y)) = 1} u�J X ( Y O Gδ I�}"�Y π ���O:a�� AX < X `0<IlpI AY < Y`0<�W)�S d p X F:_u&6I~?nl�W` x0 ∈ X. �Wr xn → x0 �G
limn→∞ φ(xn) = lim supx→x0

φ(x), �.\ yn, zn ∈ π−1(xn) lG d(yn, zn) = φ(xn). )6
X p�nl:N�.[?r yni

, zni
	4 y0, z0 ∈ X lG limi→∞ yni

= y0 � limi→∞ zni
= z0.�* y0, z0 ∈ π−1(x0) � d(y0, z0) = lim supx→x0

φ(x), x�: lim supx→x0
φ(x) ≤ φ(x0).
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UbC x&�.y�7 §7.6 Hj null [>Pj��[~ AY (k) = {y ∈ Y : diam(π−1(y)) ∈ [0, 1
k )}, ) N φIF*bY N� AY (k) p

Y I,1��� AY =
⋂∞
k=1AY (k) v AX = π−1(AY ) p Gδ 1�N��8f(H π x*,IHY�4x6�-� AX [ X  �0=��= AY [ Y  �0� �9� 7.6.10 
 (X,T ) JGi^�Z=K π1 : (X̃, T̃ )→ (X,T ) Jty�/�� π1 JO0�h��/l (X̃, T̃ ) JGiZ=�W)�S A = {x ∈ X : Card(T−n(x)) = 1,∀n ∈ N}, �.	��: Ap X I�0 Gδ 1�~

Ak,n = {x ∈ X : diam(T−n(x)) ∈ [0, 1
k )}, a)�Q 7.6.9 � Ak,n p,1�8f Ak,n Wp XI�0?1�a Dk,n = X \ An,k  /�:O℄��$ T−nDk,n x /�:O℄���:,1 U ⊂ T−nDk,n �G diam(U) < 1
k . 1{ U 6 Dk,n  D:W[ T−n �IT/1 0�)6x:W[ T−n �IT/I� ≥ 1

k ,1	WQ#6 U  0��$ T n(U) ⊂ T n(X \U).� B′ = X \ U , a B′ pA1� T n(B′) ⊃ (T n(U) ∪ T n(B′)) = X. )6 B′ 6= X v
T n(B′) = X, .[ l ∈ {0, 1, · · · , n − 1} lG T lB′ 6= X 	4 T l+1B′ = X. ~ B = T lB′, a
B pA1��G B 6= X v T (B) = X. `� g : B → X lG g = T |B, a X = g(B) ⊃ B.�� g−(k+1)B ⊂ g−k(B) w k ∈ Z+, 6 g−k(B) p B URIA1Wr��$8fS M =
⋂∞
k=0 T

−k(B) =
⋂∞
k=0 g

−k(B), a M p�:A1�3�C T (M) ⊂ M , M pAIWI1�
M 6= X, x: (X,T ) p-7�P&"z�)	F:���.� Ak,n p X I�0,1��$ A =

⋂∞
k,n=1Ak,n p X I�0I Gδ 1��[��.�: (X̃, T̃ ) p-7�P�p$��.�Q�:*?W x̃ ∈ X̃ p�UW�S x = π1(x̃) v πk : X̃ → X p1R k ?WMIS��� {Un}∞n=1 p X I4�&�a {π−1

k Un}∞n,k=1 p X̃ I4�&�� (X,T ) p-7�P�w*? Un .[ mn ∈ N �G
Tmn(x) ∈ Un. �� T̃mn+k(x̃) ∈ π−1

k Un. x��: x̃ p�UW�N��3�C A = {x ∈ X : Card(π−1
1 (x)) = 1} p X I�0 Gδ 1	4-7�PNIN8p*,I��$)�Q 7.6.9 � {x̃ ∈ X̃ : T̃−1T̃ (x̃) = {x̃}} p X̃ I�0 Gδ 1�6 π1p:�~w~D�� �!� 7.6.11 
 (X,T ) JGi null Z=�� (X,T ) JI���Z=�l1��ÆGiQ�yZ=OO0�h��/�W)�S π1 : (X̃, T̃ )→ (X,T ) p (X,T ) IA*D��)	F�Q 7.6.9 v�Q 7.6.10 �.� (X̃, T̃ ) xp-7 null �P� π1 p:�~w~D��`Q 7.6.7 9'�. (X̃, T̃ ) pn~KV�P�Y3�C (X,T ) I*?WIinp (X̃, T̃ ) ID?WIin[ π1 �I/��./ (X,T ) pn~KV�P�S π : (X̃, T̃ ) → (Y, S) p (X̃, T̃ ) IN3MnbY�?�� π1 p[
D�	4

PR(X̃, T̃ ) = Rπ, �$ π(π−1
1 (x)) pkW1��.^}`�p ϕ(x). WL-� ϕ : (X,T ) →

(Y, S) p�? N� {y ∈ Y : Card(ϕ−1(y)) = 1} ⊃ {y ∈ Y : Card(π−1(y)) = 1}.)6 π p:�~w~D�� {y ∈ Y : Card(π−1(y)) = 1} p Y I�0 Gδ 1���
{y ∈ Y : Card(ϕ−1(y)) = 1} p Y I�0 Gδ 1�N��)6-7�PNIN8p*,I (eV3? 7.6.3), )�Q 7.6.9 � ϕ p:�~w~D�� �
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1. �9,6�OH9�}v}C
3o,6�O�
2. R (X,T ) o,6�O�A o X HÆ/ Gδ 0��9� T (A), T−1(A) )-in X H}>Æ/ Gδ0�
3. R π : (X,T )→ (Y, S)o,6�OMHZ	C
�̀ π o9�}v}C
� [>q�k#_P 3.6.7

(2)]

4. w� null H distal �O}_oLmaX�O�
§7.7 >�� Koopman-Von Neumann :ZO!��W)8(�IFIxC� Koopman-Von Neumannx�{`QI�:�p$�.��Pu}K~:xQ�I&8�i�[8(� ��I Hilbert :N�.*JSp4�I�!6 7.7.1 $% φ : Z→ C *J V!�, }"h:Æ&bO}%w% {an}Nn=0 &

N∑

m=0

N∑

n=0

amanφ(m− n) ≥ 0.�.C�j?�`Io�IZ?�
1. S U p Hilbert :N H FI-)?v x ∈ H. �w*?/"I#�Wr {an}Nn=0 /

N∑

n,m=0

< Um−nx, x > aman =<

N∑

n=0

anU
nx,

N∑

m=0

amU
mx >≥ 0,o� φ(n) =< Unx, x > x�`I�

2. S µ p T = {z ∈ C : |z| = 1} FI�& Borel /"in�*inI Fourier I��o�
µ̂(n) =

∫
T
zndµ(z) x�`I�F5Z (2) IT>Axx�\I�x�x/<I Herglotz `Q�!� 7.7.2 (Herglotz \�) h�\M\$% φ : Z → C, A< T �I�Ot� Borel &b! µ �N µ̂(n) = φ(n),∀n ∈ Z.W)�)6 φ p�`o���.WL-� φ(0) ≥ 0 	4w*? λ ∈ C,

(1 + |λ|2)φ(0) + φ(n)λ+ φ(−n)λ ≥ 0.�$w*? λ ∈ C �./ φ(n)λ + φ(−n)λ ph��x�: φ(−n) = φ(n). ~ λ = θφ(n) �.!G (1 + |θ|2|φ(n)|2)φ(0) + θ|φ(n)|2 + θ|φ(n)|2 ≥ 0 w*? θ ∈ C �\�=PP�= θ ph�e�FpN: (1 + θ2|φ(n)|2)φ(0) + 2θ|φ(n)|2 ≥ 0 w#Ch� θ�\�)$4\G |φ(n)| ≤ φ(0),∀n ∈ Z. x�:o� φ(n) x/zI�8f φ(0) = 0, a
φ(n) ≡ 0, $en~�&inp[*? Borel 1F�x�Iin�



` v f _ � Q . � S 194 zUbC x&�.y�7 §7.7 �0� Koopman-Von Neumann `�,℄�PPD	�S φ(0) > 0, Wb~$L�WÆS φ(0) = 1. w s ∈ (0, 1), )�`L4	\�w1/ |z| = 1 / fs(z) =
∑∞

n,m=0 φ(n−m)sn+mzm−n ≥ 0. 3�C
∞∑

n,m=0

φ(m− n)sn+mzn−m =

+∞∑

n=−∞
φ(n)z−n

∞∑

m=0

s|n|+2m =

+∞∑

n=−∞
φ(n)z−ns|n|

1

1− s2 .�$ ∫

T

fs(z)z
−ndz =

φ(−n)s|n|

1− s2 . (7.7.1)�[`� T FI�& Borel in µs lG dµs

dz = (1− s2)fs(z) ≥ 0. )Mp (7.7.1) �
∫

T

z−ndµs = φ(−n)s|n|, µs(T) = φ(0) = 1, (7.7.2)x�: µs ∈M(T), xTM(T) p T F Borel -in#C�\_Wr sm → 1(0 < sm < 1), lG µsm → µ [M(T) I? * _u����\�[Mp (7.7.2)  � s = sm, Y, m→∞ �./ µ̂(n) = φ(n),∀n ∈ Z. �$�`QI.[L℄�G��	��:n~L�S ν p T FlG ν̂(n) = φ(n),∀n ∈ Z �&I/" Borel in�aw {zk}∞k=0 I0�/"I$LL{ p(z), �./ ∫
T
p(z)dν =

∫
T
p(z)dµ. �8$Io�[

C(T; C)  �0�1	 ∫
T
f(z)dν =

∫
T
f(z)dµ w1/ f ∈ C(T; C) �\�x��: ν = µ. �S U p Hilbert :N H FI-)?v x ∈ H. �.$ Z(x) Nr) x [�I_�?:N�6 Z(x) x H I.j {Unx : n ∈ Z} IN7IA?:N��o� φ(n) =< Unx, x > x�`I�) Herglotz `Q�.[ T Fn~I�& Borel in σx lG σ̂x(n) =< Unx, x > .=PP� σx(T) = σ̂x(0) =

∫
T

1dσx =< x, x >= ||x||2. �.~ σx p x(&w6 U) I :z(.WL-� x = 0 =��= σx pxin�+m 7.7.3 
 U J Hilbert �\ H �O%,r( x ∈ H \ {0}. \�
V : L2(σx,T)→ L2(σx,T)�NV f(z) = zf(z) (z ∈ T),� V J%,rl W−1
x VWx = U , ` Wx : Z(x)→ L2(σx,T) J�� Unx 7→ zn ∈ L2(σx,T)OI�rQ|�D�W)�8f p(z) =

∑m
j=−m ajz

j v q(z) =
∑n

l=−n blz
l p�g|.p�a

< p(U)x, q(U)x >Z(x) =
∑m

j=−m
∑n

l=−n ajbl < U j−lx, x >Z(x)=
∑m

j=−m
∑n

l=−n ajblσ̂x(j − l)
=

∑m
j=−m

∑n
l=−n ajbl

∫
T
zj−ldσx =< p(z), q(z) >L2(σx,T) .�pG8 p(U)x I1l[ Z(x)  �0�:$Ne�g|.p p(z) [ L2(σx,T)  �0�x�d�o�:� �+m 7.7.4 
 U J Hilbert �\ H �O%,r( x ∈ H.

1. 
 µ J T �t�O&b Borel !�}" µ ≤ σx, �A< y ∈ Z(x) �N σy = µ.
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2. 
 y ∈ H, }" Z(y) ⊥ Z(x), � σx+y = σx + σy.W)�(1). 8f σxpxin�xx:�P�	�JS σxWpxin�6 x 6= 0.S f =

√
dµ
dσx

,a f ∈ L2(T, σx). � y = W−1
x f , } Wx 8>A 7.7.3 1`��a y ∈ Z(x) �

σ̂y(n) =< Uny, y >Z(x)=< WxU
ny,Wxy >L2(T,σx)

=< V nf, f >L2(T,σx)=
∫

T
zn dµ

dσx
dσx = µ̂(n)x�: σy = µ.

(2). S y ∈ H, 8f Z(y) ⊥ Z(x), a
σ̂x+y(n) =< Un(x+ y), x+ y >=< Unx, x > + < Uny, y >= σ̂x + σy(n).�[) Herglotz `Q� σx+y = σx + σy. �S U p Hilbert :N H FI-)?� x ∈ H \ {0} ~ jT��, 8f.[ λ ∈ C �G

Ux = λx. $e� λ ~p �.A x �jTY. �.WL-� U I*?=~�?p 1 �w�6j?WN=~�I=~1l>$�e��.$ Hd Nr H I1/=~1l$LL{IA.� Hd p H I?:N�~
p H I �Q:}g. �* UHd = Hd v UH⊥d = H⊥d .S µ p T FI�I Borel in�8f.[ T I4�?1 A �G µ(T \A) = 0, a~ µx ÆFh�; 8fw*?W z ∈ T / µ({z}) = 0, a~ µ x Æ&�.+m 7.7.5 
 U J Hilbert �\ H �O%,r� Hd J H O��_�\��
1. h x ∈ H \ {0}, x ∈ Hd IlpI σx J<2rO�
2. h x ∈ H \ {0}, x ∈ H⊥d IlpI σx J�yO�W)�(i) ����.�:8f x ∈ Hd, a σx p!D?I�S x ∈ Hd, a x 4	=p x =

∑
i∈I a(i)xi, } I p4�1� a(i) ∈ C, xi p /=~� λi I=~1l� < xi, xj >= 0 = i 6= j ∈ I, 	4 ∑

i∈I |a(i)|2||xi||2 < +∞. �$
Unx =

∑
i∈I a(i)λ

n
i xi 	4

∫

T

zndσx(z) =< Unx, x >=
∑

i∈I
|a(i)|2λni ||xi||2.xr) Herglotz `Q4G σx =

∑
i∈I |a(i)|2||xi||2δλi

, } δz, z ∈ T Nr1 [ z FIWin (6w T I*? Borel 1 A, 8f z ∈ A a δz(A) = 1, �a δz(A) = 0). xr σx xp!D?I�
(ii) }&�8f x ∈ H⊥d , a σx pbYI�8=W*�.[ λ ∈ T lG σx({λ}) > 0, x�: δλ ≤ σx, �$)>A 7.7.4 �.[ y ∈ Z(x) lG σy = δλ. �V

< Uny, y >=

∫

T

zndδλ = λn||y||2.��
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< Uy − λy,Uy − λy > =< Uy,Uy > −λ< Uy, y >− λ < Uy, y > + < y, y >

= 2 < y, y > −2 < y, y >

= 0.6 Uy = λy. 6x y ∈ Hd ∩ Z(x) ⊂ Hd ∩ H⊥d = {0}. �$ y = 0, x: σy = δλ Wpxin&"z�
(iii) S x ∈ H, a.[ xd ∈ Hd, xc ∈ H⊥d lG x = xd + xc. )6 Z(xd) ⊥ Z(xc), )>A

7.7.4 IL� (2) � σx = σxd
+ σxc . �[�)F5I (i) v (ii) ��8f xd 6= 0 a σxd

p!D?I�8f xc 6= 0 a σxc pbYI��$8f σx p!D?I�a σxc pxin�6 xc = 0 v x = xd ∈ Hd; NQ�8f σxpbYI�a x ∈ H⊥d . x�d�o>AI�:� �ae 7.7.6 � (ii) OOC���3�x J� λ J5KUO5Kg#IlpI σx = ||x||2δλ.!� 7.7.7 (Wiener \�) 
 U J Hilbert �\ H �O%,r� Hd J H O��_�\(
x ∈ H. ��℄($�>Q[
1. x ∈ H⊥d .

2. limN→∞ 1
N

∑N−1
n=0 | < Unx, x > |2 = 0.

3. h:Æ y ∈ H, limN→∞ 1
N

∑N−1
n=0 | < Unx, y > |2 = 0.

4. A< S ⊂ Z+, d(S) = 1 �Nh:Æ y ∈ H, limn→+∞,n∈S < Unx, y >= 0.W)�(4) ⇒ (3)⇒ (2) x:��\I�
(2)⇔ (1) ���w*? z ∈ T �./ limN→∞ 1

N

∑N
n=0 z

n = δ1({z}). �$
limN→∞ 1

N

∑N−1
n=0 | < Unx, x > |2 = limN→∞

∫
T×T

1
N

∑N−1
n=0 (z1z2)

ndσx × σx(z1, z2)
=

∫
T×T

δ1({z1z2})dσx × σx(z1, z2)
=

∫
T

∫
T
δ1({z1z2})dσx(z1)dσx(z2)

=
∫

T
σx({z2})dσx(z2).

(7.7.3)x��: limN→∞ 1
N

∑N−1
n=0 | < Unx, x > |2 = 0=��= σx({z2}) = 0w*? z2 ∈ T �\�6 (1)⇔ (2).

(2)⇒ (4) JS (2) �\�~
Hx = {y ∈ H : lim

N→∞
1

N

N−1∑

n=0

| < Unx, y > |2 = 0}a6�-� Hx p H I U WIIA?:N�� x ∈ Hx, Z(x) ⊆ Hx. �* Z(x)⊥ ⊂ Hx. x�: Hx = H.)6 H p4�:N�� H I4��0?1 {y′j}j∈N. ~ yj =
y′j
||y′j ||

, 8f y′j 6= 0, �a~
yj = 0. S

an =
∞∑

j=1

1

2j
| < Unx, yj > |2,∀n ∈ Z+.
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N→+∞

1
N

∑N
n=1 |an| = 0. �[X$�Q 2.3.2 �.[ S ⊂ N, d(S) = 1 lG

limn→∞,n∈S an = 0. LhP8I9
:��G4!G (4). �S U p Hilbert :N H FI-)?��.!�G {Unx : n ∈ Z} p H I�?1I1l x ~p dP_;��, �.$ Hc Nr H I#C:�)z1l�3�Cj?:�)z1lI$LL{4p:�)z1l��.WL�: Hc p H IA?:N��*=~1lp:�)z1l��� Hd ⊆ Hc. uhF�	�`Q�:&	I.jY�xx�\I�!� 7.7.8 
 U J Hilbert �\ H �O%,r�� Hc = Hd.W)��.�Q�: Hc ⊆ Hd. 0� x ∈ Hc, ^ x �xp x = x1 + x2 �G x1 ∈ Hd ⊆ Hc v
x2 ∈ H⊥d . �*x/ x2 = x− x1 ∈ Hc. 8f�.Q�: x2 = 0, a x = x1 ∈ Hd, x�d�o�:�8f x2 6= 0, a ǫ = ||x2||

2 > 0. � {Unx2 : n ∈ Z} p H I�?1�.[ N ∈ N lGw*? n ∈ N /
min

k∈{0,1,··· ,N}
||Unx2 − Ukx2|| < ǫ. (7.7.4)����.QRqC k ∈ {0, 1, · · · , N} lG1{ F = {n ∈ Z+ : ||Unx2 − Ukx2|| < ǫ} �G

d∗(F ) = lim infm→∞
|F∩[0,m−1]|

m > 0.3�C= n ∈ F ,

| < Unx2, U
kx2 > | = | < Ukx2, U

kx2 > + < Unx2 − Ukx2, U
kx2 > |

= |||x2||2+ < Unx2 − Ukx2, U
kx2 > |

≥ ||x2||2 − | < Unx2 − Unx2, U
kx2 > |

≥ ||x2||2 − ||Unx2 − Ukx2|| · ||Ukx2||
≥ ||x2||2 − ǫ||x2|| = ǫ||x2||,

(7.7.5)

�./
lim supm→∞

1
m

∑m−1
n=0 | < Unx2, U

kx2 > |2 ≥ lim inf
m→∞

1
m

∑
n∈F∩[0,m−1]

| < Unx2, U
kx2 > |2

≥ lim inf
m→∞

1
m

∑
n∈F∩[0,m−1]

ǫ2||x2||2 () (7.7.5))

= d∗(F )ǫ2||x2||2 > 0.

(7.7.6)x: x2 ∈ H⊥d &"z (eV`Q 7.7.7 IL� (3)). �S (X,B, µ, T ) p4T1i�P�[4�I# Hilbert:N H = L2(X,B, µ) F��.`�-)? UT : H → H �Gw f ∈ H / UT (f) = f ◦ T . S
Hc = {f ∈ H : {UnT f : n ∈ Z}p H I�?1}.l$`Q 7.7.7 v`Q 7.7.8 \64G Koopman-Von Neumann x�{`Q — `Q 7.1.2.
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§7.8 ae8mR~7rIHT�a6�z� Maass v{1aIzm [Huang etc.2004a]. R���7rI"a-uEG6�z�I�v{1aIzm [Huang etc.2004c], &Y-Ax4eV [Kushnirenko1967], [Goodman1974], [Hulse1982, Hulse1986], [Saleski1977], [Walters1982,

§4.11] 	4 [Zhang1992, Zhang1993] M�R�����7rIHTEG6 [Huang etc.2004a,

Huang etc.2003]. (��.e0v{To	�4/ :xQ�/YI&Ymr�[Parry1981],

[Queffélec1987] v [Glasner2003].&YI�HTI�[�i
 �/YWr`I6�V [Huang-Ye2007]v [Kerr-Li2007].:
/YI Tame�Pvk\1�V [Glasner2006, Huang2006, Kerr-Li2007, Kerr-Li2005].



�Q ��u�7�[�5Imr ��.�:o?Wev�#eN1I-W�RX$4.6�oA$ArI�U
L�x~mT�.^�:#WLo�I-W�RX$4E6�AM�U�P�w�U�P�I�MI�n6 Furstenberg,�LIHT [Furstenberg1967]. N
:U�..X$�#eN1w�U�P�IoGH_�I�M�|b
UEIHTN:�?WeLv�Pi<D~?WrI#WLo�xx�Q�U�P�M�A�/8I��[8m ��.^��U�PIx�$�Mp	44.
NX6IO[`��[$h� �.^���e^�PI�M�A:L{�^�[v��	4_u(I~$Q�Mi/<X6I`��
§8.1 <J�K`N<J�[�5�m �.��-C�_u`x~?�/$IO^WIl�w6C`Ie^�P�po`�~?/", 0 U I`��.0	 N(

∨n−1
i=0 T

−iU), -4x�,< n �16������dt��$��� Blanchard � Host v Maass [ [Blanchard etc.2000] ~z �:o#WLo�I-W�!6 8.1.1 
 (X,T )J�ÆD℄^�Z=�U J X O�Æ&bz��\� C(n) = C(U , n) =

N(
∨n−1
i=0 T

−iU) J U O <J�K`, �S C(U) = limn→+∞ C(U , n).TpR~?�$��.$#WLo�E6�MnbYL�!� 8.1.2 ^�Z= (X,T ) JQ�yOIlpIh*.&O�z� U ,C(U , n) J&lO�W)���JS (X,T ) xMnbYI�S ǫ > 0 p/", 0 U I~? Lebesgue ��)MnbYL�.[ ǫ/2 ≥ η > 0 lG�8f d(x, y) < η, H$w1/I n ∈ N *�\
d(T nx, Tny) < ǫ/2. \� x1, . . . , xk lG ⋃k

i=1Bη(xi) = X. )MnbYL�� T jBη(xi) ⊂
Bǫ/2(T

jxi),∀j ∈ N, ��) ǫ I\��.[ Ui,j ∈ U lG Bǫ/2(T
jxi) ⊂ Ui,j. �$�w60�I n i/

Bη(xi) ⊂
⋂

0≤j≤n−1

T−jUi,j.Fp�v< {⋂0≤j≤n−1 T
−jUi,j : 0 < i ≤ k} G� Un−1

0 I~? / k ?B"I? 0�} k : n �Y�x��:o C(U , n) ≤ k.	
�JSw61/I, 0 U ,C {(U , n)}/z�8f T WpMnbYI�a.[ ǫ > 0v x ∈ X lGw61/I η > 0iQqC y ∈ X v n ∈ N�G d(x, y) < η � d(T nx, Tny) ≥
ǫ. S U p X I~?)*�p ǫ

4 I,�L�I/", 0�R� U = {U1, . . . , Uk} p)
U  B"IA.1G�I 0��* U � U , �$ {C(U , n)} /z�6x.[ X I~?/"A 0 {X1, . . . ,Xc} lG Xi =

⋂∞
j=0 T

−jUi,j, Ui,j ∈ UÆTp�A��H$) U I`�4��8f y v z 
6N~? Xi, H$ d(T jy, T jz) ≤ ǫ
2 ,∀j ≥ 0.

199
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6 0. \� yn ∈ X lG d(x, yn) < ηn R� /�� kn lG
d(T knx, T knyn) > ǫ. Lh\�?r�WÆJS1/I yn 
6N~? Xi. �$ x ∈ Xi,�p Xi pAI�xUjo d(T knx, T knyn) < ǫ/2, : kn I\�"z� �M�6Wr`��.0	i<D?C`I A ∈ Finf I#WLo��S A = {a1 < a2 <

. . .} ∈ Finf , �.`�
CA(U , n) = N(

n∨

i=1

T−aiU) 	4 CA(U) = lim
n→∞

N(

n∨

i=1

T−aiU).�V�8f A1, A2 ∈ Finf �G A1 ⊂ A2, H$ CA1(U) =∞ Ujo CA2(U) =∞.S S ∈ Finf , �.��E`�v� S DBv S MnbYL�*�Yw~?J F �: F DBI-W�8$Ne��.x^:�#WL�I-W���~��~?, 0 U ~p�o�I�8f U  I*?B"iWx�0I�~4pM;I�8f4x~?)j?B"Q�I�o�I, 0�!6 8.1.3 
 (X,T ) J�Æ^�Z=� S ∈ Finf .

1. U;* (X,T ) � S�(Æ&�, }"h*z�O ǫ > 0 `A< δ > 0 �NX� x, y ∈ X7x d(x, y) < δ, K8h.&O si ∈ S `,� d(T si(x), T si(y)) < ǫ.

2. U;* (X,T ) � S�Q�, }"h* X O:Æt[pO&b�z� U `& CS(U) =

+∞.

3. 
 F J�Æy�U;* (X,T ) J F�Q�, }"hz�O S ∈ F ,(X,T ) `� S ��O�
4. 
 n ≥ 2. �Æ n : (xi)

n
1 ∈ Xn *Jdh* S O�Æ n <J�, }" {xi}ni=1 `Y�&"ÆX�<��lI Uj Jd�O xj O2�ddO
'/�� �z� U = {U cj :

1 ≤ j ≤ n} 7x CA(U) = +∞. �Æ 2 :	*J��Æ ..$ Comn
S(X,T )ENr (X,T )I1/&w6 S I n#WL�I#C�R? ComS(X,T ) =

Com2
S(X,T ). )`��/8�L��+m 8.1.4 
 (X,T ) J�Æ^�Z=� S ∈ Finf . K8

1. (X,T ) J S ��OIlpIh*z�O n ≥ 2,Comn
S(X,T ) = Xn \∆n.

2. ComS(X,T ) = X2 \∆2 IlpIh*:Æ�p�z� U ,CS(U) = +∞.

3. 
 F J�Æy�K8 (X,T ) � F ��OIlpIh*z�O S ∈ F ( n ≥ 2,

Comn
S(X,T ) = Xn \∆n.M�6`��G�./+m 8.1.5 
 (X,T ) J�Æ^�Z=��l S ∈ Finf .

(a) }"�z� V 7x CS(V) = +∞, K8A<�Æ�pz� U �N CS(U) = +∞;

(b) }" U = {U, V } J�Æ�z�l7x CS(U) = +∞, K8 U c × V c `#&�Æ S }9rh�
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(c) Comn

S(X,T ) ∪∆n ��Æ
I�
(d) 
 π : (X,T )→ (Y, S) J�Æ�r���

1. }" (xi)
n
1 ∈ Comn

S(X,T ) lhHÆ i 6= j, π(xi) 6= π(xj) ,��K8 (π(xi))
n
1 ∈

Comn
S(Y, S).

2. }" (yi)
n
1 ∈ Comn

S(Y, S), K8A< (xi)
n
1 ∈ Comn

S(X,T ) �N π(xi) = yi, i =

1, 2, . . . , n. 5�S� Comn
S(X,T ) ∪∆n J T (n) ��O�ae 8.1.6 #*h:Æ S ∈ F , dh* S O n}9r:{&7�r^�S ��r^<�r��(O0�h��/℄�.�ql� F ��	<�r��(O0�h��/℄�.�/e�.Qu0	Nd N��5I�Q�IG�/$�9� 8.1.7 
 (X,T ) J�Æ^�Z=� n ≥ 2,A ∈ Finf . K8� Comn

A(X,T ) = Xn \∆n(X)IlpI Comn
A(X̃, T̃ ) = X̃n \∆n(X̃), I� (X̃, T̃ ) J (X,T ) Oty�/�W)�)>A 8.1.5, �.�u�:CuL�U�.JS Comn

A(X,T ) = Xn \∆n(X).0� (y1, y2, · · · , yn) ∈ X̃n \∆n(X̃), S yi = (y1
i , y

2
i , · · · )(i = 1, 2, · · · , n). w60�C`I ǫ > 0, � N ∈ N lG diam(X) ·∑∞

i=N
1
2i < ǫ � (yN1 , y

N
2 , · · · , yNn ) ∈ Xn \ ∆n(X). )6

(yN1 , y
N
2 , · · · , yNn ) ∈ Comn

A(X,T ), w6�? N pN : (X̃, T̃ )→ (X,T ) .[ y′i ∈ p−1
N (yNi )�G

(y′1, y
′
2, · · · , y′n) ∈ Comn

A(X̃, T̃ ). �p pN (y′i) = pN (yi), ) N I\��.4GC dT (y′i, yi) < ǫ.~ ǫ→ 0, )6 Comn
A(X̃, T̃ )∪∆n(XT )x~?A1��.G/ (y1, y2, · · · , yn) ∈ Comn

A(X̃, T̃ ).xrG�:o Comn
A(X̃, T̃ ) = XT

n \∆n(X̃). ��$w60�I S ∈ Finf , �Px S DBI=��=4IA*D�x S DBI����w60�IJ F ,(X,T ) x F DBI=��=4IA*D�x F DBI�M�6`Q 8.1.2, �./8�Y6 S MnbYLI6��+m 8.1.8 
 (X,T ) J�Æ^�Z=� S ∈ Finf . K8�℄r^Q[�
1. (X,T ) � S Q�yO�
2. h* X Oz�&b�z� U ,CS(U) < +∞.

3. ComS(X,T ) = ∅, �M�h* X Oz��pz� U , CS(U) < +∞.W)�(1) ⇔ (2)I�:M�6`Q 8.1.2,(2) ⇔ (3))L� 8.1.5 I (1)v (2)4	GC� �M6`Q 6.2.7 �./!� 8.1.9 
 (X,T ) J�Æ^�Z=� S ∈ Finf . S A(ComS(X,T )) J�# ComS(X,T )∪
∆2 O|iO
��Q[�Z� π0 : (X,T ) → (X0, T0) = (X/A(ComS(X,T )), T0) Jd�O����K8� (X0, T0) J (X,T ) OGBO S Q�y�r�	 l 8.1

1. R (X,T ) o}>d℄�O� U o X H�..y"VKH.!�/��9�-Z X H}>.!�/ {X1, . . . , Xc} kF Xi =
⋂∞

j=0 T
−jUi,j , Ui,j ∈ U .

2. �9K� 8.1.5.
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3. �9� F CAZ�>�Mu9�}v}C
�0��
4. B�K� 8.1.8 H}>(��9�
5. �9_P 8.1.9.

§8.2 d℄#�)�[�|R[x~r ��.^X$i<WrI#WLo�E6� mild �{�DBv�DBML��
Blanchard,Host v Maass N�`�DBx�s#WLo�C�I [Blanchard etc.2000], 6F~r Z+ DBI`���.[�5`�~?e^�PpDBI�x�4?We61/I-7�P��.^[8r ^�:xj?`�x~�I�R�ML6�5x?N5FG?IHY�!6 8.2.1 �Æ^�Z=*J 2 �Q�, �Whz�O�pz� U , `& C(U , n)→ +∞.�* Z+ DBUjo 2 DB��.�� 2 DBUmDB�*�[8rN��:DBUm Z+ DB�����.Quj?�Q�9� 8.2.2 2 ��OZ=�Gv8VO�W)�S (X,T ) p~?e^�P�U p~?/" 0�G CT (U) =∞. w60�I k ∈ N,WLGC

CT (U , kn+ k) ≤ CT k(U , n)k.x�:o (X,T ) x 2 DBIUjo (X,T k) x 2 DBI��$��.�Q�: 2 DBUj�ULÆ�:�R�A�� �9� 8.2.3 
 (X,T ) - (Y, S) ��d�K8� (X̃, T̃ ) - (Ỹ , S̃) ��d�W)�S pn : X̃ → X pCR n ?WMIS��3�C� {p−1
n (U) : U p X I~?,1�

n ∈ N} G�o X̃ I~?_u&��QI�:WL)$n[� �w6~?4TIe^�P (X,T ), 8f4p Z T$��UI�H$x~
p bl���. 6� (X,T ) p�F�UI=��=w60�I�:,1 U, V ,NZ(U, V ) = {n ∈ Z :

U ∩ T−nV 6= ∅} W:��[�.4	�:!� 8.2.4 2 ��8#$���W)�)6 2DBUjod#�ULÆ�Q 8.2.2), �.�Q�:�~?d#�UI�P8fWxDBI�H$4Wx 2DBI�)�Q 8.1.7v 8.2.3, ~?e^�Px 2DBIÆ$vDBI�=��=4IA*D�x 2 DBIÆ$vDBI��6x�.4	JS (X,T )x~?4TId#�UIe^�P�8f (X,T ) WpDBI�H$)�Q 8.2.3, .[~?4TI-7�P (Y, S) lG
(X ×Y, T ×S)Wp�UI�)6 (X,T ) xd#�UI�X (/T\W��� X ×Y x(/T\W�4�p T ×S x~?Nd�(X ×Y, T ×S)Wp�F�UI�U/ X I�:,1
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U1, U2 v Y I�:,1 V1, V2 lG NZ(U1 × V1, U2 × V2) = ∅, xT NZ(U1 × V1, U2 × V2) =

{n ∈ Z : U2 × V2 ∩ (T × S)n(U1 × V1) 6= ∅}.)6 (Y, S) x~?-7INd��$.[ m ∈ Z lG V = V1 ∩ TmV2 6= ∅. � X IOW�:IWeA1 W1,W2 lG W1 ⊂ U1 v W2 ⊂ TmU2. H$�./
NZ(W1,W2) ∩NZ(V, V ) ⊂ NZ(U1 × V1, (T × S)mU2 × V2) = ∅.\� y ∈ TranS∩V = V ,R~ A = N(y, V ) = {a1, a2, · · · } ⊂ Z+. WLn��NZ(V, V ) =

(A−A)
Z

= {a − b : a, b ∈ A}. �V� U = {X \W1,X \W2} G� X I~?M; 0��p NZ(W1,W2) ∩ (A − A)Z = ∅, �./�w0�I i, j ∈ N, W1 ∩ T−(aj−ai)W2 = ∅, ��
T−aiW1 ⊂ T−aj (X \W2).S x ∈ X v n ∈ N, 8f x 6∈ ⋂n

j=1 T
−aj(X \ W1), 6 x ∈ ⋃n

j=1 T
−ajW1, H$.[

1 ≤ i ≤ n �G x ∈ T−aiW1. 1	 x ∈ T−aiW1 ⊂
⋂n
j=1 T

−aj (X \W2), 6 ⋂n
j=1 T

−aj (X \
W1)

⋃ ⋂n
j=1 T

−aj (X \W2) = X. 6x�w60�I n ∈ N,N(
∨n
j=1 T

−ajU) = 2. 3�C A x
syndetic, U.[ M > 0 lGw1/I i ∈ N i�G ai+1 − ai ≤M , 6 ⋃M

i=0(A + i) = N. 6xw1/I n ∈ N i/ N(
∨n−1
j=0 T

−jU) ≤ 2M , 1	 (X,T ) Wp 2 DBI� �po6� mild �{�DBv�DB��.Qu8�I�Q�����~� Fip, Fpsv Fpubd �P5N.j IP 1� piecewise syndetic 1v�F* Banach 0n1I1{I#C�9� 8.2.5 
 X J�ÆoZO#�\� T : X → X J�Æ�y��Æ��J7O��
(Y, S) J�Æ^�Z=� π : (X,T )→ (Y, S) J�/�
1. }" (Y, S) J8VO�K8A< (X,T ) O�Æ8VOrZ= (X1, T ) 7x π(X1) = Y .}" A ∈ Fip, K8A<�ÆrI B ⊂ A �N orb(1B , σ) J8VOl 1B 6= (0, 0, · · · ).
2. }" (Y, S) ��Æ E Z=�K8A< (X,T ) O�Ær E Z= (X1, T ) 7x π(X1) = Y .}" A ∈ Fpud BH A ∈ Fpubd, K8A<�Æ E Z= (Σ1, σ) �N Σ1 ⊂ orb(1A, σ) l

Σ1 6= {(0, 0, · · · )}.
3. }" (Y, S) JGiO�K8A< (X,T ) O�ÆGiOrZ= (X1, T ) 7x π(X1) = Y .}" A � syndeticÆBH piecewise syndetic ��K8A<�ÆGiOZ= (Σ1, σ) �N

Σ1 ⊂ orb(1A, σ) l Σ1 6= {(0, 0, · · · )}.W)�1. )`Q 1.2.10 I�:��.[~?�UI?�P (X1, T )lG π : X1 → Y p-7I���= A ∈ Fip e�xr~?�P (Σ1, σ) I.[L)`Q 1.2.13 4	GC�
2. S ν p (Y, S) I~? /��|IWIin�) 1. �� /~?�UI?�P

(X1, T )lG π : X1 → Y p-7I�� µp (X1, T )FIWIin�G πµ = νÆ`Q 2.4.11).S y ∈ TranS. H$w0�I ǫ > 0,µπ−1(Bǫ(y)) = νBǫ(y) > 0, �� supp(µ) ∩
π−1(Bǫ(y)) 6= ∅. � xn ∈ supp(µ) ∩ π−1(B 1

n
(y)), ��.WÆJS xn → x. H$ π(x) = y �

x ∈ supp(µ). ) π I-7L/� x x X1 I~?�UW�6x supp(µ) = X1.



` v f _ � Q . � S 204 zUzC 9W[>Pv� §8.2 Pd_��s_P�5�[JS A ∈ Fpubd. )`Q 2.5.3 I�:�.�E�.[ orb(1A, σ) FI~?WIin µ lG µ([1]) > 0. U.[ µ IKV�x I~?B" µ′ �G µ′([1]) > 0. 6x supp(µ′)�x�.1QuI�P�
3. S A ∈ Fps. $`Q 1.3.6 4��.[ A′ ∈ Fs �G 1A′ ∈ orb(1A, σ1). H$*?-71 orb(1A′ , σ) ⊂ orb(1A, σ) i�G�.Iu�� ��5�.$i<D:WrI#WLo�E6� mild �{�DBv�DB�!� 8.2.6 
 (X,T ) J�Æ^�Z=�K8�℄F8Q[�

1. (X,T ) � mild ?+O�M (X,T ) ��d*.&O8VZ=�
2. h* X Oz��pz�(z�O A ∈ Fip, CA(U) = +∞.

3. (X,T ) J Fip ��O�
4. (X,T ) J (Fip −Fip)∗ 8VO�W)�(1) ⇔ (4) )`Q 1.4.11 4	GC� (3) ⇒ (2) x�*I�Lh`Q 8.2.4 �: M�I:��.4	GC (2)⇒ (1). 6x�.�Q�: (1)⇒ (3).�5�.*JS T p~?Nd�w6~$I�G�D��Q 8.2.3 v3? 8.1.6, �.4	S$A*D�d�1/�:�S U = {U1, U2, · · · , Uk} x X I~?�o�IA 0� A ∈ Fip �G CA(U) < +∞.Wb~$L��.JS IP 1 A ) p1, p2, · · · ∈ N [��} pi+1 > p1 + p2 + · · · + pi. ,

Ωk = {1, 2, · · · , k}Z+ F!86� σk,Ω = {0, 1}Z+ F!86� σ. S 1A ∈ Ω p A I=~o��6 1A(i) = 1=��= i ∈ A. w60�I ω ∈ Ωkv s ∈ Ω,� J∗(ω, s) =
⋂+∞
i=0 T

−iUw(i)s(i),xT U0 = X.) CA(U) < +∞, .[ m ≥ 1 v ω0
1 , ω

0
2, · · · , ω0

k ∈ Ωk lG
m⋃

j=1

J∗(ω0
j , 1A) = X. (8.2.1)xx�p�S m = CA(U),HA(n) p�G ⋃m

j=1[
⋂n
i=0 T

−iUwj(i)1A(i)] = X I m �
(w1, w2, · · · , wm) I#C�xT ωj ∈ Ωk. ) m I\���1{ HA(n) x Ωm

k I�:?1��* HA(n) ⊂ HA(n− 1). �$�bA?1rIe HA =
⋂+∞
n=0HA(n) �H.jo~?

m � (ω0
1, · · · , ω0

m). �V
m⋃

j=1

J∗(ω0
j , 1A) = lim

n→+∞

m⋃

j=1

[

n⋂

i=0

T−iUω0
j (i)1A(i)] = X.`� H p�G8�HYI m+ 1 � (ω1, · · · , ωm, s) ∈ Ωm

k × Ω I#C�
m⋃

j=1

J∗(wj , s) = X. (8.2.2)D��.5b�II:�� H W:��5�.E�: H xAI�S (wn1 , · · · , wnm, sn) ∈
H, n ∈ N, �d6 (w1, · · · , wm, s). �pw0�I n ∈ N, i/ ⋃m

j=1

⋂+∞
i=0 T−iUwn

j (i)sn(i) =
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X, U� ⋃m

j=1

⋂l
i=0 T

−iUwn
j (i)sn(i) = X. W` l > 0, ~ n → +∞, �.4	GC�

⋃m
j=1

⋂l
i=0 T

−iUwj(i)s(i) = X. Y~ l→ +∞, WL�� (8.2.2) w (w1, · · · , wm, s) �\�S Ωm
k ×ΩFI6�p S = σk×· · ·×σk×σ. WLn� S(H) ⊂ H. )6 Ax~? IP1�)�Q 8.2.5��.[~?�UI�P (Y, σ)�G Y ⊂ cl(orb(1A, σ))� Y 6= {(0, 0, · · · , 0, · · · )}.S π : H → Ω pSN��p π ◦ S = σ ◦ π, a� S(π−1(Y )) ⊂ π−1(Y ).�p (ω0

1 , · · · , ω0
m, 1A) ∈ H, Y = π(π−1(Y )) � π ◦ S = σ ◦ π, )�Q 8.2.5 ��.[

(π−1(Y ), S) I~?�UI?�P (Σ, S) lG π(Σ) = Y . w6 1 ≤ i ≤ m, S
Kj = {((ω1, · · · , ωm, s), x) ∈ Σ×X : x ∈ J∗(wj , s)}.�5�.E�: Kj x Σ×X I~? S × T WIIA?1�S {((wn1 , · · · , wnm, sn), xn)} ∈ Kj �d6 ((w1, · · · , wm, s), x). )6= n ∈ N e xn ∈⋂+∞

i=0 T
−iUwn

j (i)sn(i), 1	w0�I n, l ∈ N i/ xn ∈
⋂l
i=0 T

−iUwn
j (i)sn(i). W` l > 0,~ n → +∞, �/ x ∈ ⋂l

i=0 T
−iUwj(i)s(i). ~ l → +∞, GC x ∈ ⋂+∞

i=0 T
−iUwj(i)s(i),6 ((w1, · · · , wm, s), x) ∈ Kj . 6x Kj pAI�po�: Kj IWIL��.S

((w1, · · · , wm, s), x) ∈ Kj. H$ x ∈ ⋂+∞
i=0 T

−iUwj(i)s(i). x�v< Tx ∈ ⋂+∞
i=1 T

−(i−1)Uwj(i)s(i),x�x�� Tx ∈ ⋂+∞
i=0 T

−iUσkwj(i)·σs(i). 6 ((σkw1, · · · , σkwm, σs), Tx) ∈ Kj .�p Y 6= {(0, 0, · · · )}, \� (w1, · · · , wm, s) ∈ Σ �G s 6= (0, 0, · · · , 0, · · · ). �.WÆJS s(0) = 1. 3�C {(w1, · · · , wm, s)} × (X \ Uwi(0)) ∩ Ki = ∅, 1	= i = 1, 2, · · · ,m e
Ki 6= Σ×X.�p (8.2.2) �\��./ ⋃m

i=1Ki = Σ ×X, 6x.[~? i lG Ki  /�:IO℄�4�p Ki xWII� Ki 6= Σ×X, )� (Σ×X,S × T ) Wp�UI�x: X x mild�{IJS"z� �!� 8.2.7 
 (X,T ) J�Æ^�Z=�K8�℄F8Q[�
1. (X,T ) Jj��O�M1��d*z*�Æ E Z=�
2. h* X Oz��pz� U (z�O A ∈ Fpubd BH Fpud,CA(U) = +∞.

3. (X,T ) J Fpubd ��OBH Fpud ��O�
4. (X,T ) J Poincaré 8VO�W)�X$�Q 8.2.5, &#�I`Q 8.2.6 I�:h��.4	GC� (1) ⇔ (2) ⇔ (3).

(1)⇔ (4) )`Q 4.4.7 GC� �N��./!� 8.2.8 
 (X,T ) J�Æ^�Z=�K8�℄F8Q[�
1. (X,T ) J��O�
2. h* X Oz��pz� U (z�O A ∈ Fs BH Fps, CA(U) = +∞.

3. (X,T ) J Fs ��OBH Fps ��O�
4. (X,T ) �<}I8VO�



` v f _ � Q . � S 206 zUzC 9W[>Pv� §8.3 HjP F ��[>W)�X$�Q 8.2.5, &#�I`Q 8.2.6 I�:h��.4	GC� (1) ⇔ (2) ⇔ (3).

(1)⇔ (4) )`Q 4.4.8 GC� �D{`Q 8.2.4 4`Q 8.2.8, �.GC 2 DB� Z+ DBvDBx&�MLI�?-W�WL���w6~?J F ⊂ Finf ,

FinfDB ⊂ FDB ⊂DB.N��.	~?ux&�AEv�8rI:���m 8.2.9 Ge���w	&q�*O�4�	 l 8.2

1. �9 2 CATin�TK� [>q�dU [Blanchard etc.2000]]

2. ��P 8.2.3 H�9�
3. R π : X → Y o (X,T )u (Y, S)	MH}>�>�M��9�7e µ ∈M(X,T ),G# π(supp(µ)) =

supp(πµ).

4. R (X,T ) o}>�THd℄�O��9� (X,T ) Vo Fs �TH<��<-Z}>�VHHz>0 A kF7e�>0 B 9 A do9�G# N(B,B) Vo syndetic. [>q�7e U o}>�9+>0�F N(U,U) Vo syndetic, G#�-3�� A = X \⋃∞
i=0 T

−iU .]

5. R π : (X,T )→ (Y, S) o}>,6H�>�M��9�7e (Y, S) o Fs �TH�G# (X,T ) �)� [>q�W# 4]

6. 7ev5/ÆHL:�/ U u/ÆH S ∈ Finf h. CS(U) = ∞, G#ww�Tin Finf CA�
[ww}>3'.w%H���]

§8.3 `�� F �Q�s�.���:o�~?_ue^�Pp?�{I=��=4p Ft �UI�p mild�{I=��=p (Fip −Fip)
∗ �UI�S (X,B, µ, T ) p~?1ie^�P��.�E�4p?�{I=��=w1/I

A,B ∈ B,Fd1 − limµ(A ∩ T−nB) = µ(A)µ(B), p mild �{I=��=w1/I A,B ∈ B,

F∗ip − limµ(A ∩ T−nB) = µ(A)µ(B)._ue^�Pv1ie^�P Ivf/||IM�
��=Px-7I_ue^�PvKVI1ie^�P Ivf/<G|IM�
��Z8�~?KVI1ie^�Px?�{I=��=4(/ /OBxI�o�I�?ÆR{mR~rI�A��~?-7I_ue^�Px?�{I=��=4(/ /_uOBxIÆ6MnbYI��o�I�?ÆR�m���$~?A*I�Ax�w6-7I?�{�Pv-7I mild�{�P�2.I�#eN1x�M�6KV� I����.[xr�:�uhF~



` v f _ � Q . � S 207 zUzC 9W[>Pv� §8.3 HjP F ��[>?-7I�Pp?�{I=��=4p Flbd1 �UI�p mild �{I=��=4p F∗ip�UI�[�:x:v�Ie��.�GCo~:AV|/��Iv��Z8�.��~?-7Ie^�Pp Finf DBI=��=4p��{I����.\_�℄ proximal Y�I`��!6 8.3.1 
 (X,T ) J�Æ�OO^�Z=� S ∈ Finf , l n ≥ 2. U;\�
QnS(X,T ) = {(x1, x2, · · · , xn) ∈ Xn : ∀ xiO'/Uxi

∀ǫ > 0, ∃ x′i ∈ Uxi
,

∃ m ∈ S�N sup
1≤k,l≤n

d(T−mx′k, T
−mx′l) ≤ ǫ}.�5IvfC�o Comn

S(X,T ) v QnS(X,T ) 
NIY��9� 8.3.2 
 (X,T ) J�Æ�OO^�Z=� S ∈ Finf l n ≥ 2. K8 Comn
S(X,T ) ⊂

QnS(X,T ).W)�S (x1, x2, · · · , xn) 6∈ QnS(X,T ). H$.[ xi Iu= Ui �G ⋂n
i=1 Ui = ∅ v ǫ > 0 lGw60�I x′i ∈ Ui v0�I m ∈ S i/

sup
1≤k,l≤n

d(T−mx′k, T
−mx′l) > ǫ.) X I��L��.[~? 0 {C1, C2, · · · , Ck} �G8�IL��

1. Ci pAI�O℄�:�w60�I i = 1, 2, · · · , k */ diam(Ci) ≤ ǫ
2 ;

2. xi ∈ int(Ci), i = 1, 2, · · · , n;

3. Ci ⊂ Ui, i = 1, 2, · · · , n.�.ug�w60�I i ∈ {1, 2, · · · , k} v m ∈ S, .[ 1 ≤ ji ≤ n lG Tm(Ci) ∩ Cji = ∅.�a�wD? i ∈ {1, 2, · · · , k} .[ x′j ∈ Ci v m ∈ S lG Tm(x′j) ∈ Cj, j = 1, 2, · · · , n. �$
sup

1≤k,l≤n
d(T−m(Tmx′k), T

−m(Tmx′l)) > ǫ,x:HY diam(Ci) ≤ ǫ
2 "z�~ U = {Cc1, Cc2, · · · , Ccn}. H$w*? Ci iQqC~? ti ∈ {1, 2, · · · , n}S lG Ci ⊂⋂

s∈S T
−sCcti(s), �$ CS(U) ≤ k. 6x (x1, x2, · · · , xn) 6∈ Comn

S(X,T ), )� Comn
S(X,T ) ⊂

QnS(X,T ). ��[�.4	�:�!� 8.3.3 
 F ⊂ Finf J�Æy� (X,T ) J�ÆGiO^�Z=�}" (X,T ) J F ��O�K8 (X,T ) J kF 8VO�W)�)�Q 8.1.7 �.�E�~?e^�Pp F DBI=��=4IA*D�p F DBI��$�.4JS T p~?Nd��S (X,T ) p�o�I��.�5�:�w6 XI0�j?�:,1 U v V i/ N(U, V ) ∈ kF .
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n=0 T

nU = X. S x ∈ V . w60�I A ∈ F ,)L� 8.1.4/ (x, Tx, · · · , TN−1x) ∈ ComN
A (X,T ),��)�Q 8.3.2/ (x, Tx, · · · , TN−1x) ∈

QNA (X,T ). S δ > 0 p, 0 {U, TU, · · · TN−1U} I~? Lebesgue ��~
S = {n ∈ Z+ : ∃xi ∈ T iV, i = 0, 1, · · · , N − 1lG

sup
0≤k,l≤N−1

d(T−nxk, T
−nxl) ≤ δ}.�pw0�I A ∈ F i/ (x, Tx, · · · , TN−1x) ∈ QNA (X,T ), 1	 S ∩ A 6=

∅. �$ S ∈ kF . S n ∈ S, H$.[ xi ∈ T iV, i = 0, 1, · · · , N − 1 lG
diam{T−nx0, T

−nx1, · · · , T−nxN−1} ≤ δ. 1	�.[ 0 ≤ k ≤ N − 1 �G {T−nx0, T
−nx1,

· · · , T−nxN−1} ⊂ T kU . =PP� T−nxk ∈ T kU . U T−nT kV ∩T kU 6= ∅, 6 T−nV ∩U 6= ∅.x�: S ⊂ N(U, V ), 1	 N(U, V ) ∈ kF . ) U, V I0�L��.�/ (X,T ) p kF �UI� �Qu��Ix�`Q 8.3.3 w E �PW�\ÆGW$�~$I�U�Po��eV
[Blanchard1992]. [Yang2004] ~zI-uvf�:�8fe^�P (X,T ) p kF �{I�H$ (X,T ) p F DBI��[�.C�~?P8I�:�R��[-7LIJS�T>Ax�\�!� 8.3.4 
 (X,T ) J�Æ^�Z=� F J�Æ7Oy�
1. }" (X,T ) J kF ?+O�K8 (X,T ) J F ��O�
2. }" (X,T ) JGiO�K81J F ��OIlpI1J kF ?+O�W)����.�: (1). S (X,T ) p kF �{I�po�: (X,T ) p F DBI��u�:w60�I S ∈ F v n ≥ 2 i/ Comn

S(X,T ) = Xn \∆n. �p (X,T ) p?�{I��./8�Iuh (*) �w6 X I0��:,1 U1, U2, V1 v V2, .[�:,1 U3 v V3 lG
N(U1, V1) ∩N(U2, V2) ⊃ N(U3, V3)Æ`Q 1.4.4).W` S ∈ F v n ≥ 2. S (x1, x2, · · · , xn) ∈ Xn\∆n,Uip xiI~?Au=�i = 1, 2, · · · , n�G= xi = xj e Ui = Uj �= xi 6= xj e Ui ∩ Uj = ∅. �.^`q 0 < t1 < t2 < . . . �G
ti ∈ S lG�w60�I m ∈ N v s ∈ {1, 2, · · · , n}m, i/ T−t1Us(1) ∩ . . . ∩ T−tmUs(m) 6= ∅.\� t1 ∈ S �G t1 > 0. )uh (*) �� F1 =:

⋂n
i,j=1N(T−t1Ui, Uj) ∈ kF . �p

F1 ∩ S ∈ Finf , � t2 ∈ F1 ∩ S �G t2 > t1. JS�.��qC 0 < t1 < . . . < tl �G1u�IL��)uh (*) �
Fl+1 =:

⋂

s∈{1,2,··· ,n}l,i=1,2,··· ,n
N(T−t1Us(1) ∩ . . . ∩ T−tlUs(l), Ui) ∈ kF .�p Fl+1 ∩ S ∈ Finf , \� t1+1 ∈ Fl+1 ∩ S �G t1+1 > tl. H$ t1, . . . , tl+1 �G1u�IL��S U = {U c1 , U c2 , · · · , U cn}. ~ r = Card{x1, x2, · · · , xn}. �* r ≥ 2, WÆS x1, x2, · · · , xrxjjWNI�H$ U = {U c1 , U c2 , · · · , U cr}. W` k ∈ N. w60�I s ∈ {1, 2, · · · , r}k, �
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xs ∈

⋂k
j=1 T

−tj (Us(j)). S XS = {xs : s ∈ {1, 2, · · · , r}k}. w61/I t ∈ {1, 2, · · · , r}k, �.i/ |⋂k
j=1 T

−tjU ct(j) ∩XS | = (r − 1)k. v{uh |XS | = rk, GC N(
∨k
j=1 T

−tj(U)) ≥ ( r
r−1)k.) Ui I0�L� (x1, x2, · · · , xn) ∈ Comn

S(X,T ), U Comn
S(X,T ) = Xn \∆n. x�d�o (1)I�:�po�: (2),�`��:�8f (X,T )p-7I� F DBI�H$4p kF �{I�S (X,T ) p F DBI�)`Q 8.3.3,(X,T ) p kF �UI� (X,T ) �*pDBI��p

(X,T )p-7I� (X,T ) p?�{I�6x)`Q 4.4.4, �./ (X,T ) p kF �{I� �~?e^�P~p $�Q�, 8f4p Finf DBI� ^`Q 8.3.4 �$CD:=�IJ��.4	GC[-7LIJS��DB� mild �{v?�{I�#eN16��S (X,T ) p~?e^�P�)`Q 8.2.6 � 8.2.7 v 8.2.8 �.�E� (X,T ) p mild �{I=��=4p Fip DBI� (X,T ) p�DBI=��=4p Fpubd DBI� (X,T ) DBI=��=4p Fps DBI��.`�~?e^�P~p L�Q�, 8f4v1/I-7IMnbY�P?We��5�.E�:!� 8.3.5 
 (X,T ) J�ÆGiO^�Z=�K8
i. (X,T ) J7��OIlpI1Jj?+O�
ii. (X,T ) J mild ?+IlpI1J IP∗ 8VO�
iii. �℄F8Q[�

1. (X,T ) J�?+O�
2. (X,T ) J���O�
3. (X,T ) J Flbd1 8VO�W)�i. �p Finf p~?�IJ�J kFinf �x/"71J�)`Q 8.3.4 �� (X,T ) p�DBI=��=4p��{I�

ii. w�IJ Fip �$`Q 8.3.4, �/ (X,T ) p mild �{=��=4p IP∗ �{I��p IP∗ x~?�?�1	 (X,T ) p mild �{=��=4p IP∗ �UI�
iii. )6w6~?-7Ie^�P��DBÆ$v?DB�ML6?�{��.�$�:� (X,T ) p�DBI=��=4p Flbd1 �UI��p Fpubd x~?�IJ�

kFpubd = Flbd1, )`Q 8.3.4 �� (X,T ) p�DBI=��=4p Flbd1 �{I�N��~?e^�Pp Flbd1 �{I=��=4p Flbd1 �UI��$ (X,T ) p�DBI=��= (X,T ) p Flbd1 �UI� �ae 8.3.6 !��℄O mild?+O\�# Furstenberg(Weiss< [Furstenberg-Weiss1978]`�3� [Glasner-Weiss2004] �Q`OC$�}" (X,T ) �{&�Æ7Q)O��!
µ �N (X,µ, T ) J mild ?+O�K8 (X,T ) J mild ?+O�	 l 8.3

1. �9�7e (X,T ) o>�zH�G#v/ÆH n ≥ 2 h. Qn(X,T ) = Qn
Z+

(X,T ) = Xn.
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2. �9�7e (X,T ) o}>,6Hd℄�O�G# Com(X,T ) = Q(X,T ) \∆2. Z%MHIR��9�v5/ÆH n ≥ 2h. Comn(X,T ) = Qn(X,T )\∆(n)�[�wS∆(n) = {(x1, . . . , xn) : xi = xjvC> i 6= j}.[>q�dU [Blanchard etc.2000] u [Huang-Ye2002a]]

3. v5}>,6Hd℄�O (X,T ),Q(X,T ) w}>LKX�UQ�l��w�v5/ÆH A ∈
Fip,QA(X,T ) hw}>LKX��

4. R (X,T ) o}>,6Hd℄�O�v0.H A ∈ Fip h�F QA(X,T ) = X2. w�v50.H
A ∈ Fip h. Qn

A(X,T ) = Xn, 5 (X,T ) w�o mild �z�
5. v5bqH A ∈ Finf , Comn

A(X,T ) = Qn
A(X,T ) \∆n v50.H n ≥ 2 u/ÆH,6Hd℄�Oh�[� [2�w>����'.w%��-^h3v/ÆH A ∈ Fip h�[�]

§8.4 0�	h�.��`�o?�{�-pDB��DB�DBv?DB�)�5Ivf��?�{ ⊂ -pDB ⊂�DB ⊂DB
⊂ ?DB ⊂d#�UL ⊂�UL�[xrT��.^Q^~:Z?E�:�?�{�-pDBv�DBxWNIe^^L��*���[�W���DB�DBv?DBx�x&NIe^^L���.^[8mIN�~r �Cx?�AFE�����.^Q^~?-pDBI�;Wp?�{IZ?�p$��.Qu~:�QEn�~?e^�Px-pDBI�;Wx?�{I�P8P��.[xrI~?Z?I-uD�x�RWx*? syndetic ?1iQR6~?e^�Ph�Æ�Q 8.4.2). R~?�Q4	-Tx?�{I|b~?6��9� 8.4.1 
 (X,T ) J�Æ8VO^�Z=�}"h X Oz�t��I U , ~A< s =

sU ∈ Z+ �N s, s+ 1 ∈ N(U,U), K8 (X,T ) J�?+O�W)�)6 (X,T ) p?�{I=��=4p�UI�w0�I�:,1 U i/ N(U,U)p thick I��$�.�Q�:�w6 X I0��:I,?1 U , N(U,U) p thick I����Q�:�8f N(U,U) .jotnp k IbYA*�s�H$4.jotnp k + 1IbYA*�s�S a, a+ 1, · · · , a+ k− 1 ∈ N(U,U), } a ∈ Z+. H$ U ∩ T−(a+i)U 6= ∅, 0 ≤ i ≤ k− 1.)6 (X,T ) p�UI�U)aJ���.[ t0, t1, · · · , tk−1 ∈ Z+ lG
k−1⋂

i=0

T−ti(U ∩ T−(a+i)U) 6= ∅.~ D =
k−1⋂
i=0

T−ti(U ∩ T−(a+i)U). )JS�.[ s ∈ Z+ lG s, s + 1 ∈ N(D,D), 6
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D ∩ T−sD 6= ∅ � D ∩ T−(s+1)D 6= ∅. �*�w6 i = 0, 1, · · · , k − 1 /

(U ∩ T−(a+i)U) ∩ T−s(U ∩ T−(a+i)U) 6= ∅,
(U ∩ T−(a+i)U) ∩ T−(s+1)(U ∩ T−(a+i)U) 6= ∅,=PP�w6 0 ≤ i ≤ k − 1,U ∩ T−(s+a+i)U 6= ∅ � U ∩ T−(s+1+a+i)U 6= ∅. �$��./ s+ a, s+ a+ 1, · · · , s+ a+ k − 1, s+ a+ k ∈ N(U,U). )F5I�:��w6 X I0�I�:,1 U ,N(U,U) p thick I�6xD�>A 4.4.2,(X,T ) p?�{I� ��5I�Q�:RWx*? syndetic 1{iQR6e^�Ph�I�9� 8.4.2 
 (X,T ) J�ÆD℄��Z=�K8h* X Oz�t��I U ( k ∈ N,

Nk(U) = {i ∈ Z+ : 2ki ∈ N(U,U)} J syndetic O�W)����� k = 1 I�G�8f N(U,U) Wj~�� N1(U) �*p syndetic. �[JS~� a1 ∈ N(U,U), 6 D1 = U ∩ T−a1U 6= ∅. 0� m ∈ N(D1,D1), H$ D1 ∩ T−mD1 6= ∅.)��U ∩T−mU ∩T−(m+a1)U 6= ∅. U {m,a1 +m} ⊂ N(U,U). �p a1 p~�� N(D1,D1)p syndetic, 6x N1(U) p syndetic I��[JSw60�I 1 ≤ k ≤ l v X I0��:,1 U ,Nk(U) *p syndetic I��.^�:�w6 X I0��:,1 U ,Nl+1(U) p syndetic.8f Nl(U) Wj~��H$ Nl+1(U) �*p syndetic. 8f /~� al ∈ Nl(U), 6
Dl = U ∩ T−2lalU 6= ∅. M�I�w60�I m ∈ Nl(Dl),2

lm, 2l(m+ al) ⊂ N(U,U). x�:w60�I m ∈ Nl(Dl),m,m+al ∈ Nl(U). �p al p~��)aJJS Nl(Dl)p syndeticI�1	 Nl+1(U) p syndetic I� ��5I�Q?Kob`~?e^�Pp-pDBI��HY�9� 8.4.3 
 (X,T ) J�Æ8VO^�Z=� x J1O�Æ8VX�}"h* x Oz�'/ U U;`&r^�
(∗∗) hz�O r ∈ Z+, A< kr ∈ N �N Nkr(U, r) = {n ∈ N : 2krn − r ∈ N(U,U)} J thickO�K8 (X,T ) JGe��O�W)�����.JS (Y, S) p4TI_uKV�P�� U1, U2 p X I�:,1� V1 , V2p Y I�:,1�)`��

N(U1 × V1, U2 × V2) = {n ∈ Z+ : (T × S)−n(U2 × V2) ∩ (U1 × V1) 6= ∅}.�p x p�UW�H$.[ n0, k lG U = T−(n0+k)(U2) ∩ T−k(U1) p x I~?u=��
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N(U1 × V1, U2 × V2)

= {n ∈ Z+ : (T × S)−(n+k)(U2 × V2) ∩ (T × S)−k(U1 × V1) 6= ∅}
= {n ∈ Z+ : (T−(n+k)U2 ∩ T−kU1)× (S−(n+k)V2 ∩ S−kV1) 6= ∅}
⊃ n0 + {m ∈ Z+ : (T−mU ∩ U)× (S−mS−(n0+k)V2 ∩ S−kV1) 6= ∅}.)6 (Y, S) p4TI�U�P�U.[�:,1 V ⊂ S−k(V1) v r ∈ N lG S−rV ⊂

S−(n0+k)(V2). 1	
N(U1 × V1, U2 × V2) ⊃ n0 +N(U × V,U × S−rV ).)L� (∗∗) ��.[ kr lG Nkr(U, r) p thick. )�Q 8.4.2, Nkr(V ) p syndeticI�1	 Nkr(U, r) ∩ Nkr(V ) 6= ∅. � m ∈ Nkr(U, r) ∩ Nkr(V ). H$� 2krm − r ∈ N(U,U) �

2krm ∈ N(V, V ), ��
2krm− r ∈ N(V, S−rV ) ∩N(U,U) = N(U × V,U × S−rV ).1	 n0 + 2krm− r ∈ N(U1 × V1, U2 × V2).�[JS (Y, S)p~?_uKVI�P�(Y1 , S1)p (Y, S)IA*D��H$ (Y1, S1)p~?4TI_uKV�P�)F5I����(X×Y1 , T×S1)p�UI��p (X×Y, T×S)p (X ×Y1, T ×S1) I~?�?�U (X ×Y, T ×S)xp�UI�6 (X,T ) p-pDBI�x�d�o�.I�:� �/oF5I;5��./�!� 8.4.4 A<Ge��O�H�J�?+O^�Z=�W)��.^[j?�sI8F6� (Σ, S)  Q^�.1QuIe^�P�uhF�$�Pp~?�#W x = (x0, x1, · · · ) ∈ Σ IEA.�poRCx~W��.aJPQ^~r/"B Ci lG Ci+1 I,nsp Ci � x p Ci I-"W�S F : N→ N×Z+ p F (l) = (φ(l), ϕ(l)), lG φ(l+1) ≤ l �w60�I (n, r) ∈ N×Z+*.[�"|? j ∈ N �G F (j) = (n, r). ����
C0 = (0), C1 = (0, 0, 1, 0, 0) = (x0, x1, · · · , x4) � k1 = 5.~

W1 = {2} = {i : xi = 1, i ≤ k1 − 1} � B1 = W1 −W1 = {0},} A −B = {a− b ≥ 0 : a ∈ A, b ∈ B}. �5�.EaJIQ^ Cl. 8f Cl Itnp kl,`�
Wl = {i : xi = 1, 0 ≤ i ≤ kl − 1} � Bl = Wl −Wl. (8.4.1)��� Bl �G
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(1)l 1 6∈ Bl �lG {s, s + 1} ⊂ Bl I s ∈ Z+ W.[�
(2)l Cl I,nsp Cl−1.�*� l = 1 e (1)l v (2)l *�G��[JS Cn ��Q^q (1 ≤ n ≤ l), ��G (1)n v

(2)n. �.8�EQ^ Cl+1.S pl,1, pl,2, · · · , pl,l+1, ql p6`I����~
ql,i = 2kφ(l+1)+1(ql + i)− kφ(l+1) − ϕ(l + 1),w6i = 1, 2, · · · , l + 1. (8.4.2)`�
Cl+1 = Cl0

pl,1Cφ(l+1)0
ql,1Cφ(l+1)0

pl,2Cφ(l+1)0
ql,2Cφ(l+1)0

pl,3 · · ·
0pl,l+1Cφ(l+1)0

ql,l+1Cφ(l+1). (8.4.3)~
al1 = kl + pl,1, a

l
2i−1 = kφ(l+1) + pl,i � al2j = ql,j + kφ(l+1), (8.4.4)} i = 2, 3, · · · , l + 1; j = 1, 2, · · · , l + 1.) (8.4.1) v (8.4.4)

Wl+1 = Wl ∪
2(l+1)⋃

k=1

(Wφ(l+1) + (al1 + al2 + · · ·+ alk)). (8.4.5)�p Wφ(l+1) ⊂ Wl, U Wl −Wφ(l+1),Wφ(l+1) −Wl ⊂ Wl −Wl = Bl. 6x) (8.4.1) v (8.4.5)�./�
Bl+1 ⊂ Bl ∪

2(l+1)⋃

k=1

((al1 + al2 + · · · + alk)±Bl)

∪
⋃

1≤i<j≤2(l+1)

((ali+1 + ali+2 + · · · + alj)±Bφ(l+1)). (8.4.6)� pl,1, pl,2, · · · , pl,l+1, ql lG Bl+1 �G (1)l+1Æ���R~?g���S x = liml Cl,X p x [6� S �EIA.��5�.�:� (X,S) p-pDBI;Wp?�{I�S U = {y ∈ X : y0 = 1}. H$
N(x,U) =

+∞⋃

l=1

Wl�N(U,U) =
+∞⋃

l=1

Bl. (8.4.7)�p B1 ⊂ B2 ⊂ B3 · · · �w1/I l,(1)l i�G�1	 N(U,U) Wp thick, �� (X,S) Wp?�{I�



` v f _ � Q . � S 214 zUzC 9W[>Pv� §8.4 �l�s�[�.n� (X,S) �G�Q 8.4.3  IL� (∗∗). �p x p�#W�U (X,S) p�UI�w6 x I0�u= V .[ n ∈ N lG Vn = [Cn] ⊂ V . S r ∈ Z+, ~ k = kn + 1. )
F I`���.[�"|? l ∈ N lG

F (l + 1) = (φ(l + 1), ϕ(l + 1)) = (n, r). (8.4.8)) Cl+1 I`�� (8.4.3) v (8.4.8), WLn�
N(x, Vn) ⊃ {al1, al1 + al2, · · · , al1 + al2 + · · ·+ al2(l+1)}.) (8.4.4),(8.4.2) v (8.4.8) �.GC

al2i = ql,i + kφ(l+1) = 2kn+1(ql + i)− ϕ(l + 1) = 2k(ql + i)− r.�$
N(V, V ) ⊃ N(Vn, Vn) = N(x, Vn)−N(x, Vn) ⊃ {al2, al4, · · · , al2(l+1)}

= {2k(ql + 1)− r, 2k(ql + 2)− r, · · · , 2k(ql + l + 1)− r}.U Nk(V, r) = {n ∈ N : 2kn−r ∈ N(V, V )} ⊃ {ql+1, ql+2, · · · , ql+(l+1)}. x�N: Nk(V, r)p thick I�1	)�Q 8.4.3,(X,S) p-pDBI� ��p~?-pDBI�P?We61/I Fts �UI�P�1	)`Q 4.5.34p Fps�UI��5�.EQ^~?�DBI;Wp Fps �UIe^�P����.Qu~?�QEn�~?e^�Px�p�DBI�9� 8.4.5 
 (X,T ) J�Æ8VO^�Z=� x J8VX�}"h* x Oz�'/ U `&r^ (∗) �h*z�O r ∈ Z+ ( q ∈ N, A< p1, . . . , pq > r �Nh.&O 1 ≤ i1 ≤ j1 ≤ q`& pi1,j1 − r ∈ N(U,U), ` pi1,j1 = Σj1
l=i1

pl, K8 (X,T ) Jj��O�W)�S (Y, S)p~?4TI E�P�H$.[ Y FI~?WIin µ�G supp(µ) = Y .S U1, U2 p X I�:,1� V1, V2 p Y I�:,1�H$)�Q 8.4.3 I�:�.[ n0,

r, x I~?u= U v Y I~?�:,1 V lG
N(U1 × V1, U2 × V2) ⊃ n0 +N(U × V,U × S−r(V )).�p supp(µ) = Y , U.[ q ∈ N �G µ(V ) > 1

q > 0. w U, r, q X$�.IJS4GC
p1, . . . , pq > r,lGw60�I 1 ≤ i1 ≤ j1 ≤ qi/ pi1,j1−r ∈ N(U,U),} pi1,j1 = Σj1

l=i1
pl.8f V, S−p1(V ), . . . , S−(p1+...+pq)(V ) pjjWeI�H$

µ(V ∪ S−p1(V ) ∪ . . . ∪ S−(p1+...+pq)(V )) > 1.6x.[ 1 ≤ i1 ≤ j1 ≤ q lG V ∩ S−pi1,j1 (V ) 6= ∅. �$ pi1,j1 − r ∈ N(U × V,U × S−r(V )).U
pi1,j1 − r + n0 ∈ N(U1 × V1, U2 × V2).



` v f _ � Q . � S 215 zUzC 9W[>Pv� §8.4 �l�s~$I�����.S (Y, S)p~? E�P�(Y1, S1)p (Y, S)IA*D��Tp~?P8Ig��WLn�� (Y1 , S1)xp~? E�P�H$)�.I:��� (X ×Y1, T ×S1)p�UI��p (X × Y, T × S) p (X × Y1, T × S1) I~?�?� (X × Y, T × S) xp�UI�x�d�o�.I�:� �!� 8.4.6 A<j��O�H�JGe��O^�Z=�W)��.�C�3�Q^I�� C�r�lvd��E�5~r��.^[j?�sI8F6� (Σ, S)  Q^1QuIe^�P�uhF�$�Pp~?�#W x =

(x0, x1, · · · ) ∈ Σ IEA.�poRCx~W��.aJPQ^~r/"B Ci lG x p
Ci I-"W�����.~ {φ(i)} p Z+ I~?WrlGw6*? i ∈ Z+, /�"|? j ∈ Z+ �G φ(j) = i. Y~

C0 = (0), C1 = (0, 0, 1, 0, 0) = (x0, . . . , x4) � k1 = 5.� W 0
1 = {2} = {i : xi = 1, i ≤ k1 − 1}, � B0

1 = W 0
1 −W 0

1 = {0}.�.EaJPQ^ Cl. 8f Cl Itnp kl, �.`�
W 0
l = {i : xi = 1, i ≤ kl − 1}, � B0

l = W 0
l −W 0

l .��� B0
l �G

(1)l 1 [ 1B0
l
 ��G�rH�

(2)l Cl I,nsp Cl−1.�*� l = 1 e (1)l v (2)l *�G��[JS Cn ��Q^q (1 ≤ n ≤ l), ��G (1)nv (2)n. �.8�EQ^ Cl+1.S pl1, p
l
2, . . . , p

l
l, p

l
i,j ≥ kl (1 ≤ i < j ≤ l+ 1) p6`I����w6 1 ≤ i < j ≤ l+ 1, ~

qli,j = pli+ . . .+p
l
j−1+(j−(i+1))kl−φ(l+1)Æ)�.IQ^�4p�I��= 1 ≤ i < j ≤ l+1e�S Ali,j = Cl0
ql
i,jCl. �S

Cl+1 = Al1,20
pl
1,2Al1,30

pl
1,3 . . . Al1,l+10

pl
1,l+1Al2,30

pl
2,3Al2,40

pl
2,4 . . . All,l+10

pl
l,l+1.) Cl+1 IQ^v (3.1), �.GC

W 0
l+1 = W 0

l

⋃
(W 0

l + (ql1,2 + kl))
⋃

(W 0
l + (ql1,2 + kl) + (pl1,2 + kl))

⋃
. . .

⋃
(W 0

l + (ql1,2 + kl) + (pl1,2 + kl) + . . .+ (qll,l+1 + kl)).? (ql1,2 + kl, p
l
1,2 + kl, q

l
1,3 + kl, p

l
1,3 + kl, . . . , q

l
l,l+1 + kl, p

l
l,l+1 + kl) p

(al1, a
l
2, a

l
3, . . . , a

l
l(l+1)−1, a

l
l(l+1)). H$

B0
l+1 = W 0

l+1 −W 0
l+1 = B0

l

⋃
(

⋃

1≤j1≤j2≤l(l+1)−1

((alj1 + . . .+ alj2)±B0
l )).
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l
2, . . . , p

l
l, p

l
i,j lG B0

l+1 �G (1)l+1.S x = liml→∞Cl,X p x [6� S �EIA.�� U = {x ∈ X : x0 = 1}, a
N(U,U) =

⋃∞
l=1B

0
l 6∈ Fpubd. x��:o�(X,S) Wp-pDBI�Lh{QI\_e��X$�Q 8.4.5 �.QR�: (X,S) p�DBI� �	 l 8.4

1. �9�}>^tJUHd℄�O E �O�H�)C
3)o^tJUH E �O��
2. R (X,T ) o�THd℄�O� (X̃, T̃ ) o3H�)C
� pi : X̃ → X oBQ i >VLHRM��9�v)> i ∈ N,pi o,6H�(#��-3��9E}>f�� [>q�7e A o X̃ H}>��>0��Fv/ÆH i �[ pi(A) = X , G# A = X̃ .]

3. �_P 8.4.4 H�9� [>q�dU [Huang-Ye2005]]

4. �_P 8.4.6 H�9� [>q�dU [Huang-Ye2002b]]

§8.5 >h	h5kn�.��`�o��{��DB� IP∗ �{v mild �{I-W�R�:o��{ ⊂ �DB ⊂ IP∗�{ ⊂ mild �{
⊂ Flbd1 �{ ⊂ Fts �{ ⊂?�{�[x~rT��.^Q^~: CIZ?E�:���{ (�DB ( IP∗�{ ( mild �{.Y6 mild �{� Flbd1 �{� Fts �{v?�{x�W&NIL�I�:��.�R�A�)`Q 8.3.3 v 8.3.4, ��{Uj�DB�R�[-7�G�	
x�\��[�.C~?Z?E�:�6l10	I�Px~? E �P�8f(/-7LIJS�	
xuC�\�

[Huang etc.2005] ��o�8f (X,T ) p_u K, H$w60�I A ∈ Finf v0�I/"�o�I, 0 U , Wr` hA(T,U) > 0. �$�~?_u K Ie^�Pp�DB�poC�~?�DB;Wp��{Ie^�PIZ?��.Qu8�`��!6 8.5.1 �Æ^�Z= (X,T ) *J{& B�[ P , }"h* X `z�&bÆt�O�I U1, U2, · · · , Un, A< N ∈ N �N�X� k ≥ 2 l s = (s(1), s(2), · · · , s(k)) ∈ {1, 2, · · · , n}k,K8A< x ∈ X 7x x ∈ Us(1) ∩ T−NUs(2) ∩ · · · ∩ T−(k−1)NUs(k).�./9� 8.5.2 {&jr^ P O^�Z=JD℄ K O��>J7��O�



` v f _ � Q . � S 217 zUzC 9W[>Pv� §8.5 d2�s�LwjW)��:�R�A� �[ [Blanchard1992] ~z � Blanchard Q^o~?/"BE A FI?6� (X,σ) lG (X,σ) p~? E �P;Wp��{I�R�)DzL� 4 �� (X,σ)  /�L� P .1	�.�/	 8.5.3 A<7��OH�Jj?+O^�Z=���~��8f A ⊂ Z+,H$ A−A = {a−b ≥ 0 : a, b ∈ A}, (A−A)
Z

= {a−b : a, b ∈ A}.8f F x Z+ I~J1{�a F − F = {A − A : A ∈ F}. �.�E� (X,T ) p Fpubd DBIÆ6��DBI�=��=4p (Fpubd −Fpubd)∗ �UI�p Fps DBIÆ6�DBI�=��=4p (Fps −Fps)
∗ �UI�~$I��./!� 8.5.4 
 (X,T ) J�Æ^�Z=� F ⊂ Finf J�Æy�}" (X,T ) J F ��Ol�?+O�K8 (X,T ) J (F − F)∗ 8VO�W)�)6 F DBIv?�{[A*D��1	WI��.WÆJS (X,T )p F DBI�p?�{I4T�P�����./8�ug�g� �w6 X I0��:,1 U1, U2 v A ∈ F , */ NZ(U1, U2) ∩ (A−A)

Z
6= ∅.g�OOC�SugW�\�H$.[ X I�:,1 U1, U2 v A = {a1 < a2 < a3 < · · · } ∈

F �G NZ(U1, U2) ∩ (A−A)
Z

= ∅. Uw0�I i, j ∈ N, i/ U1 ∩ T−(aj−ai)U2 = ∅, ��
T−aiU1 ⊂ T−aj (X \ U2).S x ∈ X,n ∈ N. 8f x 6∈ ⋂n

j=1 T
−aj (X \ U1), 6 x ∈ ⋃n

j=1 T
−ajU1. 6x.[ 1 ≤

i ≤ n �G x ∈ T−aiU1. �$ x ∈ T−aiU1 ⊂
⋂n
j=1 T

−aj (X \ U2). 1	 ⋂n
j=1 T

−aj (X \
U1)

⋃ ⋂n
j=1 T

−aj(X\U2) = X. 6xw60�I n ∈ N,E/ N(
∨n
j=1 T

−aj{X\U1,X\U2}) = 2.�$� (X,T ) Wp F DBI�"z�x�d�ougI�:�S U1, U2 p X I�:,1��p (X,T ) p?�{I�.[ n ∈ Z+ lG U = U1 ∩
T−nU2 6= ∅R� V = U2∩T−nU1 6= ∅. �*�NZ(U, V ) ⊂ NZ(U1, U2)∩NZ(U2, U1). )ug�w60�I A ∈ F i/ NZ(U, V )∩ (A−A)

Z
6= ∅,�� NZ(U1, U2)∩NZ(U2, U1)∩ (A−A)

Z
6= ∅.WL���8f n ∈ NZ(U1, U2) ∩NZ(U2, U1) ∩ (A−A)

Z
, H$ |n| ∈ N(U1, U2) ∩ (A−A). 1	�w60�I A ∈ F , �./ N(U1, U2) ∩ (A−A) 6= ∅, 6 N(U1, U2) ∈ (F − F)∗. �~ ∆ = Finf −Finf , �./v 8.5.5 7��8#$ ∆∗ 8Vr�W)��p�DBIe^�Pp Finf DBI�?�{I�H$)`Q 8.5.4 �4p ∆∗ �UI� �	��.�:��DB 6= IP∗ �{�	 8.5.6 A< IP∗ 8VOH�J7��O^�Z=�W)�)\� 8.5.5, �DBUjo ∆∗ �UL��$��.�uQ^~? IP∗ �UI;Wp ∆∗ �UIe^�P�~ S = {si ∈ N : sj+1 > 4(

∑j
k=1 sk + j), j ∈ N}. �./g� � A = Z+ \ (S − S) po�WII IP∗ 1�6�w60�I k ∈ Z,A+ k = {a+ k ≥
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0 : a ∈ A} p~? IP∗ 1�g�OOC ��a�^.[ k ∈ Z lG A + k Wp~? IP∗ 1�6x.[~? IP 1 B�G B ∩ (A + k) = ∅. Wb~$L�S B p) 0 < p1 < p2 < p3 < · · · [�I IP 1�} pj+1 >

∑j
i=1 pi. �p B ∩ (A + k) = ∅ � (A + k) ∪ ((S − S) + k) ⊃ {|k|, |k| + 1, · · · },B \

{0, 1, · · · , |k|} ⊂ (S − S) + k. U�.[ N ≥ |k| + 1 lG BN ⊂ (S − S) + k, xT BN p)
pN , pN+1, · · · [�I IP 1��*� pN ≥ |k|+ 1.�p= i ≥ N e pi ∈ (S − S) + k � pi > |k|, .[ n(i),m(i) ∈ N �G n(i) > m(i)� pi = sn(i) − sm(i) + k. 3�C j ∈ N e/ pi+1 > pi � sj+1 > 4(

∑j
k=1 sk + j). �$�

n(i+ 1) ≥ n(i) � limi→+∞ n(i) = +∞. � N1 > N lG= i ≥ N1 e n(i) ≥ |k|.JS i1 > i2 ≥ N1. �p pi1 + pi2 ∈ BN ⊂ (S − S) + k � pi1 + pi2 = sn(i1) + sn(i2) −
sm(i1) − sm(i2) + 2k, �.4	qC l(i1, i2) ∈ N lG pi1 + pi2 = sn(i1) − sl(i1,i2) + kÆ)6
sj+1 > 4(

∑j
k=1 sk + j)). U

sn(i2) + sl(i1,i2) + k = sm(i1) + sm(i2). (8.5.1)�p n(i2) ≥ |k| � n(i2) > m(i2), ) (8.5.1) � sn(i2) = sm(i1). 1	= i1 > i2 ≥ N1 e
n(i2) = m(i1). )6 n(N1) = m(j), j ≥ N1 + 1, �= l ∈ N e n(N1 + l) = m(j), j ≥ N1 + l. WL���= i ≥ N1 e n(i) = n(N1), x: limi→+∞ n(i) = +∞ "z�x�d�ougI�:�~

FA = {B ⊂ Z+ : ∃i1, i2, · · · , il ∈ Z lG B ⊃
l⋂

k=1

(A+ ik)}.�pj?o�WII IP∗ 1Ie4*xo�WII IP∗ 1� FA po�WII thick J�
FA I0�~?B"ix IP∗ 1��p A ∈ FA,)`Q 4.5.3,  /~? FA �UIe^�P
(X,T ) v X I~?�:,1 U lG N(U,U) = A∪{0}. �p FA I0�~?B"ix IP∗1�(X,T ) p IP∗ �UI����)6 N(U,U) = A∪{0}, U (X,T )Wp)zI�P��$�.4	qC�:,1 U1, U2 ⊂ U �G U1∩U2 = ∅. �*�N(U1 , U2) ⊂ N(U,U)\{0} = A,x�x�� N(U1, U2) ∩ (S − S) = ∅. 1	 (X,T ) Wp ∆∗ �UI���)\� 8.5.5 �Wp�DBI�x�d�o�.IQ^� �N���./	 8.5.7 A< mild ?+H�J IP∗ ?+O^�Z=�W)�\� S ∈ Finf lG S = {si ∈ N : sj+1 > 4(

∑j
k=1 sk + j)}. S B p) S 1[�I IP1�~ A = Z+ \B,Ak =

⋂k
i=−k(A+ i), k ∈ N. W` k ∈ N, �./g� �w60��G a ≥ sk+1 � b > 2a I a, b ∈ N, �./ Ak ∩ {a, b, a + b, b− a} 6= ∅. =PP� Ak p~? (Fip −Fip)
∗ 1�g�OOC �JSugW�\�H$.[ a, b ∈ N�G a ≥ sk+1, b > 2a lG Ak ∩{a, b, a+
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b, b− a} = ∅. �p a, b− a ≥ k + 1, �./

{a, b, a + b, b− a} ⊂ Z+ \ (Ak ∪ {0, 1, 2, · · · , k}) ⊂
k⋃

i=−k
(B + i).uhF�w6 j = a, b, a+ b, b−a, .[~?/"1 Ij ⊂ Nv |nj | ≤ k lG j =

∑
l∈Ij sl+nj.)6 a > sk+1, 4/ max{Ia} > k + 1.�p |(∑l∈Ia+b

sl) − (
∑

r∈Ia sr +
∑

t∈Ib st)| = |na+b − (na + nb)| ≤ 3k �= j ∈ N e
sj+1 > 4(

∑j
i=1 si + j), WL��� Ia+b∆(Ia ∪ Ib) ⊂ {1, 2, · · · , k} � Ia ∩ Ib ⊂ {1, 2, · · · , k}.M�I��./� Ib∆(Ia ∪ Ib−a) ⊂ {1, 2, · · · , k} � Ib−a ∩ Ia ⊂ {1, 2, · · · , k}. =PI�

Ia ∩ Ib ⊂ {1, 2, · · · , k} � Ia \ Ib ⊂ {1, 2, · · · , k}. x�v< Ia ⊂ {1, 2, · · · , k}, : max Ia > k+ 1"z�x�d�ougI�:�S FA = {B ⊂ Z+ : ∃ k ∈ N lG B ⊃ Ak}. )6= k1 ≥ k2 e Ak1 ⊂ Ak2, )F5Iug��FA p~?o�WII thickJ�� FA  I*?B"*p (Fip−Fip)
∗ 1�)`Q 4.5.3,.[~? FA �UIe^�P (X,T ) v X I~?�:,1 U lG N(U,U) = A ∪ {0}. �p FA I*?B"ix~? (Fip − Fip)

∗ 1�U (X,T ) p (Fip − Fip)
∗ �UI�6 mild �{I���)6 N(U,U) = A∪ {0}, � (X,T ) Wp~?)z�P��$��.4	qC�:,1 U1, U2 ⊂ U �G U1 ∩ U2 = ∅. �*� N(U1, U2) ⊂ N(U,U) \ {0} = A, x�x��

N(U1, U2)∩B = ∅. �$� (X,T ) Wp IP∗ �UI�x��:o� (X,T ) p~? mild �{;Wp IP∗ �UIe^�P� �D{�E��.~O$o�$�Ew�UIe^�P�I�M�4.x��#eN1 N(U, V ) �#WLo�v?WeL��.^/YI��v�Ev�8�IXN 7.5.1.���_� X<\gb <J�K`CA(U) Lrk���{ /"71 W.[ W.[�DB ∆∗1? +∞, ∀A ∈ Finf W.[
mild �{ (IP − IP )∗1 +∞, ∀A ∈ Fip �UI�P?�{I thick1 Wr` > 0 W.[-pDB ? ? _uKVI�DB Poincaré1 +∞, ∀A ∈ Fpubd E�PDB �#1 +∞, ∀A ∈ Fps -7I�P?DB u� W.[? -7IMnbY�Pd#�UI u� W.[? )z�P�UL �"1 W.[? ��{XN 7.5.1XN 7.5.1 48�x{�Z8�S (X,T ) p~?e^�P�H$ (X,T ) p mild �{
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UzC 9W[>Pv� §8.6 ������)G�xI=��=4p (Fip −Fip)∗ �{I�=��=w6 X I0��o�I/", 0 U v0�I Fip 1 A i/ CA(U) = +∞, =��=4?We60�I�U�P�	 l 8.5

1. �9� Flbd1 �z� Fts �zu>�zw�V%MHd℄℄K�� [>q�W#_P 4.5.2]

2. �9� mild �zu Flbd1 �zVM� [>q�P℄}> IP 0 A kF A−A 6∈ Fpubd]

3. �9�P 8.5.2.[>q�dU_P 8.3.4 H�9]

4. �9�V�.}>d℄℄K� P kF�>�z =Pf. [>q�2ÆB>�za;:,oCA
]

5. i>�CA�OH�)w�3)o�CA� 2 �CAw�LK5�CA� [2�wi>����'.w%�]
§8.6 L�Q��QN�XG~?e^�P~p?DBx�4?We61/I-7IMnbY�P� �*��DB ⊂DB ⊂?DB. [R 3.7r ��.S$8[(I��:o.[DB;Wx?�{I�P��[R 8.4rT��.C�~? CIZ?��[��.^:��DB�DBv?DBxx�pN~?e^^L�I�A�WN6R 8.4r �.$CI��[xT�.^�$8[(IQ��Y68[(IQ� CeVR 3.7 r$ [Akin-Glasner2001, Glasner1998].+*�.WQx&DBv?DBx�x&NIe^^L�x?�A�;x�.4	^�A6Æ� /D:=�L�I8[(I.[L�A��p.[Wp Poincaré WrI�#1 [Kriz1987], 1	N5F-Eq/�DBvDBxWNIe^^L��;x)6�.RW�Ex�x?�#1QR6~?e^�Ph��1	WQ' `��[x~rT��.^:�1 CDBv?DBx�x&NIe^^L�x?�AF���-u"�C~?:�MnbY�PF�����.�PC�?DBvDBIML6ÆGp�*���.�: /~?d5I8[(p-7:�)zI;W /WeWL��MLPa�.[~?:�MnbY�Pp?DB;WpDBI���[R�m �[��Inl:N X C Y IbY NI#C C(X;Y )F��.`�onl� D(g1, g2) = supx∈X d(g1(x), g2(x)). �p[x?nl� NI#{S)x`{bYI�1	 C(X;X) p~?4nlI_u*(�S Homeo(X) ⊆ C(X;X) p X CAVIANdI#C�[nl D �� Homeo(X) G�~?d5I_u(�w6 Homeo(X) I0�e�A?( Λ, D p Λ FI~?WInl�S x ∈ X, `�!� N evx : C(X;X) → X evx(f) = f(x). 4p~?~�bYI N�8f (X,T ) p~?_ue^�P� d p X FI~?nl�`� dT (x, y) =

supi∈Z+
d(T ix, T iy).�5I�Qx`Q 3.7.1.
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 (X,T )J�ÆO0Q�yZ=�x ∈ TransT (X).  ΛT �� C(X;X)`
{T i : i ∈ Z+}O
��K8 ΛT J C(X;X) O�Æd;rw��9rw {T i : i ∈ Z}< ΛT`0<��yO|U�� evx : C(X;X)→ X b\L ΛT ��\�$�ÆL (TransT (X), dT )�OQ|� �M

D(g1, g2) = dT (g1(x), g2(x)) ∀g1, g2 ∈ ΛT .w6~?:�MnbY�P (X,T ), ΛT �p~? /WInlI_u(�R�) T1[�I_�([} x�0I�~$I�~? �XG �~?℄w (G, g), } G p~? /WInlI_u(� g ∈ G [�o GI~?�0I_�?(�~?_u( G ~p`�dP_;�, 8fr�o� 1 p G Fn~IbY=~�S X p��nl:N� GC(X) p1//zR[D? X I Gδ �01FbYI#�o�I#C�w6 f ∈ GC(X), ~ C(f) = {x ∈ X : f[ x �bY}� ||f || = sup{|f(x)| : x ∈
C(f)}. �V�

||f || = sup{|f(x)| : x ∈ D ⊂ C(f),D[ X  �0}.
GC(X)  I�?o� f v g ~p:���&M (f = g a.e.) 8f ||f − g|| = 0 or {x ∈ X :

f(x) = g(x)} p X I�0I Gδ 1�6x f 6= g a.e. ML6.[ X I�:,1 U lG
f(x) 6= g(x) w61/ x ∈ U �\�S (X,T ) p4TIe^�P�T ∗ : GC(X)→ GC(X)p) T 2AI N�6 T ∗(f) =

f ◦ T (f ∈ GC(X)). H$ T ∗ p� NR� ||T ∗f || = ||f || (f ∈ GC(X)). [W���5I��� T ∗ ^?p T .9� 8.6.2 
 (X,T ) J�OO^�Z=�}% λ ∈ C *J (X,T ) O�Æ generic 5KU�}"A< f ∈ GC(X) �N f 6= 0 a.e. �l Tf = λf a.e.. $% f *J (X,T ) O�Æ generic5K$% (d�* λ O). (X,T ) O.& generic 5KUOv9SJ Eig(X,T ) B Eig(T ),d�* λ O.& generic 5K$%Ov9SJ Eig(λ).+m 8.6.3 
 (X,T ) J�ÆO0Q�yZ=� ΛT J C(X;X) ` {T i : i ∈ Z+} O
��K8 (X,T ) J���OIlpIFÆw (ΛT , T ) JGiO0gaO�W)�S x0 ∈ TransT (X),γ p ΛT I~?bY=~�H$ f = γ ◦ evx0 : TransT (X)→ T p
γ(T ) I~?�xIbY generic =~o��8f (X,T ) p?DBI�H$ γ(T ) = 1. �$w60�I n ∈ Z i/ γ(T n) = 1, x��v<=~ γ o��1	 (ΛT , T ) p-7:�)zI�	
�JS (ΛT , T )p-7:�)zI�� λ ∈ Eig(T ). H$.[~?�xIbY N
f : TransT (X)→ C �Gw1/I x ∈ TransT (X) i/ f(Tx) = λf(x). ~ g(x) = f(x)

f(x0) ,∀x ∈
TransT (X). H$� |g(x)| ≡ 1 � g(x0) = 1.S γ : ΛT → T �G γ = g ◦ evx0 . a γ pbYI��w0�I S ∈ ΛT i/ γ(T ◦ S) =

λ · γ(S). �5�.E�: γ p~?(N8�S S1, S2 ∈ ΛT . � nk,mk ∈ Z+ lG C(X;X)  T nk → S1, T
mk → S2. �p γ pbY
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lim
k
λnk = lim

k
γ(T nk) = γ(S1), lim

k
λmk = lim

k
γ(Tmk) = γ(S2).�V.[ si, ti ∈ N lG limi−→+∞ T nsi

+mti = S1 ◦ S2 � limi−→+∞ λnsi
+mti = γ(S1) ·

γ(S2). ���
γ(S1) · γ(S2) = lim

i−→+∞
λnsi

+mti = lim
i−→+∞

γ(T nsi
+mti ) = γ(S1 ◦ S2).x��:o γ p~?(N8��$� γ p ΛT I~?bY=~�)6 (ΛT , T ) p-7:�)zI�U γ ≡ 1. =PI� λ = γ(T ) = 1, 6 Eig(T ) = {1}. �S G p~?_u(� ~ G  / r#��[, 8f*? G T$�Ie^�P (X,G)i.[<~?WeW x ∈ X, 6 g(x) = x,∀g ∈ G. WLn��~?_u( G  /WeWL�=��=o�I G �Ppn~I-7 G �P��.[\� 3.7.13  ���:o�+m 8.6.4 
 (X,T ) J�ÆO0Q�yZ=� ΛT �� C(X;X) ` {T i : i ∈ Z+} O
��K8 (X,T ) J��OIlpIFÆw (ΛT , T ) {&�^Xr^��5C�8r-u`Q�!� 8.6.5 �℄F8Q[,��

1. A<�ÆFÆOD℄w�N1JGiO0gaO�H�{&�^Xr^�
2. A<�ÆG�OFÆw (G, g) �N1JGiO0gaO�H�{&�^Xr^�
3. A<�Æ���H�J��OO0Q�yZ=�W)�(1) ⇒ (2) S G p~?8[I_u(�lG4p-7:�)zI;W /WeWL��H$�.[~?�o�I-7 G � (X,G), x�x��.[~?bYI N π :

G×X → X lG π(e, x) = x � π(g1g2, x) = π(g1, π(g2, x))∀ x ∈ X, } e p G I8xB�
g1, g2 ∈ G.`� Φ : G → Homeo(X) p Φ(g) = π(g, ·), H$ Φ p~?bY N�$ ΛG ENr
Homeo(X)  Φ(G) IA.�H$ ΛG p Homeo(X) I~?Ae�?(��$� ΛG p~?d5I /~?WInl d I_u(��p G p8[I�H$�.[ g ∈ G lG g [�I_�?([ G  p�0I�U (ΛG,Φ(g)) p~?d5I8[(�)6 N ΛG × X → XÆ`�p (h, x) → h(x), ∀ h ∈ ΛG, x ∈ X �p`{bYI�
(X,G) p-7I�a (X,ΛG) p~?�o�I-7 ΛG ��x�:o�8[( (ΛG,Φ(g))W /WeWL��S χ : ΛG → T p ΛG FI~?bY=~�H$ γ

.
= χ ◦ Φ p G FI~?bY=~�)6 G p-7:�)zI� γ po�I�=PI� γ(g) = 1. �$�

χ(Φ(g)) = 1, 6 χ po�I=~�xx�p Φ(g) [�I_�?([ ΛG  �0�x��:o� (ΛG,Φ(g)) p-7:�)zI�
(2)⇒ (3)S (G, g)p~?d5I8[(�4p-7:�)zI;W /WeWL��� ρ p G FI~?&6IWInl�3�C� ρ′(x, y) = min{ρ(x, y), 1},∀x, y ∈ G xp GFI~?&6WInl�Wb~$L��.JS= x, y ∈ G e ρ(x, y) ≤ 1.
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h(g′)i = ρ(gig′, e) = ρ(g′, g−i),∀i ∈ Z, g′ ∈ G.� Ω p IZ  h(G) IA.�H$� (Ω, σ) p~?:�MnbY�P�� h : G → Ω p GC IZ I~?~�bYI	:�G

1. h(G) ⊆ Transσ(Ω).

2. w60�I g1 ∈ G,σh(g1) = h(gg1).

3. w60�I g1, g2 ∈ G,ρ(g1, g2) = dσ(h(g1), h(g2)).$ Λσ E5N C(Ω;Ω)  {σi : i ∈ Z+} IA.�)�Q 8.6.1, bY!� N evh(e) :

C(Ω;Ω)→ Ω "�`�o~? Λσ v (Transσ(Ω), dσ) 
NIM" N��p (G, ρ)v (Transσ(Ω), dσ)pd5Inl:N�)F5I (3)� h(G) = Transσ(Ω). ���ev−1
h(e) ◦h : (G, g) → (Λσ, σ)p~?M"NQ�? φ = ev−1

h(e)◦h,H$ φ(gn) = σn, ∀n ∈ Z+.uhF�φ xp_u(
NIN8�po�:xW�S g1, g2 ∈ G. H$�.[ mi, ni ∈ Z+lG gmi → g1, g
ni → g2. �*� gmi+ni → g1g2. �p φp~?M" N� φ(gn) = σn, n ∈

Z+, �./ φ(g1) = limi→∞ σmi ,φ(g2) = limi→∞ σni � φ(g1g2) = limi→∞ σmi+ni . �$�
φ(g1g2) = φ(g1)φ(g2).�p (G, g) p-7:�)zI;W /WeWL��� φ : (G, g)→ (Λσ, σ) p_u(
NI~?NQ��$8[( (Λσ , σ) x /NrIL��)L� 8.6.3 v 8.6.4, x��:o (Ω, σ) p?DB;WpDBI�

(3) ⇒ (1) 8f.[~??DB;WpDBI:�MnbY�P (X,T ), H$)L�
8.6.3 v 8.6.4 ��8[( (ΛT , T ) p-7:�)zI;W /WeWL�� �	 l 8.6

1. �9�}>9�LmaXH Fpubd �THd℄�Oo,6H�
§8.7 aeDBI`�x��) Blanchard, Host, Maass [ [Blanchard etc.2000]  $#WLo�C�I�R�2.�:oxML6?WeI`��� 2DBx�Ujo Z+ DBx~seNOux&I,�A��E [Huang-Ye2004b] ~zwx?�AC�o~?8`I�0�8mI3℄�O6�A�zv{1a [Huang-Ye2004b], [Huang-Ye2002b] v [Huang-Ye2005].X$_u(IQ�Ew�U�P�I�MI+�GA Akin v Glasner[Akin-Glasner2001],2.GCo~?DB;Wx?�{I.[LIZ?�Q^LIZ?V [Huang-Ye2002b]. N�~rI�Qp�A [Huang-Ye].



�sQ sl [x~m �.�_ue^�P IWeL�����.C�WeLI`�	44I~:&8IL��*��.}K~:&uIWeL`Q�Z80y u.p.e. �PWe61/-7x`�P�0y mild �{�PWe61/-7~�5L�PMM�[R�r��.�WeL:?WeLIY`��.�:j?-7�Pp?WeI=��=4.I-3MnbY�?pWeI�[R���r��.�We61/-7�PI�PIL��[N�~r��.[~$(T$I
�}KY6WeL5�6�I~:�X�:v��
§9.1 !6C\i�[

1967 U Furstenberg[Furstenberg1967] [KVQ�:_ue^�P �:WeLI-WE��P
NIm��j?�PWeM�6[�� j?A*��"I-W�[�� �j?A*��"=��=4.I�*p}N7M3��M�P[e^�P �w�P (X,T )v (Y, S), 8f= (Z,H) p (X,T ) v (Y, S) IMOD�Æ&=6�� j?A*�IM3���/ (Z,H) p�*�P (X ×Y, T ×S)ID�Æ&=6�� 4.I�*p}N7M3���a~ (X,T ) : (Y, S) xWeI�|b[�� �j?A*��"xML64.(/� 1 	bIM�?��.x4	`�j?�PWex�4.(/�o�M�?��5�.�-C�~$`�uG{z:��5�.C�b<I`��S (X,T ), (Y, S) pe^�P� J ⊆ X × Y ~p joining x�� J p�:IAWI?1�R� π1(J) = X,π2(J) = Y , } πi, i = 1, 2 pCR~���lISN�!6 9.1.1 Z= (X,T ) ( (Y, S) *J rk� �W X × Y J0;I�O joining, SJ
(X,T ) ⊥ (Y, S).��~��j?�Pp?WeI x��(X×Y, T ×S)p�UIÆ?
p (X,T )f(Y, S)).�./+m 9.1.2 
 (X,T ), (Y, S) J^�Z=�K8
1. }" (X,T ) ⊥ (Y, S), ��&�JGiO�
2. }" (X,T ) ⊥ (Y, S) �l (Z,W ) J (X,T ) �r�K8 (Z,W ) ⊥ (Y, S). ql�}"

(X,T ) ⊥ (Y, S), K81;9&��Ot[p�r�
3. }" (X,T ) ⊥ (Y, S), K8 (X̃, T̃ ) ⊥ (Ỹ , S̃), ` (X̃, T̃ ) - (Ỹ , S̃) u�J (X,T ) (

(Y, S) Oty�/�
4. }" (X,T ) Gi�� (X,T ) ⊥ (Y, S) IlpI π2 : X × Y → Y JGi<4�
5. }" (X,T ), (Y, S) ~JGiZ=�� (X,T ) ⊥ (Y, S) IlpI (X × Y, T × S) JGiO�
6. }"8VZ= (X,T ) ( (Y, S) 7x (X,T ) ⊥ (Y, S), K81;J��dO�W)�1. 8f (X,T ) v (Y, S) iWx-7I�H$.[4.I{I�:I-71 X ′ :
Y ′. ~ W = (X ′ × Y ) ∪ (X × Y ′), a W p joining, ; W 6= X × Y . "z�

224
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2. S π : X → Z p�? N� J ⊂ Z × Y p joining. a

J ′ = {(x, y) ∈ X × Y : (πx, y) ∈ J}p (X,T ) v (Y, S) I joining. D�JS� J = X × Y . 6x J ′ = π × id(J ′) = Z × Y .

3. w0� i ∈ N,S πi : X̃ → X v φi : Ỹ → Y pCR iWMISN�6x (X̃× Ỹ , T̃×S̃)p (X × Y, T × S) IA*D��� πi × φi : X̃ × Ỹ → X × Y pCR i WMISN�S J̃ p (X̃, T̃ ) v (Ỹ , S̃) I joining, � Ji = πi × φi(J̃), i ∈ N. a)JS Ji = X × Y ,

∀i ∈ N. 6x J̃ = X̃ × Ỹ .�.^ 4 v 5 �T�A�
6. �p (X,T ) ⊥ (Y, S), �.JS (X,T ) p-7I�) 4, π2 : X × Y → Y p-7I��p (Y, S) �U��.GC (X × Y, T × S) xx�UI� �Qu3�Ix�8f (X,T ) v (Y, S) (/�o�IMO�?�H$4.WCpWeI�R~?	Z) GlasnervWeissC��eV [Glasner-Weiss1983],x4	eV LindenstraussIzm [Lindenstrauss1995]. [8m�5IO6 ��.�=��We:?WeIY��+m 9.1.3 
 (X,T ), (Y, S) J^�Z=�l (X,T ) ⊥ (Y, S). }" (Y, S) Jt[pOGiZ=�K8 T O<}XI< X `0<�W)�D�>A 9.1.2 �.WÆS (X,T ) p4TI�6�./ (X,T ) ⊥ (Y, S), } (X,T )4T� (Y, S) p�o�-7�P�S Ω(T ) p T I�+?W1�8f Ω(T ) 6= X, H$.[ x ∈ X \ Ω(T ). 6x.[ x Iu= U lG T iU ∩ T jU = ∅, ∀i 6= j ∈ Z. � y ∈ Y , ~

J = cl(
⋃

n∈Z

T nU × {Sn(y)})
⋃

(X \
⋃

n∈Z

T nU)× Y.�V J p joining, 6x J = X × Y . �p (Y, S) �o�� Y \ {y} p�:,1�)6
U × (Y \ {y}) ⊂ X × Y = J , �./ U × (Y \ {y}) ⊂ cl(

⋃
n∈Z

T nU × {Sn(y)}). xr�.[ n ∈ Z lG (U × (Y \ {y})) ∩ (T nU × {Sn(y)}) 6= ∅. �V n 6= 0. 6x.[ n 6= 0 lG
T nU ∩ U 6= ∅, "z�1	 Ω(T ) = X, D�`Q 1.5.6,T I�#W[ X  �0� ���~��~?�Pp:� distal x�4(/ Li-Yorke w�!� 9.1.4 z*8VO��Z=�d*GiO0 distal Z=�5�S�z*�?+Z=�d*Gi distal Z=�W)�S (X,T ) pDBI� (Y, S) p-7:� distal I�H$ (X × Y, T × S) p�UI�JS (x, y) ∈ TransT×S � J p~? joining. S

φ = {p ∈ H(X,T ) : p(x, y) ∈ J, p(y) = y}.�p (x, y) �U�1	 φ �:�����: φ pAI*(�6x.[2MB v ∈ φ. �./ v(x, y) = (v(x), y) ∈ J . )6 (x, v(x)) p proximal I� (X,T ) p:� distal I�1	
(x, v(x)) p[
I�x�: ((v(x), y) ∈ J p (X × Y, T × S) �UW�6x J = X × Y . �



` v f _ � Q . � S 226 zUvC �es §9.1 ℄�.D�s_uhF��.4	�:0yDB�PWe6-7* distal �P�p$��.Qu~:;5�w�? N π : (X̂, T̂ )→ (X,T ), ~ Fx = π−1(x) 4 Isox = {p ∈ H(X,T ) : px = x}. S
A(Fx) = {q|Fx : q ∈ π−1(Isox)} ⊂ FFx

x .�V�8f q ∈ π−1(Isox),H$ q(Fx) ⊂ Fx;8f q ∈ H(X̂, T̂ )lG q(Fx) ⊂ Fx,H$ qx = x.~ E(Fx) = {1Fx} ∪A(Fx), �./!� 9.1.5 
 π : (X̂, T̂ )→ (X,T ) J�r���
1. }" π J distal O�K8hz� x ∈ X, E(Fx) JGi�w (��#J
�e). }"

(X,T ) Gi�K8qS�y�
2. }" π JO0 distal O�K8hz� x ∈ X, A(Fx) JGi�w�}" (X,T ) Gi�K8qS�y�
3. }" π J� distal, K8hz� x ∈ X, A(Fx) Oz*=Q1JGiO (W< A(Fx) `).}" (X,T ) Gi��qS�y�W)��.��: 1, }7Tp�A�

1. S π p distal I� x1, x2 ∈ Fx 	4 u p E(Fx) I2MB�= x1 6= x2 e��./
ux1 6= ux2. x�x�� u p8N�4�p u = 1u(Fx),, 1	 u = 1Fx . x�: E(Fx) I0�2MBp 1Fx . S B pAIQ+�H$ E(Fx) · B ⊂ B. )6 1Fx ∈ B, U B = E(Fx). x�: E(Fx) -7R�p(�	
�S (X,T ) -7�8f x1, x2 ∈ Fx, (x1, x2) ∈ P (X,T ), H$.[ p ∈ H(X̂, T̂ ) lG px1 = px2. WÆS px1 = px2 = y ∈ π−1(x), )�/ px = x. 6�.4	S p ∈ π−1(Isox).xr�.[ p ∈ A(Fx) lG px1 = px2. )6 E(Fx) -7�.[ p′ ∈ E(Fx) lG p′p = 1Fx .6x x1 = p′px1 = p′px2 = x2, )� π p distal. �!� 9.1.6 
 π : (X̂, T̂ )→ (X,T ) J�r���}" (X̂, T̂ ) J8VOl π J� distal O�K8 π Gi�W)�S x1 ∈ TransT̂ � A ⊂ X̂ p�G π(A) = X AWI?1�a.[ x2 ∈ A lG
π(x1) = π(x2) = x. �p x1 p�#W�.[ A(Fx)  I2MB u lG ux1 = x1. �p x1p�UW� x1, x2 ∈ Fx, .[ p ∈ A(Fx) lG x2 = px1 = pux1.Q+ A(Fx)pu .joD2MB v, 6.[ p1 ∈ A(Fx) lG v = p1pu. �p π p* distalI�1	 u -7 (`Q 9.1.5). 6x A(Fx)u = A(Fx)v. '} u ∈ A(Fx)v Uj uv = u. xr
x1 = ux1 = uvx2 = up1pux1 = up1x2, D� x1 ∈ A. �Tp\��./�+m 9.1.7 �Æ8VZ= (X,T ) -�Æ� distal GiZ= (Y, S) ��dIlpI1;J�dO�W)�S π1 : X × Y → X pSN�a) Y p* distal I�1	 π p* distal D���p* distal D�p-7I�1	D�>A 9.1.2-4. �/ (X,T ) ⊥ (Y, S). �



` v f _ � Q . � S 227 zUvC �es §9.2 ��f�P�es℄�!� 9.1.8 z*8VO��Z=-Gi� distal Z=J�dO�W)�S (X,T ) pDBI� (Y, S) p-7* distal I�S π1 : X × Y → X pSN�)DB`�� (X × Y, T × S) p�UI��p π1 p* distal I�)`Q 9.1.6, π p-7I�6x)`Q 9.1.2,(X,T ) ⊥ (Y, S). �v 9.1.9 �Æ8VZ= (X,T ) -�Æ distal GiZ= (Y, S) ��dIlpI1;J�dO� 	 l 9.1

1. �9=� 9.1.2 H 3 u 4.

2. �9�7e (X,T ) ⊥ (Y, S) � (Y1, S1) o (Y, S) H9�}v}C
�G# (X,T ) ⊥ (Y1, S1).

3. R (X,T ) o,6HV distal �O�� (Y, S) o,6�O��9� (X,T ) 9 (Y, S) o>VdH<��<3-oVdH�
4. R (X,T ), (Y, S) o,6�O�Q� X H proximal X�oLKX���9� (X,T ) 9 (Y, S) o>VdH<��<3-oVdH�
5. �9_P 9.1.5 H 2 �u 3)[>q�U [Akin etc.]].

§9.2 0�^/�rk�!�[KVQ� �~?Y6 K �PI&u6�x4:1/x`�PxWeI�Tpx?vfI_uM�� Blanchard �:o u.p.e �PWe61/-7x_u`�P�[x~r ��.�C�x?`QI�:�*�i$�:I�C�~�r&uIWeL`Q�!� 9.2.1 z* u.p.e. Z=-Gi(�Z=J�dO�W)�S (X,T ) p u.p.e. I�P� (Y, S) p-7x`�P�8f4.WxWeI�H$[xj?�PN.[~?�o�I joining J , ) Zorn �Q��.4	JS J p-7I
joining, 6(/ J I{?1p X v Y I joining.~ J(x) = {y ∈ Y : (x, y) ∈ J}. JS.[ x, x′ ∈ X lG J(x) ∩ J(x′) = ∅. S π1 v
π2 x J 1 X v Y IS� N�� (x, x′) ∈ E2(X,T ), )`w?℄L�.[ y, y′ ∈ Y lG
((x, y), (x′, y′)) ∈ E2(J, T ×S). )JS J(x)∩J(x′) = ∅� y 6= y′. 6x�/ (y, y′) ∈ E2(Y, S),: Y x`"z�6xw0� x, x′ ∈ X �.i/ J(x) ∩ J(x′) 6= ∅. 0	 J I?1�

J ′ =
⋃

x∈X
{x} × (J(x) ∩ J(Tx)) =

⋃

x∈X
{x} × (J(x) ∩ S(J(x)) = J ∩ (id× S)J.�V J ′ pAIWI?1�D�JSw*? x ∈ X, J(x) ∩ J(Tx) 6= ∅, 1	 π1(J

′) = X. )
(Y, S) I-7L� π2(J

′) = Y . 8f�./ J ′ = J , x�v<w*? x ∈ X, J(x) = SJ(x)p-7�P Y I�:WIIA?1�xr J(x) = Y ,�$ J = X ×Y ,: J x{ joining "



` v f _ � Q . � S 228 zUvC �es §9.2 ��f�P�es℄�z�x�: J ′ p J I{? joining, �$ J WQp-7 joining. "z�1	 X : Y We�
��5�.^F5I�~$Æ�!6 9.2.2 *m1�Z R J Blanchard �[, �W17xhz��/ π : (X,T )→ (Y, S),��

1. Æ8r�}" (x, x′) ∈ R(X,T ) l π(x) 6= π(x′), � (π(x), π(x′)) ∈ R(Y, S);

2. 7�r�}" (y, y′) ∈ R(Y, S), �A< (x, x′) ∈ R(X,T ) �N π(x) = y, π(x′) = y′.d#M�6F`Q�:��.GC8�&ubPWeLI`Q�!� 9.2.3 
 (X,T )J8VZ=l (Y, S)JGiZ=�R J Blanchard r^�}" R(X,T )J X ×X O0<Il R(Y, S) = ∆Y , � (X,T ) ⊥ (Y, S).W)�8f (X,T ) ⊥ (Y, S) W�\�H$[xj?�PN.[~?�o�I joining J , )
Zorn �QWÆS joining p-7I�JS.[ z, z′ ∈ X lG J(z) ∩ J(z′) = ∅. �p x 7→ J(x) p X C 2Y IF*bY N�1	.[ X ×X I�0 Gδ 1 R1 lG[ R1 F J × J pbYI�4�p R(X,T )p X × X I�01�1	.[ (x, x′) ∈ R(X,T ) lG (x, x′) : (z, z′) ��
����G
J(x) ∩ J(z′) = ∅. S π1 v π2 x J 1 X v Y IS� N�� (x, x′) ∈ R(X,T ), )?℄L�.[ y, y′ ∈ Y lG ((x, y), (x′, y′)) ∈ R(J, T × S). )JS J(x) ∩ J(x′) = ∅ � y 6= y′. 6x�/ (y, y′) ∈ R(Y, S), ;x: R(X,T ) = ∆Y "z�6xw0� x, x′ ∈ X �.i/ J(x) ∩ J(x′) 6= ∅. �5I�:d#M�6F5I`Q�:��.�!� �D�>A 8.1.5, ComS(X,T ) p Blanchard L��|bD�w S MnbYI6�Æ`Q 8.1.8), �./!� 9.2.4 
 S = {si}∞i=1 � Z+ O�ÆVpw%�K8 S ��Z=�d*Gi S Q�yZ=��5�.^C�Y6 mild �{4��{�PIj?WeL`Q���GC mild �{�P(/�o�I~�5L�?Ivf�p$��.���~�5L: S MnbYIY��9� 9.2.5 
 (X,T ) J^�Z=�}" (X,T ) J�Z	rO��A< IP I A �N (X,T )J A Q�y�}" (X,T ) )J E Z=O8��qS	,��W)����.JS (X,T ) p~�5L�P�)~�5LI`�.[A*�Wr {n1 <

n2 < · · · } lG D(T ni , id) = supx∈X d(T
nix, x) < 1

2i . S A x) {ni : i ∈ N} [�I IP 1��.^�: (X,T ) p A MnbYI�wC`I ǫ > 0, .[ K > 0 �G 1
2K < ǫ

6 . ~ AK x) {ni : i ≥ K} [�I IP 1�3�C8f b ∈ AK , a b = ni1 + ni2 + · · ·+ nim } K ≤ i1 < i2 < · · · < im. )�/
D(T b, id) ≤

m∑

j=1

D(T nj , id) ≤
∞∑

i=K

1

2i
<
ǫ

3
.



` v f _ � Q . � S 229 zUvC �es §9.2 ��f�P�es℄��[S BK = {ni1 + ni2 + · · ·+ nim : 1 ≤ i1 < i2 < · · · < im ≤ K}. )6 BK p/"1��.4	qC δ > 0 lG�u d(x, y) < δ �/ d(T cx, T cy) < ǫ
3 w0� c ∈ BK �\��V= a ∈ A, a.[ b ∈ AK v c ∈ BK lG a = b+ c. �$= d(x, y) < δ e��./

d(T ax, T ay) = d(T b(T cx), T b(T cy))

≤ d(T b(T cx), T cx) + d(T cx, T cy) + d(T b(T cy), T cy)

≤ D(T b, id) + ǫ
3 +D(T b, id)

< ǫ.x��: (X,T ) p A MnbYI��.�[S (X,T ) p A MnbYI� (X,T ) p E �P�} A p) {pi : i ∈ N} [�I IP 1�Wb~$L��.4	JSw*? i ∈ N, pi+1 >
∑i

j=1 pj . w k ∈ N, S Ak p) {pi : i ≥ k} [�I IP 1�W`~�UW y ∈ X, �S Un = {x ∈ X : d(x, y) < 1
n}. )6 (X,T ) p

E �P�.[ /#�|IWIin µ. �$ µ(Un) > 0. )6 µ(Un) > 0, 1	 T−p1Un, T−(p1+p2)Un, T
−(p1+p2+p3)Un, · · · WQ�W&e�xr.[ 1 ≤ i < j lG

T−(p1+···+pi)Un ∩T−(p1+···+pj)Un 6= ∅, 6 Un∩T−(pi+1+···+pj)Un 6= ∅,x�: A∩N(Un, Un) 6= ∅.M�P��.Q�: An ∩N(Un, Un) 6= ∅. � an ∈ N(Un, Un) ∩An lG a1 < a2 < a3 < · · · .� (X,T ) p A MnbYI�w*? ǫ > 0 .[ δ > 0 �G�u d(x, y) < δ �/
d(T ax, T ay) < ǫ

2 w a ∈ A �\�� M ∈ N lG 1
M < min{ ǫ2 , δ}. )6 T anUn ∩ Un 6= ∅, 1	.[ zn ∈ T anUn ∩ Un. ��= n > M e/

d(T any, y) ≤ d(T any, zn) + d(zn, y) ≤
ǫ

2
+

1

n
< ǫ.x��: limn→+∞ d(T any, y) = 0.	��: limn→+∞D(T an , id) = 0. � (X,T ) p A MnbYI�w*? ǫ > 0 .[

ǫ
3 > δ > 0�G�u d(x1, x2) < δ�/ d(T ax1, T

ax2) <
ǫ
3 w a ∈ A�\�S x1, x2, · · · , xk ∈ XlG,� B(xi,

δ
2), 1 ≤ i ≤ k IR 0o:N X. � y p�UW�w*? 1 ≤ i ≤ k .[

ti ∈ N lG T tiy ∈ B(xi,
δ
2). )6 limn→+∞ d(T any, y) = 0, �.QRqC M > 0 lG=

n > M e�/ max1≤i≤k d(T an(T tiy), T tiy) < ǫ
3 .w0�I x ∈ X, .[ i lG x ∈ B(xi,
δ
2 ). = n > M e��./

d(T anx, x) = d(T anx, T an(T tiy)) + d(T an(T tiy), T tiy) + d(T tiy, x)

< ǫ
3 + ǫ

3 + δ < ǫ.�$ D(T an , id) ≤ ǫ w n > M �\��� limn→∞D(T an , id) = 0, 6 (X,T ) p~�5L�P� �{06F5I�Q��[�.Q�:�!� 9.2.6 mild ?+Z=�d*�Z	rOGiZ=�



` v f _ � Q . � S 230 zUvC �es §9.3 �es.��esW)�S (X,T ) p mild �{�P�JS (Y, S) p-7~�5L�P�)�Q 9.2.5, .[
IP 1 A lG (Y, S) p A MnbYI�)`Q 8.2.6, (X,T ) p A DB�P���)`Q
9.2.4, (X,T ) We6 (Y, S). �[ [Glasner-Maon1989] �Tv�:.[-7I?�{�~�5LI�P�6x-7~�5L�P4	/�r#WIe^^L8�|b[ [Akin-Glasner2001]  �Tv��.[�o� Flbd1 �UI~�5L�P�;x��./!� 9.2.7 z*t[p�Z	rZ=��N	J mild ?+O�W)�S (X,T ) p�o�~�5L�P�D��Q 9.2.5, .[ IP 1 A lG (X,T ) p AMnbYI�6x)>A 8.1.9 ComA(X,T ) = ∅. 8f (X,T ) p mild �{I�H$ (X,T )p A DBI (`Q 8.2.6), 6x ComA(X,T ) = X2 \∆2. x�: (X,T ) po�I�"z�)� (X,T ) Wp mild �{I� �!� 9.2.8 j?+Z=�d*Gi	rZ=�W)�S (X,T ) p��{�P� (Y, S) p&w6 Z+ I��Wr {nk}∞k=1 I-7~�5L�P�JS {Un}∞n=1 p X I~L&�S

X0 =

∞⋂

n=1

[

∞⋃

j=1

∞⋂

k=j

T−nkUn].� (X,T ) p��{�P� X0 p X I�0 Gδ 1��[S J p (X × Y, T × S) I~? joining. aw*? x ∈ X0 .[ y ∈ Y lG (x, y) ∈ J . )6 limk→∞ T nky = y 	4
⋂∞
j=1 cl(

⋃∞
k=j T

nkx) = X, �./ cl(orb((x, y), T × S)) ⊃ X × {y}. �$ J ⊃ X × {y}, ��
J = X × Y . x�: (X,T ) We6 (Y, S). �M�I�.4	�:�W.[�o��5LI��{�P�	 l 9.2

1. } (X,T ) o -m� w� {(x, Tx) : x ∈ X} ⊆ E(X,T ). �9�/Æ�THvf�Vd5w_�O�
2. �9�V-Z�n�4KH
�z�O� [>q�dU [Glasner-Maon1989] =� 6.4.]

3. �#7q��B�F{HVdK_P�
§9.3 rk�CLrk�[8r �.:�We:?WeIY��8fj?-7�P (X,T ) v (Y, S) p?WeI�H$4.I-3MnbY�? (Xeq, T ) v (Yeq, S) xx?WeI�)6�UIMnbY�Pp-7I�6x$e (Xeq, T ) v (Yeq, S) pWeI�6x~?A*I�A�x�T>Ax�\��6�8fj?-7�PI-3MnbY�?pWeI�H$x�4.p?WeI�~?=�I�Gx�= X = Y Ie��$e>A�p�-7�Pp?�



` v f _ � Q . � S 231 zUvC �es §9.3 �es.��es{I=��=4(/�o�IMnbY�?�x?v��.[�5��?Ch�[xT�.C�4I�:�R�S$M�I�C��5�AI8`�0�[�:h� ��.�C�-7�PI�℄ proximal Y�xMLY�I~?�:�	��.JS (X,T )p4T�P�w6~$��S$A*D�4	GC&�Iv��!6 9.3.1 Z= (X,T ) �O�Æ Æ&rm�(� �W�Æ7x℄:aO�y$% ρ :

X ×X → R+ �
(1) ρ JL#�M7x ρ(x, x) = 0; ρ(x, y) = ρ(y, x) �K ρ(x, z) ≤ ρ(x, y) + ρ(y, z);

(2) ρ(Tx, Ty) = ρ(x, y).8f ρ pbYWItnl�a�.4	`�Y�
D(ρ) = {(x1, x2) : ρ(x1, x2) = 0}.H$ D(ρ) pAIWIIMLY���~[P��./9� 9.3.2 }" ρ J (X,T ) �O�y��L#�� Seq ⊆ D(ρ)W)�D�\� 3.5.13, po�: Seq ⊆ D(ρ), �.�Q�: Q(X,T−1) ⊆ D(ρ). w0� (x, y) ∈ Q(X,T−1), D�`��.[ (xi, yi) → (x, y) 	4 ni ∈ N lG ni → ∞ �

(T−nixi, T
−niyi)→ ∆. �p

ρ(xi, yi) = ρ(T ni(T−nixi), T
ni(T−nixi)) = ρ(T−nixi, T

−niyi),jF�-"�D� ρ IbYL�/ ρ(x, y) = 0. 1	 Q(X,T−1) ⊆ D(ρ). �9� 9.3.3 
 Σ J X ��y�y��L#�l7x�
D(Σ) =

⋂
{D(ρ) : ρ ∈ Σ} ⊆ Q(X,T−1),�U;& Seq = Q(X,T−1).W)�D�

Q(X,T−1) ⊆ Seq ⊆ D(Σ) ⊆ Q(X,T−1).6/v�� �!6 9.3.4 
 µ J (X,T ) �O�Æ��!ÆJM�O��l
 N J X ×X O
rI�� N(x) = {y ∈ X : (x, y) ∈ N} J X O
I�\� ρN : X ×X → R+ �N�
ρN (x1, x2) = µ(N(x1)∆N(x2)).9� 9.3.5 
 (X,T ) JGiZ=�}" N J X ×X O
��rI ((T × T )N = N), �

ρN J�y��L#�W)��p (T × T )N = N , 1	 N(Tx) = TN(x). 6x
ρN (Tx, Ty) = µ(N(Tx)∆N(Ty)) = µ(T (N(x)∆N(y))) = ρN (x, y).
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1. w0� x ∈ X 	4,1 U ⊆ X, 8f N(x) ⊆ U , H$.[ x Iu= V lGw0�

x′ ∈ V �\ N(x′) ⊆ U .~ F = π1(π
−1
2 [X \U ] ∩N), } πi : X ×X → X, i = 1, 2 pCj�lISN�a F pA1��8 x′ 6∈ F ,a/ N(x′) ⊆ U . ~ V = X \F ,a V p xIu=�� N(x′) ⊆ U,∀x′ ∈ V .

2. w0� x1, x2 ∈ X,µ(N(x1)) = µ(N(x2)).)6 µ p�aI�w0� ǫ > 0, .[,1 U lG N(x1) ⊆ U � µ(U) < µ(N(x1)) + ǫ.D� 1., .[ x1 Iu= V lGw0� x′ ∈ V �\ N(x′) ⊆ U . )6 X -7�.[ n ∈ Z+lG T nx2 ∈ V . �� N(T nx2) ⊆ U . 6x6/
µ(N(x2)) = µ(T nN(x2)) = µ(N(T nx2)) ≤ µ(U) < µ(N(x1)) + ǫ.1	 µ(N(x2)) ≤ µ(N(x1)). NQ µ(N(x1)) ≤ µ(N(x2)).

3. w0� x1, x2 ∈ X,ρN (x1, x2) = 2µ(N(x1) \N(x2)) = 2µ(N(x2) \N(x1)).�u�: µ(N(x1)\N(x2)) = µ(N(x2)\N(x1))64�$) µ(N(x1)\N(x2)) = µ(N(x1))−
µ(N(x1) ∩N(x2)) �G�

4. w0� x ∈ X 40� ǫ > 0, .[ x Iu= V lGw0� x′ ∈ V / ρN (x, x′) < ǫ �\�w0� ǫ > 0, ) µ I�aL�.[,1 U lG N(x) ⊆ U � µ(U) < µ(N(x1)) + ǫ
2 . )

1. � x Iu= V lGw0� x′ ∈ V �\ N(x′) ⊆ U . ) 3. �./�
ρN (x, x′) = 2µ(N(x) \N(x′)) ≤ 2µ(U \N(x)) < ǫ.

5. D� 4. 6/w0� (x1, x2) ∈ X ×X, ρN [ (x1, x2) �bY� �9� 9.3.6 
 (X,T ) JGiZ=�N J X×X O
��rI��hz� (x1, x2) ∈ D(ρN )�K X O�I U &
U ⊆ N(x1) IlpI U ⊆ N(x2).W)�S.[ (x1, x2) ∈ D(ρN ) 	4,1 U �G U ⊆ N(x1), ;x U * N(x2). H$�

µ(U \N(x2)) ≤ µ(N(x1) \N(x2)) ≤ µ(N(x1)∆N(x2)) = ρN (x1, x2) = 0.|b U \N(x2) p�:,1��) X -7/ suppµ = X, 1	/ µ(U \N(x2)) > 0. �v"z� ��5�.u�: Q(X,T ) pMLY��hCF��.�u�: Q(X,T ) : Z T$�I�℄ proximal Y�x~rI� Z T$�I�℄ proximal Y� QZ(X,T ) `�p
QZ(X,T ) =

⋂

ǫ>0

∞⋃

n=−∞
(T × T )−n∆ǫ.
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 (X,T )JGiZ=�� Seq = QZ(X,T ) = Q(X,T−1) = Q(X,T ), �M Q(X,T )JQ[�Z�W)�[`Q 3.5.9  �.���:h Q(X,T−1) = Q(X,T ), M�I�:4	�:2.:
QZ(X,T ) &N�S F p X ×X  #C�:AWI?1L�I1{�~ Σ = {ρN : N ∈ F}.p� Q(X,T ) pMLY��D��Q 9.3.3 �.�Q�: D(Σ) ⊆ QZ(X,T ).w ǫ > 0, `� N =

∞⋃
n=−∞

(T × T )−n∆ǫ, } ∆ǫ = {(x, y) : d(x, y) < ǫ}. 6x N ∈ F . 8f (x1, x2) ∈ D(Σ), a�V (x1, x2) ∈ D(ρN ).D��Q 9.3.6 4 Bǫ(x2) ⊆ N(x2), �./ Bǫ(x2) ⊆ N(x1). '} x2 ∈ N(x1).1	 (x1, x2) ∈ N =
∞⋃

n=−∞
(T × T )−n∆ǫ. ) ǫ I0�L��.�/ (x1, x2) ∈

⋂
ǫ>0

∞⋃
n=−∞

(T × T )−n∆ǫ = QZ(X,T ). �w?�{�P��./�5I`Q!� 9.3.8 
 (X,T ) JGiZ=���℄�F8Q[�
1. (X,T ) J�?+O�
2. Q(X,T ) = X ×X;

3. Seq = X ×X, M X 9&t[pOQ�y�r�W)�)`��� (1)⇒ (2), � (2)⇒ (3) x�*I�D�\� 3.5.11 v`Q 9.3.7 �.�GC (3)⇒ (1). �5�.C� (3)⇒ (1) I~?l�:�S U1, U2, V1, V2 p X I�:,1���.[ n ∈ Z lG (U1 × U2) ∩ (T × T )n(V1 ×
V2) 6= ∅. D� X I-7L�.[ m ∈ Z lG W = U2 ∩ TmV2 6= ∅. ~ x ∈ TmV1, H$
{x} ×W ⊆ (T × T )m(V1 × V2) ⊆

∞⋃
n=−∞

(T × T )n(V1 × V2) = N . )$`�� W ⊆ N(x). )6
Seq = X ×X ⊆ D(ρN ), 1	w0� x′ ∈ X,(x, x′) ∈ D(ρ). D��Q 9.3.6 a/ W ⊆ N(x′).6

{x′} ×W ⊆ N =

∞⋃

n=−∞
(T × T )n(V1 × V2).=PP�� x′ ∈ U1, a (U1 ×W ) ∩

∞⋃
n=−∞

(T × T )n(V1 × V2) 6= ∅. )6 W ⊆ U2, 1	.[
n ∈ Z lG (U1 × U2) ∩ (T × T )n(V1 × V2) 6= ∅. 6x (X ×X,T × T ) p Z �UI�A*xx�UIÆ�lvn���1	 (X,T ) p?�{I� ��5�.\_F5Iv��[8r7�℄��.*JS (X,T ) p-7�P�� (Y, S)pNdI E �P�S µ p Y FI /#�|IWIin�8f N p X × Y IA?1�a N(x) = {y ∈ Y : (x, y) ∈ N} p Y IA1�`� ρN : X ×X → R+ lG�

ρN (x1, x2) = µ(N(x1)∆N(x2)).
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 (X,T ),(Y, S) �K N }�Z
��hz� (x1, x2) ∈ D(ρN ) �K Y O�I
U &

U ⊆ N(x1) IlpI U ⊆ N(x2).!� 9.3.10 
 (X,T ) JGiZ=�l (Y, S) J E Z=�}" (Y, S) �d* (X,T ) OGBQ�y�r�K8 (X × Y, T × S) J8VZ=��M
(Xeq, T ) ⊥ (Y, S)⇒ (X,T ) f (Y, S).W)�S {Ui} v {Vi} �Pp X v Y I4�,1JR� {Ui × Vi} p X × Y I~L4�&��` x ∈ X 4 i ∈ N.S W p Y I0�~?,1�~ N =

∞⋃
n=−∞

(T × S)n({x} ×W ). D��Q 9.3.9, �.4	�: Seq(x)×W ⊆ N . �p X -7�1	 Ui/Seq [ Xeq = X/Seq  /�:IO℄�6x)6 X/Seq ⊥ Y , .[ n ∈ Z 	4 w ∈ W lG (T × S)n(x/Seq, w) ∈ (Ui/Seq) × Vi. ��.[ x′ ∈ Seq(x) lG (T × S)n(x′, w) ∈ Ui × Vi. 1	 N ∩ (Ui × Vi) 6= ∅. xr�.GC�.[ m ∈ Z 	4 w′ ∈ W lG (T × S)m(x,w′) ∈ Ui × Vi. �p W p Y I0�,1��.GC1{
Ai = {y ∈ Y :.[ nlG (T × S)n(x, y) ∈ Ui × Vi}p Y I�0,1�6x D(x) =

∞⋂
i=1

Ai p Y I�0I Gδ 1�'}� (X × Y, T × S) p Z�UI�A*xx�UIÆ�lvn��� �)F`Q�.�/8�&uI\��!� 9.3.11 "ÆGiZ=J��dOIlpI1;OGBQ�y�rJ�dO�W)�v{\� 9.1.9 :F`Q64GC��lvA�� �	 l 9.3

1. �97qHuev5�M�?3)w�[H�
2. �97qHuev5}#'S#ww�[H�
3. /x,6>�z�O9/x,6 point distal �OoVdH�
4. �_P 9.3.11 H�9�
5. R (X,T ) u (Y, S) o Z �O� (X,T ) o,6>�z�O�� (Y, S) o E �O�`v ∀x ∈ X , 0z D(x) = {y ∈ Y : (x, y) Z X × Y�.Æ/b} o Y HÆ/ Gδ 0�
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§9.4 rkAg>`��s��s���C�[ [Furstenberg1967]  Furstenberg ?�8�I~?�A�8y6�:#C-7�PWeI�P�[x~rv�~r�.^:�x?�A�S M p#C-7�PL�I1{��.�:�8f (X,T ) ∈M⊥, H$ T  -7W�0�8f (X,T ) �p�UI�H$

(X,T ) p?�{I�!6 9.4.1 Z+ O�ÆrI A *J�Æ m b, �WA<GiZ= (Y, S), y ∈ Y �K Y O�I V �N A ⊃ N(y, V ).w6�U�P�4x�[ M⊥  QRLh�5I`�6Æpw m 1I�Q�w-7�P (Y, S), �.`�
FY = {A ⊂ Z+ :.[D?y ∈ Y 4�:,1 VlGA ⊃ N(y, V )} 4
kFY = {B ⊂ Z+ : B ∩A 6= ∅,∀A ∈ FY }.!� 9.4.2 
 (X,T ) J8VZ=l x ∈ TransT , �

(1) (X,T ) ∈M⊥ IlpIh x Oz�'/ U �Kz� m I A & N(x,U) ∩A 6= ∅.
(2) (X,T ) ⊥ (Y, S) IlpIh x Oz��'/ U & N(x,U) ∈ kFY .W)��.�� (1),(2) I�:xM�I�S (X,T ) ∈ M⊥. w0� m 1 A, .[-7�P (Y, S), y ∈ Y 	4 Y I,1 V lG
A ⊃ N(y, V ).S J = cl(orb((x, y), T × S)). a J p (X,T ) v (Y, S) I joining. �p (X,T ) ⊥ (Y, S),1	 J = X × Y . 6xw x I0�u= U , �./ N((x, y), U × V ) 6= ∅, 6 N(x,U) ∩A 6= ∅.	
�S (Y, S) p-7�P� J p (X,T ) v (Y, S) I joining. �V.[ y ∈ Y lG
(x, y) ∈ J . w6 x I0�u= U 	4 Y I0y�:,1 V , �./ N(x,U)∩N(y, V ) 6= ∅.6x cl(orb((x, y), T × S)) ∩ (U × V ) 6= ∅. �p cl(orb((x, y), T × S)) p T × S WIIA1�1	 cl(orb((x, y), T × S)) = X × Y . 6x J = X × Y . �w0� S ⊂ Z+, S 1S p Z+ C {0, 1} I�ro��6= s ∈ S e� 1S(s) = 1;= s 6∈ S e� 1S(s) = 0. 8f s = (s(0), s(1), . . .) ∈ Σ = {0, 1}Z+ , H$�.$ s[n;m] ?
(s(n), s(n + 1), . . . , s(m)), } n ≤ m. S σ : Σ→ Σ p6� N�w/"" A, 	 |A| ? AItn��5I`Q[8r ^�YWIT$�!� 9.4.3 :Æ Fts I+�#$�Æ m I�W)�S F ∈ Fts. �.^Q^ yn = 1Fn ∈ {0, 1}Z+ lG Fn ⊂ F � y = lim yn = 1A p-7W�S Y = cl(orb(y, σ)) 4 [1] = {x ∈ Y : x(0) = 1}. D� A ⊂ F 4 A = N(y, [1]), �.�4	GC`QIv��pGC yn,�.Q^/"" An lG yn 	 An ,nR� An [ yn  syndetic��Æ���Ix�L�~? syndetic1��|b An+1 x	 An ,n��.QRRC8$ID�[6w*? n ∈ N, 1n = (1, . . . , 1) (n ?) [ 1F  syndetic ��� CIa��.8�Q^�



` v f _ � Q . � S 236 zUvC �es §9.4 �e+/'Hj[>P[>�9WnqT 1 ��Q^ A1 4 F1 ⊂ F lG A1 [ y1 = 1F1  	 l1 N"���R� y1 	 A1 ,n�S minF = k1 − 1 4 A1 = 1F [0; k1 − 1]. ~ r1 = k1. �p F ∈ Fts, 1r1 [ F  ��Ix� W1 = {w1
1 , w

1
2, . . .} p~? syndetic 1�Wb~$L�S 2r1 ≤ w1

j+1 − w1
j ≤ l1 �

2k1 ≤ w1
1 ≤ l1,} l1pD N B�S u1

i = w1
i , i ∈ N. � y1 ∈ {0, 1}Z+ lG y1[0; k1−1] = A1,

y1[u1
i ;u

1
i + k1 − 1] = A1 � y1(j) = 0 if j ∈ Z+ \ ([0; k1 − 1] ∪ ∪∞i=1[u

1
i ;u

1
i + k1 − 1]).�V� A1 [ y1  	N" l1 ��� F1 ⊂ F , } 1F1 = y1.T 2 ��Q^ A2 4 F2 ⊂ F lG

1. A2 G8 A1V1A1, �8f k2 = |A2|, H$ A2 = y1[0; k2 − 1].

2. y2[0; k2 − 1] = A2, R� A1, A2 [ y2  �P	N" l1 v l2 syndetic ���
3. F2 = {i ∈ Z+ : y2(i) = 1} ⊂ F .S k2 = u1

1 + k1 4 A2 = y1[0; k2 − 1]. a A2 G8 A1V1A1. ~ r2 = 2l1 + 2k1 + k2. �p F ∈ Fts, 1r2 [ F  ��Ix� W2 = {w2
1 , w

2
2, . . .} p~? syndetic 1�Wb~$L�S

2r2 ≤ w2
j+1 − w2

j ≤ l2 − (l1 + k1) � 2k2 ≤ w2
1 ≤ l2 − (l1 + k1), } l2 pD N  B�pGC y2, w*? i ∈ N �.+I y1 [ [w2

i ;w
2
i + r2 − 1] �I���5�.�Æ8y+I [w2

1;w
2
1 + r2 − 1] ��I3�+��S k, j �G u1

k−1 < w2
1 ≤ u1

k 4 u1
j + k1 − 1 ≤ w2

1 + r2 − 1 < u1
j+1 + k1 − 1. ~ lp (u1

j − 1 − u1
k − k1 − k2)/k1 I��℄��~ u2

1 = u1
k + k1. S y2[u2

1;u
2
1 + k2 − 1] = A24 y2[u2

1 + k2 + pk1;u
2
1 + k2 + (p + 1)k1 − 1] = A1, ∀p = 0, 1, . . . , l − 1. 6��.�[x� u2

1 �� A2, Y�:�4Q|I A1. Nr�Q [w2
i ;w

2
i + r2 − 1] �I����.GC

u2
i ∈ [w2

i , w
2
i + r2 − 1] lG y2[u2

i ;u
2
i + k2 − 1] = A2, i = 1, 2, . . ..	8$p�.GC y2. �V y1 v y2 �/[ [w2

i ;w
2
i + r2 − 1] �&��xr

F2 = {i ∈ Z+ : y2(i) = 1} ⊂ F1

⋃
∪∞i=1[w

2
i ;w

2
i + r2 − 1].NeD�Q^� A1, A2 [ y2  �	N" l1 v l2 syndetic ���T 3 ��aJQ^ Am+1 v Fm+1 ⊂ F lG

1. Am+1 G8 AmVmAm, �8f km+1 = |Am+1|, H$ Am+1 = ym[0; km+1 − 1].

2. ym+1[0; km+1 − 1] = Am+1 �w*? 1 ≤ i ≤ m + 1, Ai [ ym+1  	 li pN" syndetic���
3. Fm+1 = {i ∈ Z+ : ym+1(i) = 1} ⊂ F .Q^d#M�6R 2 [��.^�
�xr�.GCo ym+1. �V ym+1 v ym �[ [wm+1

i ;wm+1
i + rm+1 − 1](i = 1, 2, . . .) �&��6x

Fm+1 = {i ∈ Z+ : ym+1(i) = 1} ⊂ Fm
⋃
∪∞i=1[w

m+1
i ;wm+1

i + rm+1 − 1].�)Q^�w0� 1 ≤ i ≤ m+ 1,Ai [ ym+1  	N" li syndetic ���



` v f _ � Q . � S 237 zUvC �es §9.4 �e+/'Hj[>P[>�9WnqDF��.w60� m ∈ N,`�o/"" Am. ~ y = limAm = lim ym. )Q^�w*? m ∈ N,Am [ y  	N" lm ���6x y p6� σ �I-7W���V y 6= (0, 0, . . .).~ Y = orb(y, σ) 4 U = {x ∈ Y : y(0) = 1}. a
∅ 6= N(y, U) =

∞⋃

i=1

{i ∈ Z+ : An(i) = 1, 0 ≤ i ≤ kn − 1} ⊂
∞⋃

i=1

Fn ⊂ F.6x F .jo~? m- 1 N(y, U). �ae 9.4.4 A<�� thick O m I��}�
 (X,T ) Jt[pOGiI� x ∈ X. }" U( V J X O�dO�I�K8 N(x,U) ( N(x, V ) J�dO m I�5�S�1;~J
syndetic O�H`�� thick O��5�.�:�!� 9.4.5 
 (X,T ) J8VO^�Z=�}" (X,T ) ⊥M, K8 (X,T ) J�?+O M Z=�l9&t[pOGi�r�W)�S x ∈ TransT ,U p xI�:,u=�D�`Q 9.4.2, w0� m1 A,N(x,U)∩A 6= ∅.)`Q 9.4.3, x�: N(x,U) :1/ Fts 1&e�:�6x N(x,U) ∈ Fps. )`Q 1.3.10

(X,T ) p M�P��p�o��PW4QAe�D�>A 9.1.2,M⊥  �P�/o�I-7�?�6x (X,T ) (/�o�I-7�?��p (X,T ) p�UI� (X,T ) ?We61/-7�P���pDBI�Tp�A��lv�:�$e (X,T ) x?We61/ M �P�'}� (X,T ) p?�{I� �ae 9.4.6 \� 9.4.5 `:a��/uO��}�
 (X,T ) J� p J�^XO�?+O
M Z=�l (Y, S) JGiOj?+Z=�� X × Y J�?+O M Z=��_�X × Y d* Y .  {p} × Y�S	J�ÆX p′ NL�ÆZ= Z, 1	d* Y . H� Z J�?+O MZ=��l9&t[pOGi�r (p′ J�^X).[ [Furstenberg1967]  � Furstenberg �:o�8f (X,T ) pd#�UI�)zW1�0�H$ (X,T ) ∈ M⊥. $v�4\_8��~�P/ �&��_;b, x�w0��:,1 U , .[�:A?1 A ⊆ U 	4 k ∈ N lG T k(A) ⊂ A. �./!� 9.4.7 
 (X,T ) J{&0<igaIOGv8VOZ=�K8 (X,T ) ∈M⊥.p�`Q 9.4.7, �.Quj?�Q�9� 9.4.8 
 A ⊂ Z+ J m I�K8A< r ∈ Z+ �Nhz� k ∈ Z+, Nk(A, r) = {i ∈ Z+ :

ki+ r ∈ A} J�Æ m I�Wl	J syndetic O�W)��p Ap m1�1	.[-7�P (X,T ), x ∈ X 	4 X I,1 U lG A ⊃ N(x,U).� r ∈ Z+ 	4 x Iu= V lG T rV ⊂ U . xr N(x,U) ⊃ N(x, V ) + r. )6 x xx T k I-7WÆw0� k ∈ Z+), 6x {i ∈ Z+ : T kix ∈ V } p m 1�D�xp syndetic I�xrw0� k ∈ Z+,Nk(A, r) ⊃ {i ∈ Z+ : T kix ∈ V } p m 1�D�xp syndetic I� �9� 9.4.9 
 (X,T ) J^�Z=�� (X,T ) J{&0<igaIOGv8VOZ=IlpIA<8VX x �Nh x z�'/ U , U;&r^ (⋆) �
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(⋆) hz� r ∈ Z+, A< k ∈ N �N Nk(x,U, r) = {i ∈ Z+ : T ki+rx ∈ U} J thick O�W)�S (X,T ) p/�07)z1Id#�U�P� x ∈ TransT . a x ∈ TransT k , ∀k ∈ N.w x I0�u= U , .[�:A1 A ⊂ U 	4 k ∈ N lG T k(A) ⊂ A. � p ∈ A. H$.[ n1 < n2 < . . . lG N(p, U) ⊃ ∪∞i=1{kni, k(ni + 1), . . . , k(ni + i)}. xr�w0�A*�
l, �.QqC p Iu= Vl lG= y ∈ Vl e�/ T knly, T k(nl+1)y, · · · , T k(nl+l)y ∈ U . w0� r ∈ Z+, )6 T rx p T k I�UW�.[ m ∈ Z+ lG TmkT rx ∈ Vl. D� Nk(x,U, r) ⊃
{nl +m+ 1, nl +m+ 2, · · · , nl +m+ l}, ∀l ∈ N. x�: Nk(x,U, r) p thick I�	
�S.[�UW xlGw x0�u= U �./L� (⋆). p�: (X,T ) p /�07)z1Id#�U�P��.�Q�:w6 X I0�,1 W 4 n ∈ N, Nn(x,W ) 6= ∅�.[ k ∈ N 4 p ∈ X lG Nk(p,W ) p thick I�)6 x p�UW�.[ s ∈ N lG T sx ∈ W . � x I,u= U lG T sU ⊂ W ��
r ∈ N lG n|(r + s). w6 U v r, �p�./L� (⋆), 1	.[ k ∈ N lG Nk(x,U, r)p thick I�~ p = T r+sx, a Nk(p,W ) ⊃ Nk(x,W, r + s) ⊃ Nk(x,U, r)Æ�p T sU ⊂ W ).6x Nk(p,W ) p thick I��V� Nk(p,W ) ∩ nN 6= ∅. w6 m ∈ Nk(p,W ) ∩ nN, �./
T km+r+sx ∈W . �p n|(km+ r + s), 1	 Nn(x,W ) 6= ∅. �!� 9.4.7 �W)�S x ∈ TransT . )`Q 9.4.2, �.�Q�: x I0�u= U v0�
m 1 A / N(x,U) ∩ A 6= ∅. )�Q 9.4.8, .[ r ∈ Z+ lGw0� k ∈ Z+,Nk(A, r) =

{i ∈ Z+ : ki + r ∈ A} p syndetic I�)6L� (⋆) �\�.[ kr ∈ N lG Nkr(x,U, r) =

{i ∈ Z+ : T kri+rx ∈ U} p thick I (�Q 9.4.9). 6x Nkr(x,U, r) ∩ Nkr(A, r) 6= ∅. x�:
N(x,U) ∩A 6= ∅. �?�Tp\���.GC Furstenberg Iv��v 9.4.10 }" (X,T ) JGv8VO P Z=�K8 (X,T ) ∈M⊥.ae 9.4.11 < [Huang-Ye2005] `��H�=$�Æ9&gaXOH< M⊥ `O8VZ=� 	 l 9.4

1. �9� M⊥⊥ =M.

2. �9�7e (X,T )oCAH�G# (X,T )>Vd50. M�O� [>q�dU [Akin-Glasner2001]]

3. �9( m 0Z�HI3(G9�qn�o (Σ, σ) �H,6VH0z"BZ��
§9.5 rkAg>`��s��s�0dC�8rxF~rIeY�/oF~rI:��~?A*I�A�x�8f (X,T ) ∈M⊥; (X,T ) ��U�H$vf^�8y��.zÆY6x?�AI~:v��)�:�eV [Huang-Ye2005].
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 (X,T ) J^�Z=�}" (X,T ) ⊥M, K8 T OGiX< X `0<�F`QI�:WN6`Q 9.4.5 I�:��.Qu~?;`Q 9.4.3 G�I�Q����./`��!6 9.5.2 �y Z+ O Fts w% {Fn}∞1 *J 0Z�, �Whz� l ∈ N A< φ(l) �Nhz� n ∈ N, A< Z+ rI {wn1 (l), wn2 (l), wn3 (l) · · · } �N wn1 (l) ≤ φ(l), wni+1(l)− wni (l) ≤ φ(l)l {wni (l), wni (l) + 1, · · · , wni (l) + l − 1} ⊂ Fn, i ∈ N.Tp`Q 9.4.3 IH���./!� 9.5.3 
 {F ′n}+∞n=1 J Z+ O�Z Fts w%��A<GiZ= (Y, σ) ⊂ ({0, 1})Z+ , σ) �Nhz� n ∈ N, A< yn ∈ Y 7x N(yn, [1]) ⊂ F ′n, ` [1] = {y ∈ Y : y(0) = 1}.W)�̀ QI�:4	�h`Q 9.4.3 �:IO�GC��T�A� ��5�.�:`Q 9.5.1.!� 9.5.1 W)�Wb~$L�S T pNd�8f-7W1 M W[ X  �0�H$.[
X I,1 U 	4 cl(M) I,u= V lG U ∩ V = ∅.D�>A 9.1.3, Rec(T )[ U  �0�6x4	��#W {xn}+∞n=1 ⊂ U lG {xn : n ∈ N}[ U  ��~ Fn = N(xn, U

c) ⊃ N(xn, V ), n = 1, 2, · · · .�.ug� {Fn}+∞n=1 p~�I Fts r�g�OOC�w0� l > 0, .[ cl(M) Iu= Wl ⊂ V lG T k(Wl) ⊂ V , ∀1 ≤ k ≤ l. �p
⋃
i∈Z+

T−iWl = X 4 X p��I�.[ φ(l) > 0 lG ⋃
0≤i≤φ(l) T

−iWl = X.w*? n ∈ N, ~ N(xn,Wl) = {wn1 , wn2 , · · · }. �V wn1 ≤ φ(l), wni+1 − wni ≤ φ(l) �
{wni , wni + 1, · · · , wni + l − 1} ⊂ N(xn, V ). )6 Fn ⊃ N(xn, V ), 1	 {Fn}+∞n=1 p Z+ I~�
Fts r�ug�?�)ugv`Q 9.5.3,.[-7�P (Y, σ) ⊂ ({0, 1}Z+ , σ)lGw0� n ∈ N,.[ yn ∈ YlG N(yn, [1]) ⊂ Fn, } [1] = {y ∈ Y : y(0) = 1}. ~

J = cl(

+∞⋃

i=0

+∞⋃

n=1

(T × σ)i(xn, yn))
⋃

(X \
+∞⋃

i=−∞
T iU)× Y.)6 {xn : n ∈ N}[ U  �0�*? xn p�#W��./ ⋃+∞

i=−∞ T
iU ⊂ cl(

⋃+∞
i=0

⋃+∞
n=1 T

ixn).6x J p X v Y I joining, 1	 J = X × Y .�V� cl(
⋃+∞
i=0

⋃+∞
n=1 (T × σ)i(xn, yn)) ⊃ U × [1]. �p U × [1] p,1��.GC

(

+∞⋃

i=0

+∞⋃

n=1

(T × σ)i(xn, yn)) ∩ (U × [1]) 6= ∅.6x.[ i v n lG (T ixn, σ
iyn) ∈ U × [1], 6� N(xn, U) ∩ N(yn, [1])

6= ∅, x: N(yn, [1]) ⊂ Fn = N(xn, U
c) "z��?�~$I��./ (eV [Huang-Ye2005], `Q 4.5)
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 (X,T ) J^�Z=�� (X,T ) ⊥M IlpIhz�OGiZ=�A<�%Æ8VrZ= (Æ* (Y, S)) �N1;O�< X `0<l:ÆrZ=`�d* (Y, S).Qu3�Ix�~$�g�8f (X,T ) ⊥ M, W~`.[4�?�U?�PlG4.IR[ X  �0�*??�Pi[ M⊥  ��5IZ?^�:$�	 9.5.5 < M⊥ `A<&��%Æt[pGiQ�yrZ=O distal Z= (X,T )	 l 9.5

1. R T 3S� V o X H+0� Y = cl(∪i∈ZT
n(V )). �9�7e (X,T ) ⊥M, G# (Y, T ) ⊥M.

2. 7e-Z (X,T ) H�T>�O (Xi, T ) kF ∪iXi Z X Æ� (Xi, T ) ⊥ M, ∀i ∈ N. �9�
(X,T ) ⊥M.

3. R (X,T ) oLmaXH�O�7e (X,T ) ∈ M⊥, �9 X H)>VoVdV�5w�7e�O
(Y, S) �F (Y, S) ∈M⊥, G# (Y, S) H,2LmaX�>(VdVK��

4. T�_P 9.5.3.

5. R (X,T )od℄�O�}>�T>�Oo,2Hw�3o-iX��H,2A��9�7e (Y, T )o (X,T ) H�T>�O�G#-Z-i (Y, T ) H,2�T>�O�
6. �9Y> 9.5.5 H-ZK�

§9.6 `��rk���`|RC�8h[�5:r�.��:�oWeLI~:&8L�4v���.x�o?WeL	4}:WeL
`���.[x~r^3�^�[-7�PF�wWeL�IGpX:I��8rI�<|H:8�}4mrW6~r��.�i}K�3_ue^�PQ� Y6WeLI~:&8v����p8$�WN6}4mr��.^:�~$(T$�Ie^�P�,lv4	3�~��3e^�PI�<�)6R�mR 3 CR 6rI(3℄�v�w6~$(T$ix�\I�1	�ilv[Ol8rO6e��2R�m &�v��[8r � Ellis *(Q�	4t�?Q��o�&uIT$����[~:CuI;5��.uC�WeLI5�6��*�Tp�$��hCF[e�(T$�WeLx[ proximal D��1	I�
���.^�^6�wDM�PWeI-7�PI6��-u:�:#C-7 distal �MnbY	4?�{M�PWeI-7�PL�����.0	 Stone-C̆ech �Æ . S( T !	OB_u�?4I#Cw�?1{p
βT . w?1 A ⊂ T �.`� A = {p ∈ βT : A ∈ p}. �n� A ∩B = A ∩B,A ∪ B = A ∪B,} A,B ⊂ T . 6x {A : A ⊂ T} G�o βT D_uI~L,& (hCFxpA&). [$_u� βT �p�� Hausdorff :N�`� j : T → βT p j(t) = {A ⊂ T : t ∈ A}. 6x
(βT, j) p T I-3�Æ�~
p Stone-C̆ech pS. -3�Æ�v<w60�I�:N
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X v0�IbYo� f : T → X,f *4n~ID�pbY N f̄ : βT → X. ��p/xHf/IL��lG βT  /*(vQ�R�/<: Ellis *(NrIL�ÆeV�A��w�`I t ∈ T , 0	 N s 7→ ts. ^
}p T C βT IbY N�a�p βT x-3�Æ�$ N4n~D�p βT C βT IbY N p 7→ tp. )6 T xOBI�1	xr`�o T [ βT FIT$��* (βT, T ) x~?	8xB e p�UWIW�U�P
(βT = Te = {t : t ∈ T}). (βT, T, e) hCFx {>����s, x�x�4x0yW�U�PID��w60�e^�P (X,T ) 4 x ∈ X, bY N t→ tx 4	n~ID�p βT C
Tx = {tx : t ∈ T} FIbY N p → px. �V�x`�o βT C Ellis *( E(X,T ) IN8�xr��.4	l	 βT ED5 E(X,T ) T$6 (X,T ) F��` βT I~?-7QQ+ M , D� βT If/L6�-� (M,T ) hCFx {>`��s, 64p0�-7�PID��~ J = J(M) p M  #C2MBI1{R�`
u ∈ J . 	 G?( uM , 4	 u p8xB�uhF�G NQ6 (M,T ) IANQ( Aut(M,T )Æw6 α ∈ G,  N ϕ(p) = pα p M IANQ�6��:hCF M 1/ANQ*4	N/�x$Gp��w0�-7�P (X,T ) 4 x ∈ uX = {uz : z ∈ X}, `� Ellis G p

G(X,x) = {α ∈ G : αx = x}.)`�� G(X,x) p G I?(�8f π : (X,x) → (Y, y) p-7�PNIN8�H$�n� G(X,x) p G(Y, y) I?(�S$ Ellis (��.4	6� proximal D��+m 9.6.1 
 π : (X,x)→ (Y, y) JGiZ=\O<4�` x ∈ uX, y = π(x) ∈ uY . � πJ proximal �/IlpI G(X,x) = G(Y, y).W)�8f G(X,x) p G(Y, y) I{?1�� β ∈ G(Y, y) \ G(X,x). a βx 6= x � π(βx) =

βy = y = π(x). �p (x, βx) p-7W�1	 (x, βx) 6∈ P (X,T ). 1	 π Wx proximal I�	
�8f π Wx proximal I�6.[ x1, x2 ∈ X lG π(x1) = π(x2) � (x1, x2) 6∈
P (X,T ). 6x ux1 6= ux2 � π(ux1) = π(ux2). ~ p1, p2 ∈ G lG ux1 = p1x, ux2 = p2x. 6x

p1y = π(p1x) = π(ux1) = π(ux2) = π(p2x) = p2y.1	 p2
−1p1y = y, 6 p−1

2 p1 ∈ G(Y, y). |~5�)6 ux1 6= ux2, p1x 6= p2x. xr
p−1
2 p1 6∈ G(X,x), 6 G(X,x) 6= G(Y, y). ��:j?�P (X,T ) v (Y, T ) WeI~?r$I�xn�	�j?HY�

(a) (X × Y, T )  -7W�0�
(b) (X × Y, T )  �/n~~?-71�w6HY (a), �5�.4	-C4x6�6�GI�1	HY (b) x?YW��5�.$ Ellis (C�~?6��
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 (X,T ) - (Y, T ) JGiZ=� x ∈ uX, y ∈ uY �K A = G(X,x), B = G(Y, y)Jd�O Ellis w�� (X × Y, T ) &I�GirIIlpI AB = GW)�S G = AB 4 N p X × Y I-7?1�)6 (x, y) p-7W�1	�.�Q�:
N ∩ T (x, y) 6= ∅ 64�� y′ ∈ uY lG (x, y′) ∈ N . �.4	8�GCxrI y′. ��0�� (x1, y1) ∈ N , S p ∈ M lG px1 = x. a (upx1, upy1) = (x, upy1) ∈ N , � y′ = upy1 64�)6 y, y′ ∈ uY , � g ∈ G lG y′ = gy. D�HY�.[ a ∈ A, b ∈ B lG g = ab. 6x
y′ = gy = aby = ay � (x, y′) = (ax, ay) = a(x, y) ∈ T (x, y).	
�S (X × Y, T ) /n~I-7?1 N . S g ∈ G, a) (x, gy) p-7W��.GC (x, gy) ∈ N . 6x.[ h ∈ G lG (x, gy) = h(x, y). )6 gy = hy, 1	 h−1gy = y. xr�.GC h ∈ A,h−1g ∈ B. )� g = h(h−1g) ∈ AB. �!� 9.6.3 
 (X,T ) - (Y, T ) JGiZ=� x ∈ uX, y ∈ uY �K A = G(X,x), B = G(Y, y)Jd�O Ellis w�}" u ◦ uX = XÆQ[O� uX < X `0��� X ⊥ Y IlpI
AB = G.W)�S AB = G, )F�Q� X × Y  �/~?-7?1 N . )6 uX ×{y}  W*p-7I�1	 uX × {y} ⊆ N . �p uX [ X  �0��.GC

X × {y} = uX × {y} = uX × {y} ⊆ N.6x�/ X × Y = T (X × {y}) ⊆ N . 	
I�:x:�I� �v 9.6.4 }"� w T Jd;wBH X,Y `&�ÆJX distal O�K8 X ⊥ Y IlpI AB = G.W)�D��`Q��.�Qn� uX [ X  �64�= T pe�(e��./ uX ⊇
u(Tx) = T (ux) = Tx, ) Tx [ X  �06/v��= X pW distal e�S x′ p distalW�H$w0� t ∈ T ,tx′ 4p distal W�)� utx′ = tx′. 6x Tx′ ⊆ uX, NrGC uX [
X  �0� �v 9.6.5 }"� w T Jd;w�K8�dr< proximal �/℄�.�W)�D�>A 9.6.1, Ellis ([ proximal D��1	WI�A*)`Q 9.6.3 �/v��\� �w�P (X,T ), 4A*2Aow:N 2X = {A ⊆ X : A�:A1} FIT$�pD3�5�=$ βT  B" p T$6 A ∈ 2X e��.?
p p ◦A. ~$�g

pA = {px : x ∈ A} ⊂ p ◦ A = {lim tixi : xi ∈ A, tip�d6 p Ig}.�P (2X , T )  0�-71~p (X,T ) I �8h.+m 9.6.6 z*GiZ=d*1Oz*t[pL�r�W)�S (X,T )p-7�P�Z p4I~?�o�t�?�~ L = {(x,A) ∈ X×Z : x ∈ A}.a L p�:AWI?1�)6 Z �o��.[ A ∈ Z lG A 6= X. 1	8f x ∈ X \ A,a (x,A) 6∈ L, L 6= X × Z. �
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UvC �es §9.6 Hj.�esPE&�5.M�s��D� π : X → Y p HP��x��.[W y ∈ Y 	4g {tn} ⊆ T lG tnπ
−1(y)[

Hausdoffnl��d6~?W�6�w y ∈ X, x ∈ π−1(y)v p ∈M ,�\ p◦π−1(y) = {px}.8f X pnl:N�H$ HP D��x:�~w~D��!� 9.6.7 
 π : X → Y �Gi-\O<4�\� Y ′ = Cl{π−1(y) : y ∈ Y } ⊆ 2X , 1J 2X O
��rIl&I��ÆGirI�}"\� σ : Y ′ → Y �N σ(B) = yÆ`
B ⊆ π−1(y)), K8 σ J HP O�W)�) Zorn �Q�.[ Y ′  B A [ Y ′  .jY��-7�68f.[ B ∈ Y ′ �
B ⊆ A, a A = B. )6 A ∈ Y ′, .[g {yi} ⊆ Y lG π−1(yi) → A. S Y ∗ p Y ′ I-71��p Y ∗  � Y , 1	.[ Bi ∈ Y ∗ lG Bi ⊆ π−1(yi). WÆS Bi → B∗ ∈ Y ∗. )6
π−1(yi)→ A, 1	�./ B∗ ⊆ A. D� A I`��/ B∗ = A.DF��.�:o A [ Y ′ I0y~?-7?1 �6xhCF Y ∗ p Y ′ In~-71�w y ∈ Y ,{p ◦ π−1(y) : p ∈M} p-71�6x/ Y ∗ = {p ◦ π−1(y) : p ∈M}.S y0 ∈ Y lG A ⊆ π−1(y0). S {ti} p T  glG tiπ

−1(y0)→ A. S Bi ⊆ π−1(y0) 4
tiBi → B⋆, M�6�5I��� A = B⋆, �� σ p HP I� �9� 9.6.8 
 X,Y J"ÆGiZ=�l X 6⊥ Y . �A< X O HP �/ X∗ �N X∗ & YO�Æt[pOL�r�JtQO�r�W)�S u p M I2MB	4S x ∈ uX, y ∈ uY . `�N8 γ : M → X 4 δ : M → Y lG γ(p) = px, δ(p) = py. )F`Q� X∗ = {p ◦ γ−1(x) : p ∈ M} p X I HP D�� Y ′ =

{δ(p◦γ−1(x)) : p ∈M}p Y It�?��� Y ′ p�o�I�)6 δ(u◦γ−1(x)) ⊆ δ(γ−1(x)),�.�Q�: δ(γ−1(x)) 6= Y 64��aS δ(γ−1(x)) = Y . H$w0� y′ ∈ Y , .[ p ∈MlG px = x � py = y′. 6x T (x, y) ⊇ {x} × Y , )� T (x, y) = X × Y . ;x (x, y) p-7WÆ�p u(x, y) = (x, y)), 1	 X ⊥ Y . "z� �9� 9.6.9 
 (X,T ), (Y, T ) ( (X ′, T ) JGiZ=l Y J distal O�
 ψ : X ′ → Y J�/l σ : X ′ → X J proximal O�K8A<�/ π : X → Y �N π ◦ σ = ψ.W)��T�A� �9� 9.6.10 
 (X,T ) JGi distal O�� X Oz*L�r X 	JGi distal O�W)�S A ∈ X , �.�:w60�2MB v ∈M / v ◦A = A �\���)6 X -7�.[2MB u ∈M lG u ◦A = A. �2MB v ∈M , ~ B = v ◦A. )6 X p distal I�1	 vx = x,∀x ∈ X. 6x�/ A = vA ⊆ v ◦ A = B. |b��./
B = uB ⊆ u ◦B = u ◦ v ◦ A = uv ◦ A = u ◦ A = A.1	� A = B = v ◦ A. 6x X p distal I� �N��.:�WeM�S F p~J-7��H$S

F⊥ = {(X,T ) : X ⊥ Y,∀Y ∈ F}.? D p#C-7 distal �I1{� E p#C-7MnbY�I1{��?#C-7?�{�I#Cp WM.
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D⊥ = E⊥ =WM.W)����: X ∈ D⊥ =��= X (/�o� distal �?�8f X /�o� distal �? Z,a X 6⊥ Z,)� X 6∈ D⊥. 	
�8f X 6∈ D⊥, H$ X We6f/ distal�P (D,T ).D��Q 9.6.8, .[ X I HP D� X∗ 	4 D I�o�t�? Z ′ lG Z ′ p X∗ I�?�D��Q 9.6.10, Z ′ p distal I�Y)�Q 9.6.9,Z ′ p X I�?�6x X /�o�

distal �?�d#M�I:�4	�: X ∈ E⊥ =��= X (/�o�MnbY�?�Y)
Furstenberg vQ`Q��.�E X /�o� distal �?=��=4/�o�MnbY�?�6x�.�:o D⊥ = E⊥. D�v��e�(T$��(/�o�MnbY�?I-7�Pp?�{I��.GCF5j?1{M6 WM. �!� 9.6.12 }"� wJd;w�K8Z="* WM⊥ IlpI X O:Æt[pL�r&t[pO diatal �r�W)�S X 6∈ WM⊥, )F`Q.[(/ distal �?I-7�P Y lG X 6⊥ Y . )�Q
9.6.8, .[ X It�? X ′ lG X ′ p Y ∗ I�?�} Y ∗ x Y I HP D��)6 Y (/�o�I distal �?�� Y ∗ p Y I proximal D��1	 Y ∗ (/�o�I distal �?�'} X ′ (/�o�I distal �?�	
�8f X �o�It�? X ′ (/�o�I distal �?�H$��/ X ′ ∈ D⊥ =

WM. �p-7�P:}�o�t�?&e�1	 X 6∈ WM⊥. �	 l 9.6

1. �9 βT �.9 Ellis )'}qH)'uP�
2. R (X,T ) o,6�O��9/x (M,T ) B (X,T ) HM7hF7� p 7→ px, |� x ∈ X .

3. �9�P 9.6.9.

§9.7 aeWeLIO6�iC�[��*KoU|�'Iv��Y6WeL���\SIx
FurstenbergI,�Lzm [Furstenberg1967]. R~r I&8-W4	eV [Furstenberg1967],Y6* diatal I:�eV [Akin etc.]. R�rIO6eV [Blanchard1993, Huang-Ye2004b].R�rI�Q�EA [McMahon1978, Vries1993], M�O6x4eV [Auslander etc.1984,

Peleg1972, Petersen1970, Keynes-Robertson1969]M�R��R�rIO6EA [Huang-Ye2005],�~[I:�V [Huang etc.2007b]. Y6~$(T$�-7�IWeLQ�jp���4	eV [Auslander etc.1984, Auslander1988, Ellis1969, Ellis etc.1976, Woude1982] M��.\
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�[Q [t�5�.��>CoU|:�[/YI-W�[x~m �.^w�[x?-A�Ijp)�I:����[R~r�.�V:�Q~:&uI�[I-W�[R�r:R�r��.S$6I���: Devaney �[:�`iUjo Li-Yorke �[�[l�IR�r��.C�~?M�6 Li-Yorke �[I�[1I`��R�C�$�[I~?bP;a�[R�r��.}K~$ /jp#WL8I?1�N�[1�R��:�0��o�I�{�Pi /N�[?1�N���.P8}K~:}4I�[`��
§10.1 Zs�!6�tE�U5	��&`�x2^�I-A�+�..2p�u/Æ&I�^?Ev����.G4��uE�	kh!�;x,<�3^�[8^�EC^^MA*^2 U|�3�=Px Lorenz �3I���..b2iC,(LvW4&`LI&u�uhF\[�tE��tE��d�^F Poincaré [2I/T
EC^^I?��N�~m�ÆN&fG (Homoclinic tangle) Ie�G�lV�[�� A very small cause that escapes our notice determines a considerable effect that we

cannot fail to see, and then we say that the effect is due to chance. If we knew exactly

the laws of nature and situation of the universe at the initial moment, we could predict

exactly the situation of that the same universe at a succeeding moment. But even if it

were the case that the nature laws had no longer any secret for us, we could still only

know the initial situation approximately. · · · It may happen that small differences in

the initial conditions produce very great ones in the final phenomena. A small error in

the former will produce an enormous error in the latter. Prediction becomes impossible,

and we have the fortuitous phenomenon. 	
−−−−−−−−−−−Henri Poincaré[Milnor1999]x�x Poincaré Y6�[IQx�x�x�[�.1�I��83Ij��;x2Ix?s3I+�%6..��o��{|U�)�tE�U5	E�&`�I2^Z,nes�..,n9/2^FH:W4�iI�3�xl�[2^I�GC�$�i�+d�3^F Lorenz [x5�Go|3I�J� 1963 U� Lorenz [
3�2^�W�F�No�&`LI�)z�	~z���[��WQÆ&&k:tzE��2�Qp^
NC*.[<~$`��22p[~�eN 4Q/~?szW�[x?WF�7IIÆ4	�3p3IIÆ���[��v<x:W��W[�x:���I6Æo�w��HYI83L	x~�[I&8=L� 1971 U� Ruelle v Takens [}zm�Z�I8�	 xN/oM�I+� [Ruelle-Taken1971],���83	 (sensitive dependence on initial conditions) x?"N\�x) Ruelle [�Z�e�:I� 1975 U� Li : Yorke �No�)z�Uj�[	Iz

246



` v f _ � Q . � S 247 zU�C �� §10.1 ��P℄�m�x[�^FR~&�:o��[	x?<" [Li-Yorke1975]. 2.IHT+�o'|z=I2^Fw�[�3�I-3-��e��5��[IZW��X:.B���[I�x���p�$L2^I-u7A
~�;x)6WNz=I2^Fwf$x�[/<WNI2ivQx��[�/U|Y6�[IWN`��F���^F�[I`�-u1 [	�:?5�~�)��83L��I`����) Li-Yorke �[IgnG�I`����)`Ign6��P#WL	44Ij[����) /j��#
LEN��[���x)&6EIW~`L$��83L`�I�[��.[R�mR�r ��)�:�h��83LX\�~?e^�P (X,T )  / �Y(B�, x�.[ ǫ > 0lGw0� δ > 0 v x ∈ X �.QqC y ∈ Bδ(x) v n ∈ N �G d(T nx, Tny) > ǫ. 1986U Devaney 	��83LptB`�o~M&uI�[� Devaney ~�P (X,T ) p�[I�8f4�G	��H�
1. (X,T ) x�UI�
2. T I)zW1[ X  �0�
3. (X,T )  /��83L�..�\!�GFÆ�H
LI�P~p Devaney Zs�. �5�.��-C�UI)zW�0I�)z�P /��83L (\� 3.2.7$eV [Banks etc.1992, Glasner-Weiss1993,

Akin etc.1996]), 6��./ (1) + (2) ⇒ (3). T6x:D���.1,^F5`� R�HL���l!�GR~�R�?HYI�P�p�[I�;&I���.~�Pp Auslander-Yorke Zs� x�4p��83I�U�P�Z8�0y�-7I E �PÆ�� M �P�p Auslander-Yorke �[I (\� 3.2.7).:��83w\I-Wx�:�MnbYL	�x?-W�.[R�m��)�:�ho��5�.P8�V~�~:&8I-W:v��S (X,T ) pe^�P�W x ∈ X~p �(Æ&� x�w0� ǫ > 0 .[ δ > 0 lGw0��G d(x, y) < δ I y �\
d(T nx, Tny) < ǫ,∀n ≥ 0. �P~p dP�(Æ&� x�4p�UI��H/~?MnbYW�~?�U�P8f4Wx:�MnbYI��x��83I���w:�MnbY�P�4I#CMnbYW:�PI�UW1&|{�w-7�Pv�G:&�4$pMnbYI�$p��83I��5�.- Li-Yorke�[I`��ZFa�Li-Yorke �[�Ix[�P .[U|WNI88�} 0�j?WNI88,<eNIkI[D:e6�IGLEL&��;x4[U|}4e6W~r��VxxC�Ix�PIW4��L��5�.C�b<I�^`��S (X,T ) pe^�P� d p:N X I~?nl��.~:N X IWw (x, y) p Li-Yorke ., 8f lim inf

n→+∞
d(T nx, Tny) = 0 � lim sup

n→+∞
d(T nx, Tny) > 0. X I?1 S ~p Z�b, 8fw0� x 6= y ∈ S, (x, y) p Li-Yorke w�8f (X,T )  /W4���1�a~ (X,T ) p Li-Yorke Zs�. U|�Px Li-Yorke �[I�Z8� Li v

Yorke[Li-Yorke1975]�:�8f�N [0, 1]FIbYA N / 3)zW�a4p Li-Yorke�[



` v f _ � Q . � S 248 zU�C �� §10.1 ��P℄�I�Misirurewicz[Misiurewicz1985] �:.[�N [0, 1] FIbYA N / Lebesgueinp 1I��1�Kato[Kato1994]w [0, 1]n�:oM�6 MisiurewiczIvf��v	 [Mai1997]�:ow*? n ≥ 2, .[ (0, 1)n FIANd�4	#:Np��1��zv{1a [Huang-Ye2001b]�~[�:.[�U|	�o�Ie^�P (X,T ) 	#:N X p��1�} X 4	p4�?WQ�I�nl:N� Cantor 1v0�rIbL�nl:NM�) Li-Yorke �[I`�_[�oU|?I�[`��Z8�8f.[W4���0I��1�a~�Pp �& Li-Yorke Zs�; �8f#C Li-Yorke wI1{[�*:N
X×X  p`7Æ residual�1{�a~�Pp i[Zs�. D� Kuratowski-Ulam `Q�8��[Cp�0 Li-Yorke �[I�;	
W* [Blanchard etc.2002, Huang-Ye2002a]. |b AkinH�o Li-Yorke wI-W��:o B Li-Yorke ., 6[D/HYFYu�Ww[�*:N X × X  p�#I�� X I?1 S ~p BZ�b, x�w0� x 6= y ∈ S, (x, y) p� Li-Yorke w���8f�P /W4����1�a~ (X,T ) p B Li-Yorke Zs�.

Floyd-Auslander �Pp Li-Yorke �[;(/� Li-Yorke wIZ? [Auslander1988].: Li-Yorke �[&w\I��x(/ Li-Yorke w$(/� Li-Yorke w�x�xR�m ���hI:� distal v* distal I-W�[xT�.WY|Æ�
Li-Yorke�[: Auslander-Yorke�[(/C*`���v�WUj�Morse -7�Pp-7���83I�;x4I��1ix/"1�6x4x Auslander-Yorke�[;Wx

Li-Yorke�[I�[Akin-Glasner2001] �:.[DBI:�MnbY�PÆx4eVR�mN�~r��x?�Px Li-Yorke �[;W Auslander-Yorke �[�)6-7Ie���P$pMnbYI�$p��83I�1	$e�Li-Yorke �[�PCp Auslander-Yorke�[�w6 Li-Yorke �[: Devaney �[�[�~r�.��:�vUj�v��/~MY6�[I`�xE�PI`&YI�`I-WI[�[?�	����,n6�P�o� 1958 U Kolmogorov[Kolmogorov1958] {T Shannon [Shannon1948] C�� W&`LI6Æ[KV� �:o`I-W�,��[ 1965 U Adler � Konheim v
McAndrew[Adler etc.1965] �:_u`I-W�`x&uINQWIl�4	 o�PI���n�)6x`�P /~`I&`L�1	U|�v�l^�`Qxp�[I�in Kolmogorov �Px~M-pI�`�P�[0	/Yin Kolmogorov �PI_uM�e�..�o~��`�P�w6~��`�P (X,T ), 4I*?)j?��0,1Q�I 0 U  /�`�6 U I#WLo� N(

∨n−1
i=0 T

−iU) Y6 n p��dtI�6x��o~?�A*I�A�8f~?e^�PI, 0I#WLo�Y6 n 	}4pdt�a�.w*�PIe^^L�Q�f$�[x$+�I�A��Blanchard �
Host v Maass[Blanchard etc.2000] �:oDBLI-WÆeVR m��2.�:o� ~?e^�PpDB�P=��=4:-7�P?We�)6?�{�P:-7�P?We�)�?�{�P~`pDB�P�&	P� Akin v Glasner [z [Akin-Glasner2001]  �:o.[�?�{IDB�P (|bIZ?V [Huang-Ye2002b]). x:v��:oDBLxb<}6�ULv?�{L
NI�U
L��w6-7�PDBL:?�{xML
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U�C �� §10.2 �PvXI��5�.^�:DB�Px Li-Yorke �[I�xx8��[I�;xDBLWQ1���83L�)60y:�MnbY�Pp~�5LI (eV>A 3.2.12) �5L�PCpx`IÆeV [Blanchard etc.2002] $8mR�r��xr0y�UI�`�PCp��83I�6p Auslander-Yorke�[I�[R�r �.��:��`�PCp Li-Yorke�[I�N�~M`��[Ipx)�#L:�I�~$P��.u�x$�#L�6?�{L�Y6�{L��5�.��:�I||�[8m �.^�: F �{�PI~?ML6��$6�x�:o F �{�PI���n�=*��/U|PI�[I`���.^[R�r �I~:PuI}K�
§10.2 D�6�6I��x�^ �:.[LII~$r$��~?~.�3X6IZ?x�S$6I���: C([0, 1]) ��W4AIo�[ C([0, 1]) x`7I�xW��:o [0, 1]F��bY;��W4AIo�.[���x�:o4��r|	�[8r ��.^S$6I��E�: Devaney �[Uj Li-Yorke �[�S X p(/T\WId5nl:N�� R ⊂ Xn p n BY��?1 F ⊂ X ~p K R \&
, ?
p F ∈ J (R), x�w0� F  IWNB x1, x2, · · · , xn, �./

(x1, x2, · · · , xn) /∈ R.!� 10.2.1 (Mycielski \�) [Mycielski1964] 
 X J9&��XOG�#�\�}"h:Æ n ∈ N, Rn J Xrn OT�
rIl {Oi}∞i=1 J X �{�I��A< Cantor I Ci ⊂ Oi�Nh:Æ n ∈ N &�
K =

∞⋃

i=1

Ci ∈ J (Rn).~$�.x!x$)4�? Cantor 1IRL�I1{~p Mycielski b. � Kura-

towski !�[Kuratowski1974] ��hCFw6�nl:N� ⋂∞
i=1J (Rn) p 2X I`7?1�=PI�:�*? Cantor 1w Rn, n = 1, 2, · · · pk\I�D� Mycielski `Q�8f R p X ×X  I�0 Gδ 1�H$~`.[ Mycielski 1{

K lG K ×K \∆X ⊆ R. ���8f�.QwD:�P�: Li-Yorke wI#C LY (X,T )p X ×X  I�0 Gδ 1�H$�4	b` (X,T ) Cp Li-Yorke �[I�x�x8rI-u�+�S (X,T ) p /nl d Ie^�P�w6Y� R ⊂ X × X v x ∈ X, �.`�
R(x) = {y ∈ X : (x, y) ∈ R}. S [x] = Asym(X,T )(x), a [x] p x 1[I[
M�S
∆ 1

n
= {(x, y) ∈ X ×X : d(x, y) < 1

n}, ∆X = {(x, x) ∈ X ×X : x ∈ X} 	4 ∆ 1
n
p ∆ 1

n
IA.��.6�GC	�uh�
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U�C �� §10.2 �PvX9� 10.2.2 
 Ak,n =
⋂+∞
i=k (T × T )−i∆ 1

n
, �

1. Asym(X,T ) =
⋂∞
n=1(

⋃∞
k=1Ak,n),

2. h:Æ x ∈ X, [x] =
⋂∞
n=1(

⋃∞
k=1Ak,n(x)),

3. LY (X,T ) = P (X,T ) \ Asym(X,T )w6[
Y�v[
M�./!� 10.2.3 (br\�) 
 (X,T ) J^�Z=��
1. }" (X,T ) � 2 	rO�K8h:Æ x ∈ X U;& [x] = {x},
2. }" (X,T ) �1UA�O�K8< X ×X `br�Z Asym(X,T ) JT�
Ilh:Æ x ∈ X, br� [x] J X OT�
I�W)�(1) �*?Ww (x, y)p�*:N X×X I�#W�)� Asym(X,T ) = ∆X . |b�w*? x ∈ X �./ [x] = {x}.

(2) S ǫ p��83L`� I�r�� n ∈ N �G 2
n < ǫ. H$w1/ k ∈ N v

x ∈ X, Ak,n(x)(/OW�xx�p8f.[ X I�:,1 U ⊂ Ak,n(x),aw0� y, z ∈ Uv i ≥ k / d(T iy, T iz) ≤ 2
n �\�z=P�. U , �.QRCw0� y, z ∈ U v i ≥ 0 /

d(T iy, T iz) ≤ 2
n �\�x: ǫI`�"z�NQ�Ak,n (/OW�3�C Ak,n v Ak,n(x)pA1�)�Q 10.2.2 I (1) v (2) �[
Y� Asym(X,T )pR~61�	4w*? x ∈ X,[
M [x] p X IR~61� �v 10.2.4 
 (X,T ) JtgaO8VZ=��br�Z Asym(X,T ) JT�
I�lh:Æ x ∈ X, br� [x] JT�
I�W)�8f T x���83I�)>A 3.2.7 � T p~�5LI��$ T p 2 5LI��[)[
`Q 10.2.3 6�8\��\� �v 10.2.5 Z
 {[x] : x ∈ X} J�%I���\ X O:Æ<}XJgaXlgaXIJ�%I�ql� T OD℄�J(�W)�JS {[x] : x ∈ X} p4�1�3�Cj?W[N~EI)zW
6WNI[
M	4)zWIEp/"1��./ X I)zW1p4�1�S x p X I�#W�8f x Wx)zW�a x I ω -"1 ω(x, T ) p�)zI�U�P�)\� 10.2.4, w*? y ∈ ω(x, T ), [y]ω(x,T ) = Asym(ω(x, T ), T )(y) pIR~61�)6�nl:N ω(x, T )WQNrp4�?R~61IR1� {[y]ω(x,T ) : y ∈ ω(x, T )} pW4�1�x: {[x] : x ∈ X} p4�1"z�x�: X I*?�#Wp)zW�N��)`II�DQv~?)zI_u`pxIuh��.� T px`�P� �ae 10.2.6 #C5 10.2.4 RtgaO8VZ= (X,T ) br�Z Asym(X,T ) JT�
I�<Hkm
℄�htgaO8VZ= (X,T ) br�Z Asym(X,T ) ��< X × X`0<�FO"y'vn�w�}>OtgaO8VZ=�D�\� 10.2.4, w0��)zI�U�P (X,T ), }[
Y� Asym(X,T ) pR~61�6x8fQ�:wD:�)zI�U�P P (X,T )p�0I�H$�4	S$ Mycielski`Q�:�Pp Li-Yorke�[I��.	��)$�: Devaney�[Uj Li-Yorke�[�
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 (X,T ) JtgaO8VZ=�}" (X,T ) {&gaX�K8h T A<
Mycielski?4I�Z} T :JGv8VO��A<0< Mycielski?4I�5�S�Devaney?�8#q Li-Yorke ?��W)���JS T /WeW p. � x ∈ TransT , a.[A*�Wr {ni} lG T nix→ p. x�:w0� i, j ∈ N, (T ix, T jx) ∈ P (X,T ). )$ P (X,T ) p�01�)`Q 10.2.1 �w T.[�0I Mycielski ��1��JS T /)zp n > 1I)zW�S x ∈ TransT ,a ω(x, T ) = X. S Di = ω(T ix, Tn).� T (Di) = Di+1(mod n) , *? Di pW4�1�.jo T I n )zW��p T n|D0 p�UI� D0 .j T n IWeW�)F5I:�w T n .[ D0 I�0 Mycielski �[1 B. �*� B xp T I Mycielski ��1�N��)FÆh�WL-�8f T pd#�UI�aw T .[�0I Mycielski ��1�x�d�o�:� �!� 10.2.8 z*��Z=J Li-Yorke ?�O�W)�)6DB�P�G Q(X,T ) = X2, 1	 P (X,T ) p�0I Gδ 1�6xS$F5I���/$v�� ��.~e^�P (X,T )p zDZs, 8f X WpkW1�w0�I x 6= y ∈ X, (x, y)p Li-Yorke w�v 10.2.9 
 (X,T ) J8VOtGiZ=�K8A< (X,T ) O�rZ=J Li-Yorke ?�O�ql�}" (X,T ) JO0Q�yOtGiZ=��A< (X,T ) OGv?�O�rZ=�W)�� T Wp-7�P�.[ x ∈ X lG A = ω(x, T ) p���0IWIA1��. Ap~W��.GGCo (X,T ) I~?�U�?�P�*�PWp)z�.jo~?WeW�)`Q 10.2.7 �*�?�P.[ Mycielski ��1�8f T p:�MnbYI�-7�P�a X I-7W1IA.p X I{?1Æ�A���.^ X I-71IA.�.p~W��GCo X I~?:�MnbYI�U�P�*�Pp~�5L��/~?WeWp}n~I-7W�6~�5LI proximal �P�6x*�?�Ppd#�[IÆ�A�� �	 l 10.2

1. B�_P 10.2.8 H(��9�
2. R (X,T ) o9�LmaXH�,6�O��9� X H,6V0H�-o X Hz>0�
3. �9� 2 4KH proximal �Oo"�Z�O�
4. R (X,T ) od℄�O� D(X,T ) = X2 \ P (X,T ) �3 Rec(X) o�"V0��9�

(a) 7e (x, y) ∈ D(X,T ),` ω((x, y), T ×T ) ⊂ D(X,T ). 7e T �oM� (x, y) ∈ Rec(T ×T ),G# (x, y) ∈ D(X,T−1).
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(b) 7e (X,T ) o�TH�` Rec(T × T ) o X ×X H}>Æ/H Gδ 0����7e T o�TH�'.(yV�` D(X,T ) Z X ×X �Æ/�

5. R (X,T ) od℄�O��9�
(a) 7e Q(X,T ) = X ×X , ` P (X,T ) o X ×X HÆ/ Gδ 0�
(b) IR (X,T ) o3SH�T�O�7e-Z X H�9+0 Y1 u Y2 �F Q(X,T ) ⊃ Y1 × Y2,` Q(X,T−1) ⊃ Y1 × Y2. �#�7e QZ(X,T ) = X ×X , `

Q(X,T ) = Q(X,T−1) = X ×X.

6. R (X,T ) od℄�O��9��K�=#LK
1. Q(X,T ) = X ×X ,

2. P (X,T ) w X ×X �HÆ/ Gδ 0�
3. P (X,T ) Z X ×X �Æ/�7e T o�(yH�T�M# T o��72H�` (1)-(7) =#LK
4. LY (X,T ) -in X ×X �}>Æ/ Gδ 0�
5. v T -Z}>Æ/H��0�
6. v T -ZÆ/ Mycielski ��0�
7. T wÆ/H Li-Yorke �ZH�5v T -Z}>Æ/HV3�H��0�7e T o�(y3SH�T�M�` (1)-(8) =#LK
8. v T u T−1 -Z}>NMHÆ/HV3�H��0�)��0-iZ TransT ∩TransT−1 .

7. R (X,T ) o�(yH�T�O�7e X H�9+0 Y �F P (X,T ) ⊃ Y × Y , �9Z Y �-Z}>V3�H��0�
8. R (X,T ) o�(yH�T�O�7e (X,T ) Vo Li-Yorke �ZH��9�v T �f)>��0w��Æ/H�
9. R (X,T ) od℄�O� X o�!0�7e (X,T ) o>�z��9� T -ZÆ/H Mycielski ��0��}ZO�7eIR (X,T ) o,6�O��9� (X,T ) o>�z<��<v T -ZÆ/H Mycielski ��0�

§10.3 Vw�sCZsS$F~r�iI�+�.4	�:�`�Pxx Li-Yorke �[I�!� 10.3.1 z*M�Z=� Li-Yorke ?�O�W)�S (X,T )pe^�P�� h(T ) > 0. D�I�DQ�.[~?KVin µ ∈Me(X,T )lG hµ(T ) > 0. S π : (X,B, µ, T )→ (Y,D, ν, S)pC Pinsker�?ID��~ µ =
∫
Y µydν(y)p µ &w6 ν I*��x�S

λ = µ×Y µ =

∫

Y
µy × µydν(y).
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W = supp(λ) ⊆ supp(µ)× supp(µ) ⊆ X ×X.S Wλ p λI genericW#C�a λ(Wλ) = 1. �p W = supp(λ),(W,T ×T )p�UI� Wλ[ WTrans (�P (W,T × T ) I�UW#C)  �0��p

1 = λ(Wλ) =

∫

Y
µy × µy(Wλ)dν(y),)�.[ Yλ ⊆ Y , ν(Yλ) = 1lG µy×µy(Wλ) = 1,∀y ∈ Yλ. w0� y ∈ Yλ,~ Sy = supp(µy),a

Wλ ∩ (Sy × Sy) ⊆WTrans ∩ (Sy × Sy) = L.4�p µy ×µy(Wλ ∩ (Sy×Sy)) = 1, �./ Wλ ∩ (Sy ×Sy), �� WTrans ∩Sy ×Sy p Sy×SyI�0?1��p WTrans p W I�0 Gδ ?1�)� Lp Sy×Sy I�0 Gδ ?1�D� Rohlin `Q�w:���I y ∈ Y ,µy i(/D?�S Y0 ⊆ Yλ p1/lG µy �D?IW y ∈ Yλ #C�w0� y ∈ Y0, S$ Mycielski `Q6 Sy, .[[ Sy  �0I Mycielski ?1 K ⊆ SylG
K ×K \∆ ⊆WTrans.�V0� (x, y) ∈ K ×K \∆ p��{w�6x K ⊆ X p��1�'} (X,T ) p Li-Yorke�[I� �ae 10.3.2 <�LÆOC�U;7 $vj��5`O�i5�|r� Kerr ( Li �3$�Æ�Æ*���5OOC [Kerr-Li2007].	 l 10.3

1. R (X,T ) o^td℄�O��R-ZCVHhm µ kFv�H0h�O (X,B, µ, T ) Vwhm
distal H�> Z = supp(µ), �9-Z}>�VH>0 W ⊆ Z × Z kF (W,T × T ) o^t�TH�v/Æ�F U ∩Z 6= ∅H+0 U ⊆ X ,-Z Mycielski>0 K ⊆ U �F (K×K)\∆Z ⊆WTrans.

§10.4 0F Li-Yorke Zs�2q!�D� Mycielski `Q�8f R p X ×X  I�0 Gδ 1�H$~`.[ Mycielski 1{ K lG K ×K \∆X ⊆ R. '}8f R = P (X,T ) ∩ Rec(X ×X,T × T ) [ X ×X  �0�H$ (X,T ) Cp� Li-Yorke �[I�A*xx Li-Yorke �[I�6xubu~?�Px�p Li-Yorke �[I�~?&uIY��x- R = P (X,T )∩Rec(X ×X,T × T )x�GR3��5�.D, Mycielski `Ql$Q^LI�Eh�x?+��9� 10.4.1 
 (X,T ) J8VO^�Z=�� [{N(U,U) : U J X O�I}] J3r�
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U1 ∩ T−nU2 6= ∅. �$
N(U3, U3) ⊆ N(U1, U1) ∩N(T−nU2, T

−nU2)

= N(U1, U1) ∩N(T nT−nU2, U2)

⊆ N(U1, U1) ∩N(U2, U2).)$�Gv�� �+m 10.4.2 
 (X,T ) J9&��XO8VZ=�K8A< Cantor I% C1 ⊆ C2 ⊆ · · · �N ∞⋃
n=1

Cn J X 0<O	rrI��lhz� N ∈ N,
N⋃
n=1

Cn J�Z	rO�W)�S Y = {y1, y2, · · · } p X I4��0?1��S Yn = {y1, y2, · · · , yn}. ~ F p.j
{N(U,U) : U p X I�:,1 } IN7J�)6 (X,T ) p�UI�)F�Q F p�?�S a0 = 0 4 V0,1 = X, �./8�ug�g��w0� S ∈ kF , .[ {an} ⊆ N, {kn} ⊆ S, X I�:,1r {Vn,1, Vn,2, · · · , Vn,an}∞n=1lG�

(1) 2an−1 ≤ an ≤ 2an−1 + n;

(2) diamVn,i <
1
n , i = 1, 2, . . . , an;

(3) A. {Vn,i}an

i=1 p�W&eI�
(4) Vn,2i−1 ∪ Vn,2i ⊂ Vn−1,i, i = 1, 2, · · · , an−1;

(5) Yn ⊂ B(
an⋃
i=1

Vn,i,
1
n), } B(A, ǫ) = {x ∈ X : d(x,A) < ǫ};

(6) T kn(Vn,2i−1 ∪ Vn,2i) ⊆ Vn−1,i, i = 1, 2, · · · , an.g�OOC�= j = 1 e��`� a1 = 1 	4&�I k1 v V1,1. JSw 1 ≤ j ≤ n − 1, �.��`�q {aj}n−1
j=1 , {kj}n−1

j=1 	4 {Vj,1, Vj,2, · · · , Vj,aj
}n−1
j=1 �G (1)-(6).�.� 2an−1 ≤ an ≤ 2an−1 + n 	4 X I,1 V

(0)
n,1 , V

(0)
n,2 , · · · , V

(0)
n,an lG�

(a) diamV
(0)
n,i <

1
2n , i = 1, 2, · · · , an.

(b) A. {V (0)
n,i }an

i=1 p�W&eI�
(c) V

(0)
n,2i−1 ∪ V

(0)
n,2i ⊂ V

(0)
n−1,i, i = 1, 2, · · · , an−1.

(d) Yn ⊂ B(
an⋃
i=1

V
(0)
n,i ,

1
2n).)6w* 1 ≤ i ≤ an / N(V

(0)
n,i , V

(0)
n,i ) ∈ F , 6x an⋂

i=1
N(V

(0)
n,i , V

(0)
n,i ) ∈ F . � kn ∈

S ∩
an⋂
i=1

N(V
(0)
n,i , V

(0)
n,i ). 6x.[�:,1 V

(1)
n,i ⊆ V

(0)
n,i , 1 ≤ i ≤ an, lG�

(e) T kn(V
(1)
n,2i−1 ∪ V

(1)
n,2i) ⊆ Vn−1,i, i = 1, 2, · · · , an−1.~ Vn,i = V

(1)
n,i , 1 ≤ i ≤ an, aw n,HY (1)− (6) GC�G�)aJ�.GCug� g�O	.
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∞⋂
j=n

⋃2j−nan

i=1 Vj,i. a C1 ⊆ C2 ⊆ · · · . ) (1) − (4),Cn p Cantor 1�) (2),(4) v
(5), K =

∞⋃
n=1

Cn [ X  �0�w*? N ∈ N, ) (6),
N⋃
i=1

Cn p&w6 S ~�5LI� �ae 10.4.3 U;��<g�OC`Y�}℄:a (7) �
(7) Yn ⊆ B(orb(x, T ), 1

n), ∀x ∈
an⋃
i=1

Vn,i.I���<�\�`�q ∞⋃
i=1

Cn #8VX{,�S (X,T ) pe^�P�?1 A ⊆ X ~p 0Z proximal �, x�w0� ǫ > 0 .[
n ∈ Z+ lGw0� x, y ∈ A */ d(T n(x), T ny) < ǫ �\�w n ∈ N, ~
UPn(X,T ) = {(x1, x2, · · · , xn) :w0�ǫ > 0, .[NlG diam{TNx1, T

Nx2, · · · , TNxn} < ǫ}.8f[>A 10.4.2  FHHY�w0� n ≥ 2,UPn(X,T ) i[ Xn  �0�a�.4	[�:ug u�
(8) .[ tn ∈ N lG

diam{T tn
an⋃

i=1

Vn,i} <
1

n
.)�[v� u��w0� N ∈ N,

N⋃
i=1

Ci p~� proximalI�6��.GC8�v��9� 10.4.4 
 (X,T ) J9&��XO8VZ=�}"hz� n ≥ 2,UPn(X,T ) `< Xn`0<�K8A< Cantor I C1 ⊆ C2 ⊆ · · · �N�
(1) K =

∞⋃
n=1

Cn J X 0<	rrI�
(2) h:Æ N ∈ N,

N⋃
n=1

Cn J�Z	rO�
(3) h:Æ N ∈ N,

N⋃
n=1

Cn J�Z proximal O�xH�Q���.8�`���1�!6 10.4.5 
 (X,T ) J^�Z=�rI K ⊆ X *J (X,T ) O 0ZZ�b �WA<
Cantor I% C1 ⊆ C2 ⊆ · · · �Nhz� N ∈ N,

N⋃
n=1

Cn J�Z	rO��l	J�Z
proximal O��V�$e K =

∞⋃
n=1

Cn p5L?1�R�p���1��5�.C�~?HYEbP~���1I.[L�!� 10.4.6 (?�V�p�) 
 (X,T ) J9&��XO8VZ=�}"A< (X,T ) OrZ= (Y, T ) �N (X×Y, T ×T ) J8VO�K81w&�Æ0<O Mycielski �Z?4I�W)�)�Q 10.4.4, �.�Q�:w0� n ∈ N, UPn(X,T ) [ Xn  �064��`
n ∈ N, w ǫ > 0 ~

Pn(ǫ) = {(x1, x2, · · · , xn) : ∃m ∈ NlGdiam({Tmx1, · · · , Tmxn}) < ǫ}.
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⋂∞
m Pn(

1
m). �5�.�:w0� ǫ > 0, Pn(ǫ) p Xn I�0?1�D��/ UPn(X,T ) p Xn I�0 Gδ ?1��` ǫ > 0. S U1, U2, · · · , UnpXI�:,1�W p Y I�:,1� diam(W ) < ǫ. �p (X×Y, T×T )�U�N(U1, U2)∩N(W∩Y,W∩Y ) 6= ∅. �m2 ∈ N(U1, U2)∩N(W∩Y,W∩Y ).a
U1 ∩ T−m2U2 6= ∅ R�W ∩ T−m2W ∩ Y 6= ∅.aJP��.� m1,m2, · · · ,mn lG

U1 ∩
n⋂

i=2

T−miUi 6= ∅ �W ∩
n⋂

i=2

T−miW ∩ Y 6= ∅.�p (X,T )�U�1	.[�UW x ∈ U1∩
⋂n
i=2 T

−miUi. ~ y ∈W∩⋂n
i=2 T

−miW . )6
x�U�1	.[Wr lk lG limk→∞ T lkx = y. 6xw*? 2 ≤ i ≤ n, limk→∞ T lk(Tmix) =

Tmiy. �p {y, Tm2y, · · · , Tm3y} ⊂W 	4 diam(W ) < ǫ, 1	w��3I lk, �./
diam({T lkx, T lk(Tm2x), · · · , T lk(Tmnx)) < ǫ.6� (x, Tm2x, · · · , Tmnx) ∈ Pn(ǫ). 3�C (x, Tm2x, · · · , Tmnx) ∈ U1×U2× · · · ×Un. 6x

Pn(ǫ) ∩ U1 × U2 × · · · × Un 6= ∅.)6 U1, U2, · · · , Un 0��1	 Pn(ǫ) [ Xn  �0� �D�x?bP;a��.�GC8�x:&uI Li-Yorke �[�P�v 10.4.7 
 (X,T ) J9&��XO^�Z=�}" (X,T ) 7x�℄z*�Æ:a�K81w&�Æ0<O Mycielski ?4I�
1. (X,T ) J&gaXO8VZ=�
2. (X,T ) J��O�
3. (X,T ) J&Q�yGirIO���Z=�
4. (X,T ) J�?+O� 	 l 10.4

1. 7e (X,T ) o F �TH� F o�HI�`v/Æ S ∈ kF , -Z Cantor 0 C1 ⊆ C2 ⊆ · · · kF
∞⋃

i=1

Cn Æ/� ∀N ∈ N, � N⋃
i=1

Cn %v5 S }�4K�
2. R (X,T ) od℄�O�V x ∈ X }o regular, w�v x /Æt< U , -Z k ∈ N kF N(x, U) ⊇
kZ+. �9��. regular VH"�T�O.Æ/H}���0� (>q��9,6�O�.
regular V<��<3oG�'�H9�}v}C
�U [Huang-Ye2005].)
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§10.5 ZO�s�Zs�d!6 10.5.1 
 (X,T ) J^�Z=� X O�ÆrI C *J �.A$� S ⊂ Z+ �!Zsb, �Wh C Oz�rI A Kz��y$% F : A → X, ~A<rw% {qi} ⊂ S �Nhz� x ∈ A ,� limi→∞ T qi(x) = F (x).�V�N�[1~`x���1�x?`�-�E��|��;x�.���}h||�Pi/N�[1�!� 10.5.2 (tn+ - �b!) 
 (X,T ) J^�Z=�` X JY�&"ÆXOx�o�u#�\��

1. (X,T ) J�?+OIlpIA<VbrI S ⊆ Z+ �Kdh* S O0<O Mycielskit?�rI K;

2. (X,T ) Jj?+OIlpIhz�VbrI F ⊆ Z+, A<rI S ⊆ F �Kdh* SO0<O Mycielski t?�rI K.`Q 10.5.2 IDn�:;jLl��.[Gp~$I�G��:x?v���:I�:>A 10.4.2 I�:�&��!� 10.5.3 
 (X,T )J^�Z=�` X JY�&"ÆXOx�o�u#�\�F J7Oy�� (X,T ) J F ?+OIlpIhz� S ∈ kF A<dh* S O0<O Mycielskit?�rI K.W)����:��L�Sw0� S ∈ kF ,.[ K �G`Q IHY�w X×X I0��:,1 U, V ,�.� (x1, x2) ∈ U ∩ (K×K)4 (y1, y2) ∈ V . ) K I`��.[Wr {qi} ⊂ SlG lim
i→∞

T qi(x1) = y1 � lim
i→∞

T qi(x2) = y2. 6x N(U, V )∩S 6= ∅. 1	 N(U, V ) ∈ kkF = F ,6 (X,T ) p F �{I���CuL�)6 X p F �{I��H/j?W�a X (/T\W�S {Oi}∞i=1p X I4�&��.WÆJS {diamOi} pURI��6x�x?JSxA*I����.4	��0~L& {O′i}∞i=1 lGw*? i ∈ N, O′i p�I�xrw*? i ∈ N, �?1
Ai = O′1 ∪ . . . ∪O′i //", 0 Ai �} B"I�76 1

i . ^ Ai  B"��37^rGC {Oi}, a {Oi} 6p1��S Y = {y1, y2, · · · } p X I4��0?1� Yn = {y1, y2, · · · , yn}. �./8�ug
(a0 = 0, V0 = X):g��.[ {an} ⊆ N, {kn} ⊆ S 4 X I,1 {Vn,1, Vn,2, · · · , Vn,an}∞n=1 �G�

(1) 2an−1 ≤ an ≤ 2an−1 + n.

(2) diamVn,i <
1
n , i = 1, 2, . . . , an.

(3) {Vn,i}an

i=1 p X �W&eI�?1�
(4) Vn,2i−1 ∪ Vn,2i ⊂ Vn−1,i, i = 1, 2, · · · , an−1.

(5) Yn ⊂ B(
an⋃
i=1

Vn,i,
1
n), } B(A, ǫ) = {x ∈ X : d(x,A) < ǫ} .
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(6) w0� α ∈ {1, 2, · · · , an}an .[ m(α) ∈ S lG

Tm(α)Vn,i ⊆ Oα(i), i = 1, 2, · · · , an.g�OOC�S a1 = 1,V
(0)
1,1 p y1 Iu=� diamV

(0)
1,1 < 1. )6 N(V

(0)
1,1 , O1)∩S 6= ∅, �.4� m(1) ∈ N(V

(0)
1,1 , O1) ∩ S. 6x.[,?1 V1,1 ⊆ V (0)

1,1 lG Tm(1)V1,1 ⊆ O1.JSw 1 ≤ j ≤ n−1�.�/ {aj}n−1
j=1 , {kj}n−1

j=1 4 {Vj,1, Vj,2, · · · , Vj,aj
}n−1
j=1 �G (1)-(6).�.� 2an−1 ≤ an ≤ 2an−1 + n 4 X I,1 V

(0)
n,1 , V

(0)
n,2 , · · · , V

(0)
n,an �G�

(7) diamV
(0)
n,i <

1
2n , i = 1, 2, · · · , an.

(8) A. {V (0)
n,i }an

i=1 �W&e�
(9) V

(0)
n,2i−1 ∪ V

(0)
n,2i ⊂ Vn−1,i, i = 1, 2, · · · , an−1.

(10) Yn ⊂ B(
an⋃
i=1

V
(0)
n,i ,

1
2n).~ {1, 2, · · · , an}an = {αi}tni=1, } tn = aan

n .�p N(Πan

i=1V
(0)
n,i ,Π

an

i=1Oα1(i)) =
an⋂
i=1

N(V
(0)
n,i , Oα1(i)) ∈ F , 1	.[

m(α1) ∈ S ∩N(Πan

i=1V
(0)
n,i ,Π

an

i=1Oα1(i)).S V
(1)
n,i ⊆ V

(0)
n,i �G

Tm(α1)V
(1)
n,i ⊆ Oα1(i), i = 1, 2, · · · , an.�

m(α2) ∈ S ∩N(Πan

i=1V
(1)
n,i ,Π

an

i=1Oα2(i)).6x4� V
(2)
n,i ⊆ V

(1)
n,i lG

Tm(α2)V
(2)
n,i ⊆ Oα2(i), i = 1, 2, · · · , an.JSw 1 ≤ j ≤ tn − 1, �.�/ m(α1),m(α2), · · · ,m(αj) ∈ S 4 W ′n,i ⊇ V

(1)
n,i ⊇ V

(2)
n,i ⊇

· · · ⊇ V (j)
n,i lG Tm(αh)V

(h)
n,i ⊆ Oαh(i), i = 1, 2, · · · , an, h = 1, 2, · · · , j.�
m(αj+1) ∈ S ∩N(Πan

i=1V
(j)
n,i ,Π

an

i=1Oαj+1(i)).6x4� V
(j+1)
n,i ⊆ V (j)

n,i lG
Tm(αj+1)V

(j+1)
n,i ⊆ Oαj+1(i), i = 1, 2, · · · , an.D�aJ��.GC {m(αj)}tnj=1 4 {V (j)

n,i }tnj=1. ~ Vn,i = V
(tn)
n,i , i = 1, 2, · · · , an. a (6) �\� g�O	.S Cn =

∞⋂
j=n

2j−nan⋃
i=1

Vj,i. a C1 ⊆ C2 ⊆ · · · . ) (1)-(4) Cn p Cantor 1�) (2),(4) 4 (5),

K =
∞⋃
n=1

Cn [ X  ��



` v f _ � Q . � S 259 zU�C �� §10.5 �,[>P��so�5�.�:w K I0�?1 A 40�bY N F : A→ X, .[Wr {qi} ⊂ S lGw0� x ∈ A, lim
i→∞

T qi(x) = F (x).S An = {x ∈ A : .[ 1 ≤ i ≤ n 4 1 ≤ ax ≤ an lG x ∈ Vn,ax ∩ A ⊆ F−1(Oi)} (3�
An [ n |7e4Qp:1). �V A1 ⊆ A2 ⊆ · · · ⊆ A � +∞⋃

n=1
An = A. 8f An Wp:1�aS

{Vn,j : ∃x ∈ An41 ≤ i ≤ nlGx ∈ Vn,j ∩A ⊂ F−1(Oi)}
= {V

n,i
(n)
1

, V
n,i

(n)
2

, · · · , V
n,i

(n)
bn

},} 1 ≤ i(n)
1 < i

(n)
2 < · · · < i

(n)
bn
≤ an.� αn ∈ {1, 2, · · · , an}an �G αn(i

(n)
j ) = max{1 ≤ k ≤ n : V

n,i
(n)
j

∩ A ⊆ F−1(Ok)},
1 ≤ j ≤ bn. R~ qn = m(αn).��w0� x ∈ A �./ lim

i→∞
T qi(x) = F (x).S ǫ > 0, a.[ N ∈ N lG= n > N e/ diamOn < ǫ. �` x ∈ A. � t > N lG

Ot p F (x) Iu=�)6 F bY� F−1(Ot) p x [ A  I,1�6x.[D? nt > t 4
1 ≤ ax ≤ ant lG x ∈ Vnt,ax ∩A ⊆ F−1(Ot). ) (4), w0� j ∈ N .[D 1 ≤ ajx ≤ ant+j lG
(11) x ∈ V

nt+j,a
j
x
∩A ⊆ Vnt,ax ∩A ⊆ F−1(Ot).6xw*? j ∈ N / αnt+j(a

j
x) ≥ t > N . �~[�) {qn} I`��./w0� j ∈ N�\

(12) T qnt+jV
nt+j,a

j
x

= Tm(αnt+j)V
nt+j,a

j
x
⊆ O

αnt+j(a
j
x)
, 4

(13) x ∈ V
nt+j,a

j
x
∩A ⊆ F−1(O

αnt+j(a
j
x)

).) (13)�./ F (x) ∈ O
αnt+j(a

j
x)
6= ∅. ) (12)/ T qnt+jx ∈ O

αnt+j(a
j
x)

. 6xw0� j ∈ N

d(T qnt+jx, F (x)) ≤ diam(O
αnt+j(a

j
x)

) < ǫ.6 lim
i→∞

T qi(x) = F (x). �ae 10.5.4 U;OOCt%A3O9`$?+Z=O3rr��2^OOC�Y℄h�	 l 10.5

1. R (X,T )od℄�O� S ∈ Finf o�!>0�X H>0 C }o �-� S � Kronecker aw�
C o Cantor0Q��Fv/Æ g ∈ C(C,X) 3 ǫ > 0h-Z��� n ∈ S kF d(g(x), T n(x)) < ǫv/Æ x ∈ C �[�5 {T n|C : n ∈ S}Z C(C,X) �}�Æ/�X >0 K }o �-� S �Yra w�v/Æ g ∈ C(K,X) -Z>Vq {qi} ⊂ S kFv)> x ∈ K h. limi→∞ T qi(x) = g(x)�[�5 {T n|K : n ∈ S} Z C(K,X) ��+V�^toÆ/H�R (X,T ) �n�Hd℄�O� F o�HI��9�7e (X,T ) o F �zH�G#v/Æ
x ∈ X 3/Æ S ∈ kF h-Z Cantor 0 C1 ⊆ C2 ⊆ · · · �F�

(i) K =
⋃∞

n=1 Cn Z X Æ/�
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(ii) -Z {kn} ⊆ S kF diamT kn(Cn ∪ {x})→ 0, n→ +∞.

(iii) v/Æ n ∈ N, Cn o%v5 S H Kronecker >0�
(iv) K o%v5 S H�Z0�

§10.6 >hZs[x~r��.PuI�Æ~:Y6�[I}2O6��.-u}K~:-Wvv���WC��:	4GpX:I:��} CIL��eV&Yz �[�5I:r ��.:�Iix|w~$I��nl:N�II�H$~?A*I�Ax�w6~:=�I:N�H$A$�[I-Wx�/<Gp�0I`��N6�+CI=�:NAh6~r�G�uhF�REdv Yorke�:�[I-WIe��xw6�N N�I:�I�2.=E�� In this work, we analyze the case where the sequence

{Fn(x)} is not periodic and can be called ’chaotic’. . . 	 [Li-Yorke1975]. [zm [Li-Yorke1975] �2.I-uv�x�S I p�N� f : I → I p / 3 )zWIbY N�H$�./8�ug�
1. f /0�)zI)zW�
2. .[~?W4�?1 S ⊆ I, } (/)zW��G

(a) w60y x 6= y ∈ S, /
lim inf
n→∞

|fn(x)− fn(y)| = 0 � lim sup
n→∞

|fn(x)− fn(y)| > 0;

(b) w0� x ∈ S v0�)zW p ∈ I, �./
lim sup
n→∞

|fn(x)− fn(p)| > 0.;x�hCFx�x Sharkovsky 1964 UHTI~?=����[C� Sharkovsky `Q���.Qu~:`��[1{ N ∪ {2∞} F`�W (~p Sharkovsky $) �
3 ≻ 5 ≻ 7 ≻ · · · ≻ 2 · 3 ≻ 2 · 5 ≻ 2 · 7 ≻ · · · ≻ 22 · 3 ≻ 22 · 5 ≻ 22 · 7 ≻ · · · ≻ 2∞ ≻ · · · ≻ 4 ≻ 2 ≻ 1.w t ∈ N ∪ {2∞}, ~ S(t) = {k ∈ N : t � k} (S(2∞) p1{ {1, 2, 22, · · · , 2k, · · · }).!� 10.6.1 (Sharkovsky !�) [Šarkovskĭi1964] hz��y�� f : I → I, A< t ∈ N∪{2∞}�N Per(f) = S(t). qS�hz� t ∈ N∪{2∞}, A<�y�� f : I → I �N Per(f) = S(t).w6�NA N��.�5?CIA$�[`�/<0ÆI`��!� 10.6.2 
 I Jr\� f : I → I J�y����
1. }" f 8V�K8 f �8Jj?+O��8 I ��ukJ"Ærr\ J ( K �N
f2|J �K f2|K ~Jj?+O�

2. j?+Q[*Gv8V�"j?+Q[*�?+�
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3. }" f J8VO�K81J1UA�O�qS�}" f J1UA�O�K8A<rr\ J �K n ∈ N �N fn|J J8VO�
4. f {&M�IlpI1{&t 2 O=?OgaX�
5. }" f &�Æ Li-Yorke h�K8�J Li-Yorke ?�O�Y6FÆ`QI�:	4�NA N�[L�Gp)�I:��eV [Ruette2002].�NFI�[L�xF�:�j|���jp��I~?-A�|b�/~:&uI�[L��8�Y�[v ω �[M�N�xx[��NA NIe�?�I�

(X,T ) ~p ω Zs�[Li1993] x�.[W4�1 S lGw0�WNW x, y ∈ S �G�
ω(x, T ) ∩ ω(y, T ) 6= ∅, ω(x, T ) \ ω(y, T )pW4�I, ω(x, T ) \ Per(T ) 6= ∅.w6�N N� ω �[Um Li-Yorke �[�	
W*�w6~$:N��v�WUm�S (X,T ) pe^�P�w x, y ∈ X,n ∈ N 4 ǫ > 0 `�

F (n)
xy (ǫ) =

1

n
|{i : 0 ≤ i < n, d(T ix, T iy) < ǫ}|.�S

Fxy(ǫ) = lim inf
n→∞

F (n)
xy (ǫ) 4 F ∗xy(ǫ) = lim sup

n→∞
F (n)
xy (ǫ)�V�= ǫ > diam(X) e� Fxy(ǫ) = F ∗xy(ǫ) = 1. pG:���5�.EJS ǫ ∈

(0,diam(X)).F�/�$`� 6tZs�(distributional chaos) Ip��.^4.�P?p DC1,

DC2 v DC3.(X,T ) ~p DC1 x�.[W4�1 S lGw0� x 6= y ∈ S i�\ F ∗xy ≡ 1�.[ ǫ > 0 lG Fxy(ǫ) = 0; ~p DC2 x�.[W4�1 S lGw0� x 6= y ∈ Si�\ F ∗xy ≡ 1 �.[ Fxy(ǫ) < F ∗xy(ǫ),∀ǫ; ~p DC3 x�.[W4�1 S lGw0�
x 6= y ∈ S i�\ Fxy(ǫ) < F ∗xy(ǫ),∀ǫ. w6�NA N��$�Y�[ixE�`xMLI�w6~$I_ue^�P� DC1 ⇒ DC2 ⇒ DC3,DC2 Um Li-Yorke �[�;x�`WQUm DC1 v DC2, 	
 DC1 WQUm�`�Y6�Y�[I��4eV
[Schweizer-Smital1994, Liao etc.1998] M�z�N��.}K~?N
) Akin v Kolyada �:I~?�[I-Wv�8r�x?-WI=WxD{N�o Li-Yorke �[v��83j?-W�~�U�P (X,T ) p Li-

Yorke �Y(B�[Akin-Kolyada2002] x�.[ δ > 0, w0� x ∈ X 4}0~u= U , [ U  .[W y lG (x, y) p Li-Yorke w��G lim sup d(T nx, Tny) > δ. 4	�:�?�{�Pp Li-Yorke ��83I�;	
W*�~?/�I�Ax�x�*?-7I Li-Yorke ��83I�PCp Li-Yorke �[I�	 l 10.6

1. �9>�z�Oo Li-Yorke ��72H�
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§10.7 ae[8m ��.:�o:M&uI�[`�	44.IY��Y6 Li-Yorke�[4	eV [Akin2004, Blanchard etc.2002, Huang-Ye2001b, Huang-Ye2002a, Li-Yorke1975, Kato1994,

Kato1998, Mai1997, Mai2004]M�Y6��834	eV [Akin1997, Akin etc.1996, Akin etc.1998,

Akin-Glasner2001, Auslander-Yorke1980, Glasner-Weiss1993, Glasner2003] M�Y6�`I�[L�4	eV [Blanchard etc.2002, Blanchard etc.2002],&wÆI��V [Zhang2006]M�Y6�{�PI6�O4Iz j|�} O4�[5IO64	eV [Iwanik1989],

[Huang etc.2004c] v [Xiong-Yang1990] M�8mR�rIO6-u�a6 [Huang-Ye2002a],R�rIO6�A [Blanchard etc.2002].R�rY6�[IbP;aIO64	eV [Glasner etc.200?]. R�r Y6�{�PI�[L8IO6�A [Huang etc.2004c] I(���[I����Æ�<'|�^FIY3�/D�Ilv4e0 Blanchard-Huang,

Shao-Ye-Zhang, Ye-Zhang, Huang-Lu-Ye M.Y6℄��{ (partial mixing) v831 (sen-

sitive set) 5IHT�|b[ B. Cadrev P. Jacob Izm�	4 J. James, T. Koberda, K.

Lindsey, C. E. Sliva v P. Speh Izm �Tv�oin:NFI�[�A�
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Paris, 1899.
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