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ABSTRACT. A dynamical system (X,T) is F-transitive if for each pair of open and
non-empty subsets U and V of X, N(U,V) ={n € Z4 : UNT~ "V £ 0} € F, where
F is a collection of subsets of Z4 which is hereditary upward. (X,T) is F-mixing if
(X x X, T x T) is F-transitive. For a subset S of Z4, (z,y) € X x X is S-proximal if
Slai?irifw d(T™(x), T"(y)) = 0 and the S-proximal cell Pg(z) is the set of points which

are S-proximal to z € X. We show that if (X,T) is F-mixing then for each S € kF
(the dual family of F) and « € X, Ps(z) is a dense G5 subset of X, and when (X, T)
is minimal and F is a filter the reciprocal is true. Moreover, other conditions under
which the reciprocal is true are obtained. Finally the structure of proximal cells for F-
mixing systems is discussed, and a new and simpler proof of the Xiong-Yang’s theorem
is presented.

§1 INTRODUCTION

Throughout this paper a topological dynamical system (TDS for short) is a pair
(X,T), where X is a nonvoid compact metric space with a metric d and T is a
continuous surjective map from X to itself. Recall that (X,T) is transitive if for
each pair of opene (i.e. nonempty and open) subsets U and V', N(U,V) ={n € Z; :
UNT~"V # 0} is non-empty. (X, T) is (topologically) weakly mizing if (X x X, T xT)
is transitive. Let w(7,x) be the set of the limit points of orbit of z, Orb(z,T) =
{x,T(x), T*(z),...}. x € X is called a transitive point if w(T,z) is dense in X. It
is easy to see that if (X,T) is transitive then the set of all transitive points is a
dense G5 set of X (denoted by Transr). If Transy = X then we say that (X, T) is
minimal. Equivalently, (X, T') is minimal iff it contains no proper subsystems. It is
well known that there is some minimal subsystem in any dynamical system (X, T),
which is called a minimal set of X. Each point belonging to some minimal set of X
is called a minimal point.
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Classically in topological dynamical systems pairs of points are considered from the
asymptotic behavior of their trajectories. A pair (x,y) € X x X is said to be prozimal
if lim Jirnf d(T™(z),T"(y)) = 0 and the set of all proximal pairs is denoted by P. P is

n—-—+0oo

a reflexive, symmetric, T'—invariant relation, but is not in general transitive or closed
[Aul, Au2, Au3]. For x € X it is interesting and useful to consider the points which
are proximal to x. That is, we are interested in the set P(z) = {y € X : (z,y) € P},
which is called the proximal cell of x.

The first and maybe the most important result concerning the proximal cell is
that for any = € X, P(x) contains a minimal point [Au3,E], more precisely, every
minimal subset of Orb(x) meets P(x). It follows immediately that if P(z) is a
singleton then x is a minimal point and in the case z is called a distal point. Veech
showed that a transitive system with a distal point has a very simple structure [V].
On the other hand, when the proximal cell is ”big” the system will be complex in
some sense. In [KR]| the authors showed that in a weakly mixing system the set
{z € X : P(x) is residual in X} is residual in X. Hence a weakly mixing system is
”almost proximal”. Moreover, Furstenberg [F2] showed in a minimal weakly mixing
system P(zx) is residual for all x € X. Recently Akin and Kolyada gave an elegant
proof and showed that this is true for any weakly mixing system [AK]. When one reads
these papers, some nature questions come to mind. For example, for a dynamical
system when will the converse of Akin-Kolyada’s result hold? Can we say more
concerning the structure of the proximal cell?

We discuss those questions in a more general setting: F-mixing systems, where F
is a collection of subsets of Z, which is hereditary upward. We find that the notion
of proximal cells along sequences is very useful in studying the questions. In Section
3 it is shown that if (X,T) is F-mixing then for each S € kF and = € X, Pg(x) is
a dense Gy set of X, and the reciprocal is true when (X,7T") is minimal and F is a
filter. Also some equivalence conditions for minimal weak mixing are listed. Lots of
conditions when the converse holds are given in Section 4. In Section 5 the structure
of the proximal cells of an F-mixing system is discussed. Finally, in the Appendix a
new and simpler proof of Xiong-Yang’s theorem is given.

§2 PRELIMINARY

In this section we introduce some basic notions and facts in TDS. Firstly we recall
some notations related to a family. For the set of nonnegative integers Z., denote
by P = P(Z,) the collection of all subsets of Z,. A subset F of P is a family, if it
is hereditary upward. That is, I} C F5 and F; € F imply Fy € F. A family F is
proper if it is a proper subset of P, i.e. neither empty nor all of P. It is easy to see
that F is proper if and only if Z, € F and () ¢ F. For a family F, the dual family is

kF={F e€P|FNF' #0for all F' € F}. (2.1)

Sometimes the dual family k£F is also denoted by F*. kF is a family, proper if F is.
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Clearly, k(kF) = F and F; C F» implies kFo C kF;. Let B the family of all infinite
subsets of Z. And it is easy to see its dual kB is the family of all cofinite subsets.

A family F is full if F - kF C B, where Fy - Fo = {F1 N Fy : F; € F;,1 = 1,2}.
If a proper family F satisfies F - F C F, then it is called a filter. If F is full then
kB C F C B. If F is a filter, then kB C F implies F is full (see [Ak1]).

A subset F' of Z is thick if it contains arbitrarily long runs of positive integers.
Each element of the dual family of thick family is said to be syndetic or relatively
dense. F' is syndetic if and only if there is N such that {i,i+1,--- ,i+ N} NF # 0
for every i € Z. A set F is called thickly syndetic if for every N the positions where
length N runs begin form a syndetic set. And a set F' is called piecewise syndetic if
and only if it is the intersection of a thick set and a syndetic set. Among families
above thickly syndetic family is a filter.

Let A be a subset of Z,. The upper Banach density of A is

ANT
d*(A) = limsup | ’, (2.2)
where I ranges over intervals of Z, and |- | denote the cardinality of the set. The
upper density of a subset A of Z is
- An{0,1,--- N —1
d(A) = lim sup [A010,L,--- }| (2.3)

N—o0 N -1

The lower Banach density d.(A) and the lower density d(A) are similarly defined. If
d(A) = d(A), then we say A has density d(A).
Let (X,T) be a TDS, z € X and U,V C X. We define the return times set

NUV)={n€Zy :UNT (V) #0}, and
Nz, U)={ne€Zy Tz €U}

Let family F C B. Recall that a TDS (X,T) is F-transitive if for each pair of
opene subsets U and V of X, N(U,V) € F. (X,T) is F-mizing if (X x X, T x T)
is F-transitive. z € X is called an F-recurrent point if N(xz,U) € F for every
neighborhood U of z. When we take F = B, B-transitivity (respectively B-mixing,
B-recurrence) is the usual transitivity (respectively weak mixing, recurrence).

A subset of N is an IP-set if it is equal to some F'S({p;}:2,) = {pi, +pi, +- -+, :
keN1<iy <ig<---<ig}, where p; € N. It is well known that (see, for example,
F2))

Lemma 2.1. Let (X,T) be a TDS. Then
1. x € X is a minimal point iff for any neighborhood U of x, N(x,U) is a syndetic
set.
2. x € X is a recurrent point iff for any neighborhood U of x, N(z,U) contains an
IP-set.
3



3. (X, T) is weakly mizing iff N(U,V') is thick for any opene sets U,V of X.
4. (X, T) is strongly mizing iff N(U,V) is cofinite for any opene sets U,V of X.

Finally, a TDS (X, T) is

e an F-system if it is transitive and there is an invariant Borel probability measure
p with full support, i.e., supp(p) = X;

e an M-system if it is transitive and the set of minimal points is dense; and

e a P-system if it is transitive and the set of periodic points is dense.

§3 F-MIXING SYSTEMS AND ITS PROXIMAL CELLS

Let (X,T) be a TDS with a metric d and S € B, the set of all infinite sequences
of Z,. Recall that (z,y) is S-prozimal if Slim inf d(T"(x),T"(y)) = 0. Denote the

Sn——+400
S-proximal relation by Ps, i.e, Ps = {(x,y) € X x X : (z,y) is an S—proximal pair}.
Sometimes to indicate the space and the map we also use the notation Ps(X,T). If
S =74, Ps(X,T) is just the ordinary proximal relation, by which we write P(X,T)
or P. Note that for a relation R C X x X and z € X, R(x) = {y € X : (z,y) € R}.
P(x)(resp. Ps(x)) is called the prozimal cell (resp. S-proximal cell) at x. First we
have the following easy observation.

Lemma 3.1. Let (X,T) be a TDS and S = {s1 < sg < s3 < ---} € B. Then

+oo oo

Ps= (U@ xT)""A),
k=1 n=1

where Ay = {(z,y) : d(z,y) < £}
Note that Ps and Pg(x) are G5 subsets, since Ay is an open set.

It is known that a family F is a filter iff kF has Ramsey property, i.e. if Uj, A; €
kF then one of A; is still in kF. Furstenberg [F1] showed that for a weakly mixing
system (X, T) the smallest family containing {N(U,V) : U,V are opene sets of X}
is a filter. Hence for a full family F, it is easy to see that (X,T) is F-mixing iff
it is weakly mixing and F-transitive. Now we generalize the result of [AK] from a
weakly mixing system to an F-mixing system. Note that a detailed description of
the proximal cells for F-mixing systems is presented in Section 5.

Theorem 3.2. Let (X,T) be a TDS and F be a full family. If (X,T) is F-mizing
then for each S € kF and x € X, Ps(z) is a dense G set of X.

Proof. The proof is close to that of Theorem 3.8 in [AK]. If (X,T) is trivial, it is

obvious. Now we suppose that (X,T') is non-trivial. Let F; be the filter generated

by {N(U,V): U,V are opene sets of X}. Then F; C F and hence kF; D kF. Since

(X, T) is non-trivial F-mixing, kB C F;. Hence (kB - F) - kFy, = Fi - kFy, therefore
4



F1 is full family. For S; € kJF;, given € X and an opene set U of X we will find
some y € U such that y is S;-proximal to z.

For k = 1,2,... let Gy = {G},... ,G;*} be a finite open cover of X with the
diameter less than 1/k. As

5= 8 NG X) = (80 NG, G))

j=1

there is some i € {1,2,--- ,ny} such that S; N N(z,G%) is in kFy, since Fy is a filter
and hence kF; has Ramsey property.

Now let Uy = U and define inductively opene sets Uy, Us, - - - and positive integers
nj € Sp as follows. Since N(Ux_1,G%) € F1, S1 N N(z,Gi) N N(Uk-1,Gi) € B
and we can choose an opene set Uy C Up_1 and an integer k£ < nj, € S such that
T (x) € Gt and T™(Uy) C Gi. Ify € ﬂU_k, then 77 (x), T™ (y) € G% and so

k
d(T™ (x), T™(y)) < 1/k. Thus y € U is S; proximal to z. O

If (X,T) is strongly mixing Theorem 3.2 states that for each S € B and each
x € X, Pg(x) is a dense Gs-set! We now show that the converse of Theorem 3.2
holds when F is a filter and X is minimal. Especially, for a minimal TDS (X,T),
Pgs(x) is dense for each S € B and = € X iff (X,T) is strongly mixing.

To show what we just claimed, we need to introduce some notations. Let (X,T)
be a TDS, X" = X x X x -+ x X (n times) be product system, S = {s1,52,...} € B
and n > 2. Set

n _ no_. (n))~5n A ()
RP§(X,T)=RPy =: () | J (T™) AL (3.1)

k=1n=1

where T = T x T x --- x T (n times) and A = {(z1,29,- - ,z,) € X" ¢
SUPy <k 1<n ATk, 71) < €}, It is easy to check that x € RPg iff there exist ] € X"
with 2 — x and {n;} C S such that Tz} — A where A = {(z,z,--- ,z) €
X"z € X}. For afamily F, let RPE(X,T) = (gerr RPS(X,T).

The following proposition first appears in [HY2] and we include a proof for com-
pleteness.

Proposition 3.3. Let (X, T) be a minimal TDS and F be a full family. Then (X,T)
is F-mizing iff RPE(X,T) = X" for each n > 2.

Proof. First we assume RPgZ(X,T) = X" for each n > 2 and S € kF. As
RP2(X,T) = X? for S € kF C B, one has that the regionally proximal relation
RPZ2+ (X,T) = X2. Thus (X, T) is weakly mixing from the minimality of (X, T') (see
[Au3]). Hence it remains to show (X,T) is F- transitive, i.e. for any two opene
subset U and V of X, N(U,V) € F.
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As (X, T) is minimal, there exists N € N such that Uivz_ol T7"V =X. Let § >0
be the Lebesgue number of the open cover {V,T-V,... T-N=DV}, Define

A={ne€Z,:3x;, €TU,i=0,1,---,N — 1 such that

sup  d(T"xk, T"x;) < d}.
0<kI<N—1

Since RPY (X, T)N (U x T7U x -+ x TN=1U) # @ for each S € kF, one has
ANS #  for each S € kF. Hence A € F. For any n € A, there exists z; €
T=U,i=0,1,--- , N — 1 such that diam{T™xq, T"x1,--- ,T"xn_1} < §. Therefore,
{T"xg, T2y, -+, T"zN_1} C T *V for some 0 < k < N — 1. In particular, x), €
T-(+R) V. Hence T-FU N T-"tRV £ (), that is, T-"V NU # 0. This shows
that A C N(U,V) and implies that N(U,V) € F. As U,V are arbitrary, (X,T) is
F-transitive.

Now assume (X, T") is F-mixing. Let n € Nand S € kF. And let x; € X and U; be
a neighborhood of z;, 1 < i < n. For any € > 0 take an opene U with diamU < e. As

(X,T) is F- mixing, ﬂ N(U;,U) € F, and thus we can take m € ﬂ N(U;,U) ﬂS.
i=1 =1
Hence there are z; € U;,1 < i < n such that {T™z, : 1 < i < n} C U, ie.

SUpy < <n d(T"w), T™x]) < €. Thus we have (z1,72, -+ ,2,) € RP§(X,T). That
is, RP2(X,T) = X" O

Now we are ready to show

Theorem 3.4. Let (X,T) be minimal and F be a filter. Then (X,T) is F-mizing
iff for each S € kF and x € X, Ps(x) is a dense Gs-set of X.

Proof. It remains to show that if for each S € kF and z € X, Ps(z) is a dense Gs-set
of X, then RPZ(X,T) = X" for each n > 2. Now let Uy,...,U, be opene sets of X.
Let 1 € U;. Given € > 0 let

A; = {k € Z, : there is x; € U; with d(T*(x1), T"(x;)) < €/2}

fori=2,... ,n. As Pg(z1) is dense for each S € kF, we get that 4; € F,2 <i < n.
For a given S € kF, AoN...NA, NS # (. Thus there are z; € U; and n € S such
that

d(T"(x1), T"(x;)) < €/2

for i = 2,...,n. This implies that sup;<;;<, d(T"(x;),T"(x;)) < €, and hence
RPY(X,T) = X" for each S € kF and n > 2. By Proposition 3.3 this implies that
(X,T) is F-mixing. O



Corollary 3.5. Let (X,T) be a minimal TDS and for each S € B and x € X, Ps(x)
is dense in X. Then (X, T) is strongly mizing.

Proof. Let kF = B. Then the corollary follows from Theorem 3.4. 0

To end the section we now state several equivalence conditions for a TDS to be
minimal weakly mixing. To this aim we first need some more notations. Let (X,T)
be a TDS and its enveloping semigroup £ = E(X,T) be the closure of {T" : n € Z }
in XX (with its compact, usually non-metrizable, pointwise convergence topology).
An u € E(X,T) with u? = u is called an idempotent. The set of all idempotents
of E(X,T) is denoted by Id(E(X,T)). Ellis pointed out that for any TDS the
idempotents in E(X,T) always exist. A non-empty subset I C F is a left ideal if it
is closed and EI C I. A minimal left ideal is a left ideal which does not contain any
proper left ideal of E. Obviously every left ideal is semigroup and every left ideal
contains some minimal ideal. An idempotent is minimal if it is contained in some
minimal left ideal (for details concerning the enveloping semigroup see, for example,
[Au3,E]). It is well known that for a minimal system (X,7T") z is proximal to y iff
there is some minimal idempotent u such that ¥y = uz. And hence for a minimal
system P(x) = Id(FE(X,T))z = {ux : wu is a minimal idempotent of E(X,T)}.

Now we give some equivalence conditions for a system to be minimal weak mixing

which are closely related to our paper. For other equivalence conditions, see for
example [Au3], [HY2].

Theorem 3.6. Let (X,T) be a minimal system. Then the following statements are
equivalent:

(1) (X,T) is weakly mizing.

(2) (X, T) is thickly syndetic transitive.

(3) For any x € X, P(x) is dense in X.

(4) For any x € X and any piecewise syndetic set S, Ps(x) is dense in X.

(5) For any x € X, Id(E(X,T))z is dense in X.

(6) For any x € X, {ux : u is a minimal idempotent of E(X,T)} is dense in X.

(7) For any x € X and any opene set U of X, N(x,U) contains an IP set.

Proof. (2) = (4): It follows from Theorem 3.4.

(4) = (3): It is obvious.

(3) = (1): It follows from Theorem 3.4.

(1) = (2): As (X,T) is minimal it is syndetic transitive, i.e. N(U, V') is syndetic
for any opene sets U,V of X. Since (X,T) is weakly mixing, the smallest family
containing { N (U, V) : U,V are opene sets of X} is a filter [F1]. This implies that for

n—1 )
each n € N and opene sets U,V of X, (| N(U,T"V) contains N(U’, V') for some
i=0
opene U’, V' it is syndetic, thus N (U, V') is thickly syndetic.
(3) = (6): Assume that for any z € X, P(x) is dense in X. Let z € X and U be
any opene set of X. We show there is some minimal idempotent u such that ux € U.

7



Since P(x) is dense in X, there is y € P(z) NU. As (X,T) is minimal, by the fact
mentioned before there is some minimal idempotent u such that y = ux. Thus for
any opene set U of X there is some minimal idempotent u such that ux € U, i.e. (6)
holds.

(6) = (5): It is obvious.

(5) = (7): Let z € X and U be any opene set of X. As (5) holds there is some
idempotent u such that y = ux € U. Hence for any neighborhood V of y, N(z,V) N
N(y,V) € B. Let Uy = U. Take natural number p; € N(z,Uy) N N(y,Uy) and
U, =UyNT7PrUy. Then y € U;. By induction, we can construct p;,U;,7 € N such
that natural number p; € N(z,U;—1) N N(y,U;_1) and y € U; = U;_1 N T Pi-1U;_4.
By the above construction, it is easy to that N(z,U) D FS({p;};£) and hence
N(z,U) contains an IP-set.

(7) = (1): Let Uy, Uy, Vi,V be opene subsets of X. Then by the definition

N(Uy x Vi,Us x Vo) ={n € Zy : (T xT) "(Uy x Va) N (Uy x V1) # 0}.

As (X, T) is minimal , there is k € Z, such that V = T~*V5,NV is a opene subset
of X. Thus,

N(U; x V1,Uy x Va)
={neZy:(TxT) " (Uyx Vo) (U x V1) # 0}
Sk4+{meZ,  (T-"RHU,NUY) x (T~ V, N1y £ 0}
Sk+{meZ,  (T""T*U,NU) x (T""VNV) # 0}
=k+NU, T *U,) N N(V,V).

Let 2 € U;. Then N(Uy,T~*Uy) D N(z,T~*U,) contains an IP-set, generated by
{p1,p2,...}. Take any invariant measure p of (X,7T"). As (X,T) is minimal, one has
w(V) > 0.

Claim: Let A be a Borel set with u(A) > 0. Then for any IP-set S, there exists
n € S such that u(ANT""A) > 0.

Proof of claim. Let S be an IP-set generated by p1, p2, p3, - - -. Since p is a probability
measure and (T~ (P1+pP2t+Pi) A) = y(A) > 0 for each j € N, there exist j; < jo
such that p(T—@Prret+pi) A O T=(Prr2t+Pia) A) > 0. Thus u(ANT"A) > 0
for n = pj 41 +--- + pj,. This ends the proof of claim.

By the above claim, there is n € N(Uy, T~*Us,) with u(V N T~"V) > 0, i.e,
n € N(V,V). Hence N (U1, T~*Uy)NN(V, V) # (). Moreover, N(Uy x Vi, Usx Vo) # 0.
As Uy,Uy and Vi, V4 are arbitrary, (X x X,T x T) is transitive. This shows that
(X,T) is weakly mixing. O

Remark: Among the mixing properties, weak mixing is the weakest one and strong
mixing is the strongest one. Now we have that in the minimal case weak mixing is
8



equivalent to thickly syndetic transitivity and strong mixing is equivalent to cofinite
transitivity. As the set of all thickly syndetic set and the set of all cofinite set are
both filters, this in some sense explains why we require F to be a filter in Theorem
3.4.

§4 OTHER CONDITIONS FOR WHICH THE CONVERSE OF THEOREM 3.2 HOLDS

In the previous section we have shown that for a full family F if a TDS (X, T') is F-
mixing then for each x € X and each S € kF, Ps(x) is dense, and the converse holds
when (X, T") is minimal and F is a filter. In this section we will give more conditions
such that the converse of Theorem 3.2 holds. First we discuss the situation when
(X,T) is an E-system.

To do this, first let us recall some notion. Let {p;}2; C N and FS({p;}2,) :=
{pi, +Diy + - +pip, 1k €EN1< 4 <ig <o+ <ig}. Aset AC Nis called an
IP-set if it equals to some F'S({p;}:2,). Denote the family generated by all IP-sets
by Frp or IP. By Hindman’ Theorem [H| F;p has Ramsey property and hence its
dual family Fp is a filter (every element in F;p is called an I P*-set ).

A TDS (X, T) is said to be mild mixing if it is weakly disjoint from any transitive
system, i.e. for any transitive system (Y,S), (X x Y,T x S) is transitive. For a
subset S of Z4, let S — S5 = {s—t:s,t € Sand s > t}. If Fis a family let
F—-F={5-5:5 ¢ F}. It is showed in [HY2] that (X,T) is mild mixing if
and only if it is k(F;p — Fyp)-transitive. Consequently, IP*-transitivity implies mild
mixing.

The following lemma which is a special case of a Furstenberg and Katznelson’s
theorem [FK] will be used.

Lemma 4.1. Let (X,T,B,u) be an invertible m.p.s.. and A be a Borel set with
w(A) > 0. Then for any IP-set S, there exists n € S such that n(ANT "ANT"A) >
0.

Now we are ready to show.

Theorem 4.2. Let (X,T) be a TDS, and assume that (X,T) has an invariant mea-
sure p with Supp(p) = X. Then

1. (X,T) is strongly mizing iff for each S € B and each x € X, Pg(x) is dense.

2. (X,T) is IP*-mizxing iff for each IP-set S and each x € X, Ps(z) is dense.

3. (X, T) is mild-mizing iff for each IP-set S and each x € X, Ps_g(x) is dense.

Proof. (1) It remains to show that if for each S € B and each z € X, Ps(x) is dense,
then (X,T) is strongly mixing. Let U,V be opene sets of X. Take an opene set
Vi CV with Vi C V. Let S = {s1,82,...} € Band Ay = U2, T~%(V;). Then Ay
is a decreasing sequence of open sets on k. As there is an invariant measure p with

full support, pu(Ax) > uw(Vh), k =1,2,.... This implies that u(ﬂ Ag) > p(V1) >0

k=1
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and hence ﬂ Ay # (). Take x € ﬂ Aj. Thus there is S; C S and S € B such that
k=1 k=1
T"(xz) € V4 for n € S;.
As Pg, (z) is dense, there are y € U, Sy C S; and Sy € B such that
lim d(T"(z),T"(y)) = 0. This implies that there is n € S such that T"(y) € V.

Ss3dn—oo

Consequently, N(U,V) NS # (). Since S € B is arbitrary, this implies that N (U, V)
is cofinite, i.e. (X,T) is strongly mixing.

(2) It remains to show that if for each IP-set S and each x € X, Pg(x) is dense,
then (X, T) is IP*-transitive. First, we have
Let U,V be opene subsets of X. As Supp(u) = X, u(V) > 0 and there exists a
closed set A; C V with pu(A;) > 0. For any IP-set S, generated by pi,p2,ps3,- -,
by claim there exists ¢ = pjr+ e+ with ji < ja < -+ < j,il such that
1
w(Ay NT~1Aq) > 0.
Set Ao = Ay NT~ 7 Ay and let S; be the IP-set generated by Pjl 11 Pj g2
1 1
Then Ay C A; is a closed subset of X with u(As) > 0. By a similar argument,
there exists ¢go = pjz + P2 with j,il +1 <2 <2< < j,%Q such that
w(As NT™2A5) > 0.

By induction, we can construct A;+1 = AxNT~ T Ay and q;41 = R S
1 kiy1

with j,lgz +1< ji“ < jé“ << j,i’:l such that A;;1 C A; is a closed subset with
,U(Al—l—l N T_‘IZ+IAH_1) > 0.

Now as u(Ag) > 0, A is a non-empty closed set. Noting that 41 D Ay D A3 D -+,
one has ﬂ:ji Ay # (0. Let S” be the IP-set generated by ¢1,¢2,¢q3,+--. Then S’ C S.

Choose = € ;25 Ax. It is easy to see that x € Npeg T~ ™A1 Hence N(z, A1) D
S’. As Pg/(x) is dense, there are y € U, S” C S’ such that S”éiTILILoo d(T"(z), T"(y)) =
0. This implies that there is n € S such that T"(y) € V. Consequently, N(U,V)NS #
(). This implies that N(U,V) is an IP*-set, i.e. (X,T) is IP*-transitive. Moreover,
as the family consisting of IP*-sets is a filter, (X, T") is IP*-mixing.

(3) Without loss of generality, we assume that 7 is a homeomorphism. It remains
to show that if for each IP-set S and each z € X, Ps_g(x) is dense, then (X,T) is
mild mixing.

Let U,V be opene subsets of X. As Supp(p) = X, u(V) > 0, there exists a
closed set A; C V with p(A;) > 0. For any IP-set S, generated by p1,p2,ps,-- -,
by Lemma 4.1 there exists ¢ = pjr + - +pji1 with ji <jd <... < j,il such that
WA N T~ A N TN A;) > 0.

Set Ao, = A NT 1A NTT"A; and let S; be the IP-set generated by
it +1:Pj1 4207 Then Ay C A; is closed subset of X with pu(Az) > 0. Simi-

larly, there exists g2 = p;z +---p;2 with jlil +1<i2<ji< o< j,z2 such that
2

,u(A2 NT 24, N T112A2) > 0.

Tk
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By induction, we can construct A;;1 = AANT %A NT"A; and q41 = pji+1 +
1

+p]]z€+1 with ]k +1< jH_l < jé—H - < j,lfl such that A;41 C A; is a closed
+1

subset with p(A; 1 NT™U+ 1 Ay NTE+1 Apq) > 0.
Now as pu(Ag) > 0, Ay is a non-empty closed set. Noting that A1 D As D A3 D -+,
one has ﬂ,:r:i Ag # (0. Let S’ be the IP-set generated by ¢1,q2,q3,---. Then S’ C S.
Take z € (/25 Ay. Tt is easy to see that = € Mhes —g T~ A1. Hence N(z, A1) D
S'—S". As Pg_g/(x) is dense, there are y € U, S” C S such that

S/éim d(T"(x),T™(y)) = 0. This implies that there is n € S such that T"(y) € V.

Consequently, N(U, V)N (S —S) # (. This implies that N(U, V) is an k(F;p — Frp)-
set, i.e. (X,T) is mild mixing. O

Now we discuss the question under which conditions a TDS is weakly mixing.

A TDS is said to be totally transitive if (X,T™) is transitive for all n € N. It is
known that if (X,7) is minimal then (X,T) is weakly mixing iff for each x € X,
P(x) is dense (see previous section). Now we have

Theorem 4.3. Let (X,T) be a TDS.

1 If (X,T) has dense minimal points and P(x) is dense for each x € X then (X,T)
15 weakly mixing.

2 If (X,T) is totally transitive and for each open U there is p € N such that
N(U,U) D pN, then (X,T) is weakly mizing. Consequently, if (X,T) is totally
transitive and the set of periodic points is dense then (X, T) is weakly mixing.

Proof. (1). If (z,y) is proximal, then for any ¢, > 0, {n € Zy : d(T"(x),T"(y)) <
€1} is a thick set. It follows that if (z,y) is proximal, then (x,y) is S-proximal
for any syndetic set of Z,. Let U,V be open subsets of X. As (X,7T) has dense
minimal points, there is a minimal point z € V and B.(z) C V for some € > 0.
Set Vi = B/a(z). It is clear that S = N(x,V) is syndetic. There is y € U such
that (z,y) is S-proximal. That is, there is n € S such that d(T"(z),T"(y)) < e/2
As d(T™(z),x) < €/2, we conclude that T"(y) € V. As z € V and T"(x) € ,
n € N(V,V). Thusn € N(V,V)NN(U,V). This implies that N(V,V)NN(U,V) #
for each opene subset U,V of X and hence (X, T) is transitive.

Now we show that (X, T") is weakly mixing. Let Uy, Us, V1, V5 be opene subsets of
X. It is similar to the proof of (7) = (1) in Theorem 3.6, there exists k € Z; such
that V! = T-FV5 NV, is a opene subset of X and

N(Uy x Vi,Us x Vo) D k+ N(U, T *Us) n N(V', V).

Since (X, T) is transitive, there is m € Z, such that 7=+ U, N V' £ (. Let
V =T, NV’ and U = T™U;. Then
NU, T*U) N N(V', V') = N(T"U,, T~ " DU,) n N(V', V')

N(U, V)N N(V,V) # 0.
11



Therefore N(Uy x Vi,Usz x Vo) # (. Hence (X, T) is weakly mixing.

(2). Let U,V be open subsets of X. As (X, T) is totally transitive, for each p € N,
NU,V)NpN # (. Thus N(U,U)NN(U,V) # 0 and hence (X,T) is weakly mixing.
[

The following example shows that the assumption of Theorem 4.3 is reasonable.

Example 4.4. There exists an E-system (X,T) such that P(z) is dense for each
x € X, but (X,T) is not weakly mixing. Moreover, a totally transitive M -system is
not necessarily weakly mixing.

Proof. Let (Y, S) be an E-system but not an M-system and be not weakly mixing.
Collapsing the closure of minimal points of (Y,.5) to a point, we get a factor system
(X,T) of (Y,95). (X,T) is a non-trivial E-system, has only a unique minimal point
which is a fixed point and is not weakly mixing. Since (X,T’) has a unique minimal
point which is a fixed point, so any pair of X x X is proximal.

Now let us see how to obtain such a system (Y, S). Choose a set A with positive
upper Banach density but being not piecewise syndetic. Let X = Orb(l4,0) C
{0,1}%+, where 14 is the indication function of A. Then as A has positive upper
Banach density there is some ergodic measure v with v([1]) > 0, where [1] = {w €
X : w(0) = 1} (see Proposition 3.17 of [F2]). Let Y = suppr and S = o. Then
(Y, S) is an E—system. Since A is not piecewise syndetic, (Y, S) has (0,0,---) as its
only minimal set and hence it is not an M-system. If (Y, 5) is not weakly mixing we
are done. If it is, then we product it with a minimal irrational rotation of the circle.
Then the resulting system is a non-weakly mixing system and it is still an F—system
but not an M — system.

Let S! be the unit circle in the complex plane and T' be a rotation so that (S*,T')
is a minimal system. It is a totally transitive M-system is not weakly mixing. U

Example 4.4 tells us that for an E-system Theorem 4.3 is no longer true. Nev-
ertheless, we can get similar results by strengthening the assumption on proximal
cells. First, we express Theorem 4.3 in another form. To do this, we note that the
following two facts.

Fact 1. (x,y) is proximal iff (z,y) is S-proximal for any syndetic set S.
Fact 2. A point z € X is syndetic recurrent iff it is a minimal point. Moreover,
(X, T) has dense minimal points iff (X, 7T") has dense syndetic recurrent points.

By above two facts, Theorem 4.3 can be expressed as follows: if (X,7T") has dense
syndetic recurrent points and Ps(x) is dense for each € X and syndetic set S then
(X, T) is weakly mixing. In general, we have
Theorem 4.5. Let (X,T) be a TDS and F be a family. If the set of all F-recurrent
points is dense in X and Pg(x) is dense for each x € X and S € F, then (X,T) is
weakly mixing.

Proof. Let U,V be opene subsets of X. As (X,T) has dense F-recurrent points,
there is a F-recurrent point z € V and B.(x) C V. Set Vi = B/s(x). It is clear
12



that § = N(z,V;) € F. There is y € U such that (z,y) is S-proximal. That is,
there is n € S such that d(T™(z), T™(y)) < €/2. As d(T"(z),x) < €/2, we conclude
that T"(y) € V. Asz € V and T"(x) € V, n € N(V,V). This implies that
NV, V)N N(U,V) # 0 and hence (X,T) is weakly mixing. O

The following two corollaries are immediately.

Corollary 4.6. Let (X,T) be a TDS. If (X,T) has an invariant measure p with
Supp(p) = X and Ps(x) is dense for each x € X and positive upper density set S,
then (X, T) is weakly mizing.

Proof. By Theorem 4.5, it remains to show that (X,T) has dense positive upper
density-recurrent points. Let u = [, pr,dm(w) be the ergodic decomposition of .
Given an opene subset U of X, as p(U) > 0, there exists an ergodic measure i, with
tw(U) > 0. Take a generic point y € U for p,. Then y is a positive upper density-
recurrent point. As U is arbitrary, (X,T) has dense positive upper density-recurrent
points. [

Corollary 4.7. Let (X,T) be a TDS and R(T) be the set of all recurrent points of
X. If R(T) = X and Pg(x) is dense for each IP-set S C Zy and each x € X, then
(X, T) is weakly mizing.

Proof. Note that if R(T) = X, then (X, T) has dense IP-recurrent points by Lemma
2.1. Then corollary 4.7 follows from Theorem 4.5. 0J

Remark 4.8. Without the assumption of R(T) = X Corollary 4.7 may be false.
For example, let T be a translation of Z. Then the induced map T on the one point
compactification of 7 satisfies the condition (x): Ps(z) is dense for each S € B and
each x € X, but it is not weakly mixing, even not transitive.

It is an open question if a system satisfying the assumption of condition x and
transitivity is strongly mixing.

§5 THE STRUCTURE OF THE PROXIMAL CELLS

We discuss the structure of the proximal cells of F-mixing systems in this section.
In [HY1] the authors showed that if a non-periodic transitive system contains a
periodic point, then there is an uncountable scrambled set. Recently Mai [M] gave a
constructive proof of the fact. Inspired by his method, we now describe the structure
of proximal cells of F- mixing systems, which deeps our understanding of proximal
cells.

First we introduce some notions appeared in our theorem. If X,Y are topological
spaces, then we denote by C(X,Y") the set of all continuous maps from X to Y.

Definition 5.1. Let (X,T) be a TDS and S € B. A subset C of X is called a
Kronecker subset with respect to S if C' is a Cantor set and for every g €
13



C(C,X) and € > 0 there exists a positive integer n € S such that d(g(x), T™(x)) < €
forallx € C, i.e. {T"|,:n € S} is uniformly dense in C(C, X).

A subset K of X is a chaotic set with respect to S if for every g € C(K, X)
there is a subsequence {q;} C S such that Z.lirgo T9%(z) = g(z) for every x € K, i.e.

{T"|; : n € S} is pointwise dense in C(K,X).

By the above definition, it is easy to see that a Kronecker subset with respect to
S must be a chaotic set with respect to S.

Theorem 5.2. Let (X,T) be a non-trivial TDS and F be a full family. If it is F-
mixing, then for any x € X and any S € kF there are Cantor sets C; C Cy C
such that:

(i) K = U Cy, is dense in X.
n=1
(ii) There are {k,} C S such that diamT"*»(C,, U {z}) — 0,n — +o00.
(iii) For any n € N, C, is a Kronecker set respect to S.
(i) K is a chaotic set with respect to S.

Proof. As (X, T) is a non-trivial F-mixing system, X has no isolated points. Let Y =
{y1,y2,---} be a countable dense subset of X and Y,, = {y1,¥y2, - ,yn}. Let F' be
the smallest family containing {N(U, V) : U,V are opene sets of X}. As (X,T) is
F-mixing, F' is a filter.

Let {O,}2° 4 be a countable base of X, ag = 0 and Vy = X. We have the following
claim.
Claim: There are {a,} CN, {k,} C S, opene subsets {U,}22; and
Vo1, Voo, Vaa, too, of X such that:

(1) 2a,— 1<an§2an 1+ n.
(2) diamV,; < L, i=1,2,.
(3) The closures {Vn i }ir, are pairwise dlS_]OlIlt
(4) n,2t— 1UVn2ZCVn 1,45 ¢ 1727 y Qp—1.
(5)

1
5) Y, C B( Uvm,—), where B(A,€) := {z € X : d(z,A) < €} .
n
=1
(6) diamU,, < + and SN N(z,U,) € kF'.
(7) TFrz € U, and T*V,, ; CU,, j=1,2, -+ ,ay.
(8) For any v € {1,2,--- ,a,}* there is m(a) € S such that

Tm(a)vn,i - Oa(i)ai = 1727 T, 0n.

Proof of the Claim: For n € N, let {ng)}g’;l be a finite open cover of X with
bn
diamG\" < 1,j=1,2,--- b, and S € kF. As S = SNZy = | J(SNN(z,G))

Jj=1
14



and S € kF C kF', there is some jo € {1,2,---,b,} such that SﬂN(m,G(-n)) € kF
Jo

since kF’ has Ramsey property. We set U,, = G;Z), n € N. Then {U,} satisfies (6).

Let a; = 1 and W7 ; be a neighborhood of y; with diamW; 1 < 1. As N(W;1,U;)
€ F' and SN N(x,U;) € kF' there is some ky € SN N(z,U1) N N(Wq,1,Uq). It
is clear that T*z € U;. Moreover, there is an opene set Wi, € Wi such that
THW{, C Uy. Since N(W{ ,01)NS # 0, we can take some m(1) € N(W{ ,,01)NS.
Then there is some opene set V; 1 C Wl’ 1 such that Tm( Vii COs.

Assume for 1 < j < n —1 we have {a] . 1, {k ! and Vi1, Via, -, Vi, ;:f
satisfying conditions (1)-(8).

We take 2a,,—1 < ap, < 2a,_1 +n and opene subsets W, 1, Wy, o, , W, 4, of X
such that

(9) diamW,; < 5=, i =1,2, - ,a,.

(10) The closures {Wn i }ir, are pairwise dlSJOlIlt

(11) n,2i— 1UWn2zCVn 1171—1727 y n—1-

1
umYcBUmm%y

=1

As N(W,,;,U,) € F' for each 1 < i < a, mN(Wn,i7Un) € F'. And as SN

i=1
N(z,U,) € kF' there is some k,, € SN N(z,U,) N ﬂ N(W,.i,U,). Hence there are
i=1

opene sets Wy ; C W, ; such that
(13) T’“"W/m» C U, for each 1 <i < ay,.
We set {1,2,--- ,a,}% = {a;}in 1 where ¢,

Since N (I1%~, W/ O (i) ﬂN - w)) € F', there is

n,t?

an
Hi 1

m(al) esn N(H?nlwfr/L 9 H?210a1(i))'
Then we can choose Vn(’li) C W,’” such that

Tm(al)vn(}@) g Ocn(i)a 7 = 1’2’ SR P

Take
m(as) € SN N(Hf;lv(l) 192 O i))-

n,t ?

Hence we can choose V,fi) C VTE}Z.) such that

Tm(az)vrfi') C Ouyiys 1= 1,2, ,ay.
15



Assume for 1 < j < ¢, — 1, we have m(ay),m(az),--- ,m(a;) € S and W) ;, 2
v o v® o 2 v such that 7wy C 0 i = 1,2 ,ap, h =
1727' te 7j'

Take

Oth(i)ﬁ

m(aj_H) esn N(H?Zlv(j) H?;lOOéj+1('i))'

n,t ?

Hence we can choose V,ﬂgfl) - Vrfﬁ) such that

Tm(aj+1)v’r§7ji+1) C Oaj+1(i)’ 1=1,2,- ,an.

By induction we have {m(a;)}:, and {Vrsz) 3.":1. Let V,,; = yin) = 1,2, ap.

j=1 n,,
Then (8) holds. This ends the proof of the claim.
0o 217ng

Let C,, = ﬂ U Vji. Then C; C Cy C ---. By (1)-(4) C,, is a Cantor set. By

j=n 1i=1

(2),(4) and (5), K = U C, is dense in X. By (7) we have diamT""(C,, U {z}) —

n=1
0,n — oo.

Now, using (8) we are going to prove (iii). Let n € N, g € C(C,,, X) and € > 0.
Since C), is a compact set, there exists m € N with m > n such that if z,y € C,, and
d(z,y) < L, then d(g(z),g(y)) < &. For every i € {1,2,---,2™ "a,}, we choose
z; € Cp, NV,,.;. Note that when z; € V,,, ;, one has d(z;, z;) < % So by the choosing
of m, when z; € V,, ; N C,,, one has d(g(z;), g(z;)) < 5.

Since {O,,}52, is a countable base of X, for every i € {1,2,---,2™ "qa,} there
exist n; € N such that g(z;) € Op, and diam(O,,) < 5. Let M = max{ni,na,---,
Nom-ng,,m} and i(j) = [gh=] + 1 for j € {1,2,---,2M~"q,}. By (8), there exist
k = k(n,e) € S such that T*V) ; C On,,, for every j € {1,2,--- ,2M=ng 1.

For each = € C,, there exists j € {1,2,---,2M7"q,} such that x € Vj; ;. Thus
S m, therefore d(g(z), g(z;(;))) < 5. Since TFx € TkVy,; C m, one has
d(T*z, g(xi(j))) < diam(O,,

i(5)

d(g(z), T*(z)) < d(T*z, g(z(5))) + d(g(z), 9(zi(;))) < €.

) < 5. Combining the two facts above, one gets

This shows that C,, is a Kronecker set with respect to S.

Finally, we show (iv). Set g € C(K, X) and g, = g|¢c, € C(Cy,, X) for every n € N.
For each i € N, by (iii) there exists ¢; € S such that d(g;(z),T%z) < } for z € C;.
As C; CCy C Cs--- and K = |J - C,,, one has lim;_ o, T9% () = g(z) for z € K,
O

Remark: 1. A subset C' of X is called a Xiong-chaotic set with respect to
S C Z. if for any subset A of C' and for any continuous map F' : A — X there
16



is a subsequence {¢;} C S such that lim T%(z) = F(x) for every x € A ([XY]).

The authors showed if (X, T) is a dynamical system where X is a separable locally
compact metric space containing at least two points, then (X,T") is weakly mixing
if and only if there are some infinite set S and c—dense F,—subset C' of X, which
is chaotic with respect to S. In fact we can show that the K in Theorem 5.2 is a
Xiong-chaotic set with respect to S and a proof is included in the appendix.

2. In [Ak1,Ak2] the author discussed the Kronecker set in weakly mixing systems.
Our results tell more about Kronecker sets of weakly mixing systems and the proof
presented here is totally different from [Ak1,Ak2].

Corollary 5.3. Let (X, f) be a TDS and F be a full family. Then (X, f) is F-mizing
if and only if for any S € kF there is a dense subset C' of X, which is chaotic with
respect to S.

§6 APPENDIX

Recall a subset C' of X is called a Xiong-chaotic set with respect to S C Z if for
any subset A of C and for any continuous map F' : A — X there is a subsequence
{¢;} C S such that lim T%(z) = F(x) for every z € A. Xiong and Yang character-

ized weak mixing and strong mixing in terms of chaoticity. A similar characterization
for F-mixing systems was obtained in [SY] using Xiong-Yang’s method. Now we gave
another proof of the fact using the method developed in the previous section. Note
that this proof is simpler than the one giving by Xiong and Yang [XY].

Theorem. If (X,T) is a dynamical system where X is a separable locally compact
metric space containing at least two points and F is a full family, then (X,T) is
F-mizing if and only if for any S € kF there is c—dense F,—subset K of X which
18 Xiong-chaotic with respect to S.

Proof. We show the necessity and the sufficiency is easy.

As X is a F—mixing system with at least two points, there are no isolated points
for X. Let {O;} be an open countable base of X. And in addition we can assume
{diamO;} is a decreasing sequence which tends to zero. To see this, observe first that
we have a base {0/} such that O} is compact for each i € N. Then for each i € N,
A; = 0O} U...UO] has a finite open cover A; the diameter of each element of which
is less than 1. List the elements of A; to form a sequence {O;}, then {O;} is the one
we need. By the proof of Theorem 5.2 we have the following fact (ag = 0,Vp = X ):
Fact: There are {a,} C N, {k,} C S and opene subsets {V,, 1, Vo2, -+, Ve, to2
of X such that:

(1) 2ap—1 < an < 20,1 +n.

(2) diamV,; < =, i=1,2,...,an.

(3) The closures {V,, ;}{», are pairwise disjoint compact subsets of X.

(4) Vi2ic1 U Vi C Vo140 =1,2,- -+ Jan—1.
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An 1
(5) Y, C B(U Vi, —), where B(A,¢) :=={z € X : d(z,A) <€} .
n
i=1
(6) For any o € {1,2,--- ,a, }* there is m(«) € S such that
Tm(a)vn,i - Oa(z)vz =1,2,-- an.

oo 297 "q, 0o
LetC’n:ﬂ U W ThenClgC'gg--~.AndletK:UC’n.
j=n 1=1 n=1
Now we show that for any subset A of K and for any continuous map F': A — X
there is a subsequence {g;} C S such that lim 7Y% (z) = F(z) for every x € A.

Let A, = {x € A : thereissome 1 < i < n and 1 < a, < a, such that x €
Via, NAC F1(0;)} (Note that A, may be empty when n is small). It is easy to
see that 4 C A5 C --- C A and U:z A, = A. If A,, is not empty, then let

{V,;j:3x € A, and 1 <i <nsuchthat z € V,, ;N A C F1(0,)}

= {Vnyign),v TOTERS ’Vn,ign)}’ where 1 < ign) < lén) << ign) < ap.

n,t n

Let a,, € {1,2, -+ ,a,}% be any one with ozn(z';n)) =max{l <k <n:V N

ACF YO}, 1<j<b,. Andlet ¢, = m(ay).

Now we show lim 7% (x) = F(z) for every x € A.

Let € > 0 and there is some N € N such that diamO,, < e whenn > N. Fixx € A.
Take t > N such that O, is a neighborhood of F(x). As F is continuous, F~1(0;)
is an open neighborhood of x in A. Thus there is some n; > ¢t and 1 < a, < ap,
such that = € V,,, ., N A C F~YOy) by (2). By (4), for each j € N there is some
1< ag; < ap,+; such that

2€V, 0 NACV,, o, NACFHO)). (7)

Thus oy, +;(al) >t > N for each j € N. Moreover, by the definition of {g,,} we have
for any j € N

n¢+J . — M \&ny ]) . .
Tne+ Vntﬂ,’a% — T n, + Vnt+j,a§c - Oant+j(a?c), (8)
and

T Vntﬂ',ai nAc F_l(Oanﬁj(a?c))' 9)

By (9) we have F(x) € Oant+j(a?;) # (. By (8) T9+iz € O
for each j € N

. ji+. Hence we have
Any4j (az)

d(Tt+ig, F(x)) < diam(O < e.

Qnytj (ai))

That is lim 7% (x) = F(x). O

11— 00
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